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THE RELATIONS BETWEEN STABILITY 


AND HOMOGENEITY* 


By 

L . v. Bortkiewicz 


The idea of investigating the stability of statistical frequen¬ 
cies from the standpoint of the theory of probability goes back 
to the French mathematician Bienayme. From various examples 
taken from social and moral statistics, he was the first to estab¬ 
lish the fact that, almost without exception, the stability in ques¬ 
tion was essentially less than the “classical norm,” that is, less 
than the expectation which is associated with the classical scheme 
of independent trials with a constant underlying probability. In 
order to explain this discrepancy between theory and observa¬ 
tion. Bienayme used a modification of the traditional procedure 
which was characterized by the assumption that between neigh¬ 
boring trials in a time ordered sequence a sort of dependence 
existed. Though interesting in itself and among other things 
adopted by Cournot as his own, we shall replace this method in 
what follows by another, originating from Lexis, which has the 
advantage of a wider usefulness, in that it can be applied not only 


‘Translated by A. R. Cratbimc. Read before the American Statistical As- 
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to undulatory but to evolutory sequences. 1 

Let us assume that for a series of 2 successive time inter¬ 
vals, say years, we have found that some event (accident, death, 
marriage, crime) has happened o c t , X .... times, 
and that the corresponding number of “trials,” that is the num¬ 
bers of persons observed, are 5,, s a , . . , .so that the 

quotients ~ > y* ~ s* ’ * • * • • represent 

a time ordered sequence of relative frequencies. Instead of as¬ 
suming, as the traditional theory demands, that each term y H of 
this series corresponded to a common fundamental probability p , 
weighted with accidental errors, Lexis assumed that each value 
was associated with a distinct probability p k , 

As a result of this, the expected amplitude of the fluctua¬ 
tions of the values y k increased, and the greater the varia¬ 
tions in the p k s the greater the amplitude. Under the sim¬ 
plifying hypothesis - const. ( - s ), the corresponding 

standard deviation cr is defined by 

**/ ^ *«/ 

For the case of a constant p we may write 


( 1 ) E( a »).9dL.EL 

where £ .denotes “expectation.” In the Lexis procedure with 
a variable p k , using the notation 


^ L • 


s «, 


it 

*-! 


P K -P. P„-P'£ 


£* *<»? 
fit 


‘Bienayme, in the journal “^Institute,” Vol. 7 (1831), pages 187-189, and 
in “Journal de la Societe de Statistique de Paris," 17e (1876), pages 199-204. 
A Cournot, Exposition de la theorie des chances et des probabilities, Paris. 
1843, Nos. 79 and 117. 

W. Lexis, “Uber die Theorie der Stabilitat statistischer Reihen,” in the 
Jahrbuch fur Nationalokonomie und Statistic, Vol. 32 (1879), pages 60 . 
reprinted in Abhandlungen zur Theorie der Bevb’lkesungs und Moral stat¬ 
istic, Jena, 1903, pages 170-212. 
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the corresponding relation 

(2) E (o a ) => u*+ «>* 

can be derived. 1 

In the following numerical examples the numbers of observa¬ 
tions 3* are never less than some ten thousands, while St -10. 
Hence, as far as these and similar examples are concerned, the 
numerical results are not appreciably altered if, instead of (2), 
we use 

(3) £ 0<x*> - u** W* 

However, a certain inaccuracy arises, if, in the application 
of formula (3) to the raw data, one has disregarded the funda¬ 
mental assumption that s* is constant and in the expression for 
a 1 has replaced 3 by the arithmetic mean of the jr values 
Sfc * If, however, the latter differ little from one another, such 
a procedure gives rise to no great discrepancy. Lexis called the 
quantities u and u? in formula (3) the two “fluctuation com¬ 
ponents/’ which combine (according to the law of composition of 
forces) to give the expected total fluctuation. The quantity a 
gives expression to the effect of the “accidental causes” in the 
sense of the theory of probability, and this effect grows less and 
less with increasing s until it vanishes for s* oo . For this 
reason Lexis called u the norma) component. He also used 
the term “unessential fluctuation component.” On the other hand, 
w depends on the variations of the fundamental probability, that 
is on the underlying general conditions, and in this sense was 
designated by Lexis as the physical component. We may also 

‘One does not find formula (2) in Lexis's work. He was satisfied at this 
point with a rather inexact method yielding an approximate result. How¬ 
ever, this did not affect the essential part of his discussion. 
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call it the essential component. 

The first of the two components u and cO can be easily 
calculated directly with sufficient approximation. The usual 
method is to substitute for the unknown p in the expression for 
u 2 the value y , the arithmetic mean of the frequencies y k , 
obtaining 

(4) . y(tJt) . 

As for the second component cO , it is calculated by the in¬ 
direct method of substituting < 7 * for E ( O a ) in (3) and then 
co is found from co a - cr*-u a . This method, however, 
assumes that tj »u , or what is the same thing, that the dis¬ 
persion coefficient, Q » || » > s greater than 1. In his older papers, 
Lexis distinguished between subnormal, normal and supernormal 
dispersion, according to whether Q was distinctly less than 1, 
approximately, equal to 1, or distinctly greater than 1, and found 
that in social and moral statistics the subnormal dispersion never 
occurred and the normal rarely. Supernormal dispersion was the 
rule. So Lexis based his scheme of a varying underlying prob¬ 
ability on the case of supernormal dispersion. In fact, from 
formula (3), we have 

<5) 

which says that the variations in the underlying probability lead 
us to expect values of Q greater than unity. 1 

Notwithstanding the fact that (p was usually greater th aw 
unity. Lexis did not consider this a proof that his scheme sde* 

*Under the influence of accidental causes, Q may be less than unity not 
only for constant, but also for varying underlying probabilities, and tills 
circumstance must be considered in the determination of co . It would 
carry us too far afield to go further into this matter. 
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quately described the actual facts. In addition to this he was more 
concerned with the fact that in experience Q showed a tendency 
to decrease with decreasing number of “trials,” that is with de¬ 
creasing 3 . Indeed, in a series of examples, Lexis had shown 
that a value of Q which was decidedly greater than unity when 
calculated for an entire country, decreased to nearly 1 when the 
data for the single administration districts of the same country 
were used. Lexis considered such behavior of Q as entirely in 
harmony with his scheme. 

If we write formula (5) in the form 

<6) er<?*w*. ( lif p( T - T)' 

we see that the excess of *?*over and above 1 is in expectation 
directly proportional to s . This was the explanation of the 
decrease of Q with decreasing 3 , for as Lexis said, we have 
no ground to expect that s being large or small had any bearing 
on the value of <o . 

It is this last point about which the criticism of Lexis's dis¬ 
persion theory centers. Notwithstanding the endeavors of Lexis 
to fit his theory to statistical reality, we can show that the facts 
were against him as far as his assumption that co is funda¬ 
mentally independent of s is concerned. If this assumption were 
true, then formula (6) tells us distinctly how Q decreases with 
diminishing s . We learn from experience that as a rule this 
decrease in Q is less than that given by the formula; from which 
it follows that the essential component, co , has a tendency to 
increase with decreasing s . 

If we desire to investigate just what happens in reality, a 
certain complication arises, because we are never able to compare 
groups which differ among one another as to s , but not as to 
p ( or y )• I* 1 order to eliminate to some extent the varia¬ 
tions of p we consider the ratio of co to p . Let * 0 , 
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and call /3 the relative essential component to distinguish it from 
the absolute essential component QJ . Formula ( 6 ) then becomes 
the following: 

(7) E(Q z )-l+sp fr-fxi-p) 

The product can be considered as the expected number 
of “successes.” For a constant s k ( ** s ) we have 

E (x k ) • sp k , L x k ) * S P 

k~! 

and, letting <S * g £ 3* , the last relation is true with sufficient 
approximation for a variable provided the variation is not 

too pronounced. Let ap*m . Often, as in the examples 
which follow, p is so small that we can consider ( !~p ) as 

equal to 1. Formula (7) then becomes 

( 8 ) E(Q*) • !+ §rj m ft* 

The question as to whether there is a connection between s 
and CO is now changed to an investigation of the relationship 
between W and /3 . In undertaking such an investigation em¬ 
pirically, we compare as to the behavior of m and /3 a statis¬ 
tical aggregate considered as a total with its component parts 
considered as partial aggregates. Let the number of the partial 
aggregates be 77 , and let the corresponding values of m and 
as well as u , <0 and cr be indicated by the subscript 4 , 
which can also serve as the ordinal number of the partial aggre¬ 
gate. For the total aggregate, let < « O . The symbols 
ar< > * ' Pi t k > are the * , jc , y , p of the 

< th partial aggregate and the k th time interval. We also use 
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the notation 


54 ' 5t ‘ * » ***' = H •*<.*» 


yi m i Z yi *» p t =i 2 p<* 

f k»t k*J ' 


from which we have 


£ s «, 


•*. -I 1 -r, , 


y«~i £ *<yi , pa*iZs<Pi- 

° **/ * 

We have also the following relations • 

* 

- s,A , y l k ~ y t ) , 




’here C i j r s 


and using the notation ^ * * w ® 113 ve f urt het 

4a, 4r 

/?<*• * i «.% 
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Finally, corresponding to formula ( 8 ), we have 


(9) 


"It 0t 


We shall now apply these formulas to statistics on the fre* 
quency of suicides in Germany for the decade 1902-1911. The 
numbers of “trials,” s t - ^ , are here the populations of the 

regions in question; the “successes,” cc t , are the numbers 
of suicides for each year. The relative frequencies, y. ^ , are 

found by dividing the numbers of suicides by the corresponding 
populations. Like various other kinds of social phenomena, the 
suicides in pre-war German statistics were grouped according to 
states, the provinces of Prussia, right Rhenish Bavaria and left 
Rhenish Bavaria being included as states. In this way we have 
forty territories of very unequal size. For the decade 1902-1911, 
the mean population of the territories ranged from a maximum 
of 6,587,000 (Rhine Province) to a minimum of 45,000 (Schaum- 
burg-Lippe). The maximum average number of suicides per 
annum was 1453 (Saxony) and the minimum 7 (Schaumburg- 
Lippe). Corresponding to the purpose of the investigation, these 
suicide figures jc; , which can be considered as approximations 
to nj l , were arranged in descending order, with oc,«1453 and 


For the whole of Germany, we have cc a * 13173, 
y o 21410'S (that is an average number of 214 suicides per 
annum for each million population). The ten values u . vary 
between 204-10^ and 22310’S. These fluctuations are Imrkedly 
greater than one expects from the classical norm. The calcula- 
»on of the dispersion-quotient gives Q o = 3 . 14 , and( ^ the 

I^xk theory demands, is greater than any one of the 40 values 
Qi 71165 6 vaIues ^ve 2.03 as a maximum and 0.75 as a 

** United States yields much the 
hr thfuLlator) h0Wn herC f ° r Suicides in Germany. (Note 
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minimum. Fixing attention on the eight smallest values of oc t , 
we find an average value of 1 02 for Q t , and of the eight values, 
three are larger and five less than L So in this example the dis¬ 
persion becomes very nearly 1 by narrowing the observation field. 
But we have still to find out whether Qi decreases with 
ce 4 according to the measure of decrease that one would expect 
under the hypothesis that /Q l is fundamentally independent of 
<x t , To decide this question, we let /3 l « const. ~ /Q , in¬ 
cluding /S^ «■ /S > and substitute also for m t in formula 
(9). We have then on the one hand in expected values 


and on the other hand 


iZG-i'hr 



from which follows 





However, in our example, we find 


1 - 56 , / * i (Or 0 - 1.22 

1=1 

and the difference 0.34 cannot be ascribed to chance for it is three 
times the probable error (the determination of which we cannot 
now take up). We must, then, assume that the average of the 
values , for /= 1 to 40, is greater than A . Why this 
is so we shall see in the following discussion. 

We consider now the mutual relationship between the devia¬ 
tions ^ and £j ^ which refer to two arbitrary territories 
Ni and Nj , and we build up according to the formula for a 
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correlation coefficient the expression 




7 tn £ Ul 

M PiPj 


The number of combinations of the subscripts L and J is 
i go there are that many values Y,,y . Finally we 
construct a weighted arithmetic mean of these values according to 
toe formula, 

7 £ m, m A fij lij 

y* fcV %j+L __ 

t t m i m J A A 


The expression y serves to characterize the mutual relation* 
ship of time ordered series of fundamental probabilities p t ^ , 
hence also of relative frequencies y ik , which may be con¬ 
sidered as approximations to ^ . If we give the name 
f< 9yndromy” to such an array of simultaneously distinct fundamen¬ 
tal probabilities (or relative frequencies), we may call V a 
“coefficient of syndromy.” For V* 1, we shall speak of "isod- 
romy,” for 1 > V > 0, of “homodromy,” for Y « 0, of “para- 
dromy,” and for y< 0, of “antidromy.” We may include the 
last three cases, namely V < 1, under the name “anisodromy.” 

With the help of Y we can exhibit the relation between 
A on the one hand and the n values /5 t t /3 £ , . . /3 on 
the other hand as follows: 


miai-l*,. a** y {(£ m, a-A 
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m t , we find for 

(li) 

i-i 

A-i** 

£ m, 

and for 

/«1 

(12) 

a 


L m < 

/*/ 


/* 1, from (ID) 


Hence, only in the case of isodromy is the assumption justi¬ 
fied that the relative essential fluctuation component for the total 
aggregate is as large as that for the partial aggregates. In every 
other case, namely for anisodromy, the relative essential com¬ 
ponent for the total aggregate falls below the level for the partial 
aggregates more and more as i becomes less and less. 

In the suicide example under consideration we have hom- 
odromy, which is reasonable, since the fluctuations in suicide fre¬ 
quency in the single states are influenced in part by factors which 
are not local but general for all Germany Somewhat tedious 
calculations give */= 0.38. At the same time we find 
A = 0.0246 approximately, while the average for ^Q-, < ■ 1 

to 40 is 0.0392. 

If now we group the 40 states into five groups so that states 
numbered 1 to 8 form the first group, states numbered 9 to 16 
the second, and so on, we find as average values of /3 t ' , 0.0354, 
0.0358,0.0485,0.0528 and 0.0767. The quantities /8 t - then show 
a tendency to increase as jc, (or m t ) decreases. 

If, as in this example, the total aggregate is a “natural unit," 
we should expect to have homodromy in the vast majority of 
cases. On the other hand, we should expect paradromy if the 
total aggregate is an “artificial unit,” that is, one made up by 
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throwing together entirely unrelated groups. As an illustration 
of paradromy we take the array of marriage frequencies for the 
six cities, Barcelona, Birmingham, Boston, Leipzig, Melbourne 
and Rome, for the decade 1899-1908. By marriage frequence 
we mean the ratio of the number married (twice the number of 
marriages) to population. 

For tne six cities taken as a whole, with a total population of 
aoout three million, the marriage frequence y o * varies be¬ 
tween 18XX) and 19.02 per cent with an average of 18.38 per cent. 
The dispersion coefficient Q 0 is 3.17. For the six cities taken 
singly in the above order, each with a population of about half a 
million, the values of Q i are 2.69, 4.32, 4.17, 2.88, 3.76 and 
2,72, with an average 3.42, somewhat higher than Q 0 This 
result is a direct contradiction of the statement of I>exis that a 
narrowing field of observation reduces the value of Q* Lexis, 
without giving the matter much thought, worked with the hy¬ 
pothesis that isodromy, or at least a decided homodromy, always 
existed. In our example, however, we have paradromy, if not 
antidromy, for we find / to be -0.054. Corresponding to this, 
we have /Q 0 less than each of the values A to A for A 
approximates 0.0167 while /3 i , t - 1 to 6, lies between 0.0334 
and 0.0563. The quadratic mean of these quantities is 0.0450. 

It is of prime interest to investigate for paradromy the theo¬ 
retical relation of to the quadratic mean of the values /3, > 
A ■ • • A, and of Qo to the quadratic mean of Q, , 
Q z • • • (p n . for the case n? t * const. * m . In this 
case, w 0 - T 7 rn , and if O is substituted for ~f in (10) we 
have 

A*’■ wh ““ 


u the same time we fine on the one hand, from (9), the ex- 
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pected value 

m.A\ 

or 




and on the other hand 


whence 


41 1*1 


In the marriage frequence example, where the quantifies m* , 
though not equal, differ very little from one another, we have the 
values already found 


{3 a * 0.0167 and Q =3X7 
to compare with the values 

dyi Z t o oze* 

and 

n Z <?r 

1=1 

The differences 0.0167-0.0184=-0.0017 and 3.17-3.49=-0.32 
are explained partly by the fact that the assumption W, * const, 
is not exactly in accord with the facts, and partly because para- 
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dromy is really not present as assumed, but only a weak antidromy* 
This last should, however, be considered as due to chance. The 
artificial character of a total aggregate shows itself in paradromy. 

Of the two quantities Q and /3, only the latter can be 
considered as a proper measure of the stability of a statistical 
frequency—more exactly, of the corresponding fundamental 
probability. And, since on account of formulas ( 11 ) and ( 12 ), 
the total aggregate can never show a higher value of j3 than 
the average for the partial aggregates (because the upper limit 
for / is 1), we obtain a glimpse of the question of the connec¬ 
tion between stability and homogeneity. 

The idea of homogeneity as we here understand it has refer¬ 
ence to the result of the decomposition of a statistical aggregate 
according to some attribute or complex of attributes. The aggre¬ 
gate may consist of 3 elements, say s human beings and 
the decomposition may yield N sub-aggregates containing 
s‘ , 3*' ... elements. Let some event A be observed 
X times in the total aggregate and jc', x” , . . . times in 
the sub-aggregates. If we find the relative frequencies 


y* 




y - 


X* 
5 " 1 


*hen, on account of the two identities, , . . * 3 , 

and oc * #■ x . . . * jc , we have the relation 


s yV .. .. 

a - —---- 

^ s'+s'V — 

The “general frequency” then appears as the weighted arithmetic 
mean of the “special frequencies,” y* , y" , . 

The theory of probabilities, with more or less assurance, fur- 
nishes us a criterion for deciding whether or not the deviations 
of the quantities y' , y' , . . . from ^ are due to chance. 
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If they are not due to chance we say that the total aggregate 
“reacts” to the decomposition in question and that the attribute 
or complex of attributes which governs the decomposition is 
“relevant.” If they are due to chance, we say that the total aggre¬ 
gate does not react to the decomposition and that the attribute 
is “indifferent.” 


According to the standpoint of the theory of probability, the 
relative frequencies y , y 4 , y" . . . as also the quotients 
. can be considered as approximations of 
distinct probabilities. If we designate the two series of probabil¬ 
ities thus inferred by p , p\ p* % , . . and g* \ . . 

respectively, we find 


(! 3 ) P m S'P'+$"P*+ - 

and the character of the attribute in question as relevant or in¬ 
different finds expression in the fact that the “special probabilities” 
p\ p\ . . , either differ from one another or are all equal 
to p , the “general probability ” 

For every ample enough complex of attributes we can imagine 
the decomposition going on and on by applying one attribute of 
the complex after another. Finally a point is reached where the 
sub-aggregates no longer react to further decomposition, or, ex¬ 
pressed otherwise, the supply of relevant attributes is exhausted, 
and the probabilities p* p* , . . . which are associated 

with these sub-aggregates are called “elementary probabilities.” 
In this case we say that the sub-aggregates themselves are “com¬ 
pletely homogeneous” with reference to the event A . 

The total aggregate—still in reference to A —is the more 
diversified the more the elementary probabilities p \ p'\ . . . 
differ among themselves, that is, the more they differ from p • 
It is reasonable to take as a measure of this diversity the expression 
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6 , defined by 


(14) 6 *- 9 '(p -p) z *9 Yp-p) a * 


Diversity and homogeneity are antithetical notions; the more 
undiversified the aggregate, the more it is homogeneous, and vice 
versa. 

In order to apply this view of homogeneity, now considered 
for itself, to the procedure and the examples which we have 
brought forward in the discussion of stability, we must disregard 
the time fluctuations of the probabilities in question. That is. 
we do not use the quantities p i k but fix attention on the 
probabilities pi which refer to an individual time interval of 
n partial intervals—say a decade. By carrying oult repeatedly 
the decomposition according to formula (13), the quantities 
Pi • Pa not included may be expressed in the form 


Pi =Si P< *$i P t 


where p! , p." ... are elementary probabilities. Cor¬ 

responding to formula (14), we have 


(IS) 



If we designate the proportion of the i th partial aggregate 
to the total aggregate by c, , that is, if we let |» - C; , 
we find 
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and at the same time 



The number of summands in (16) is n N » since there are 
Yi partial aggregates and each of these is a totality of N sub* 
aggregates. It may easily occur that some of the t> N elemen¬ 
tary probabilities are equal and this is expected in connection 
with elementary probabilities which are associated with similar 
sub-aggregates. But even in the most extreme case, where the 
elementary probabilities are equal without exception, we cannot 
say that the probabilities p, are all alike. This can occur only 
when the values g? , g* , . . . are independent of i . 
This highly improbable case is excluded from our discussion. We 
have then 

n 

(17) £ a (pf- pS > O 


From (15) and (16), we have the following: 

si (prp/ * si" — K* 

6**Z*i 6 **i titPi'P.)* 


!»/ 
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so that, on account of (17) 



and a fortiori 
(18) 



The total aggregate is then under all circumstances less 
homogeneous than the partial aggregates are on the average 

This statement might possibly correspond to the every-day 
r ppaning of the word “homogeneity,” which carries with it no pre¬ 
cise q uanti tative idea. Indeed, when we consider that in the case 
of the total aggregate we have to take into account not only the 
lack of homogeneity within the partial aggregates, but also the 
diversity with which the partial aggregates may make up the 
.whole, we are inclined to say that the total aggregate is less homo¬ 
geneous than any of its parts. With that idea, however, we do 
not hit upon the right thing as far as our mathematical criterion 
of homogeneity is concerned. The inequality (18) says only, 
that the average of the values 8, , 8 t , . . . $ n is less than 
<$ o , not that each one is less than & a . 

In our foregoing discussion of stability as measured by the 
relative essential fluctuation component, we found that for the 
total aggregate the stability was higher than the average for the 
partial aggregates, except for the case of isodromy, which in prac¬ 
tice rarely occurs. Hence, there exists between homogeneity and 
stability an antagonistic relation—small homogeneity goes hand 
in hand with great stability. For example, the provinces into 
which a country may be divided will show, on the average, a 
greater homogeneity and at the same time a lesser stability in 
reference to an event A than will the country taken as a whole. 
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Again, the districts into which the provinces may be divided will 
on the average show a greater homogeneity associated with a 
still smaller stability. We can say that in general the homo¬ 
geneity increases with the narrowing of the field of observation, 
while the stability decreases. 

Is this to be considered as a warning against the all too popu¬ 
lar diversification of statistical material which being more and 
more accepted in research methods? Not in the least. That 
would be an obsolete point of view, as if the problem of statistics 
consisted in a search for most stable values. Rather does the 
opposition between homogeneity and stability give direction to 
business practice, especially to that branch of business which is 
in such close touch with statistics, namely insurance, where sta¬ 
bility is of prime importance. It has been known for a long 
time that it contributes to the even tenor of Ihe business side 
if the risks are as heterogeneous as possible. It is of advantage 
if the insured persons or things are spread relatively widely ac¬ 
cording to geographical and other points of view, instead of con¬ 
centrating on a limited territory or few kinds of risks. 

Accordingly, even if this thesis, that an antagonistic relation 
exists between homogeneity and stability, seems surprising and 
strange, we find on closer consideration that the theory agrees 
with a practice which has instinctively grasped the true situation. 
It is now twelve years since I had the first opportunity to explain 
at greater length than here the foregoing developed ideas and 
with the verifying data to present them to my colleagues. 1 As 
far as I know, only one of these has taken a definite stand in 
the matter. This is John Maynard Keynes. 2 He makes the 
charge against me, that instead of clearing up a very simple mat¬ 
ter, I have befogged it with a profusion of mathematical formulas 

’Homogeneitat und Stabilitat in der Statistik, in the Skandinavisk Aktu- 
arietidskrift, 1918, pages 1-81, Upsala. 

*A treatise on probability, London, 1921, pages 403-405. 
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and new technical terms, and he believed that he could show this 
best by an example of my own from the field of insurance. In 
referring to this example, Keynes thought that the distinction 
made by myself in a much earlier publication between a gen¬ 
eral probability p and the special probabilities p t , p z , . . . 
was the one in question, where 


*± 

z 


Pi 


z 


Pa+- 


Keynes further expressed himself as follows: 


“If we are basing our calculations on p and do not 
know p 9 , p z , etc., then these calculations are more 
likely to be borne out by the result if the instances are 
selected by a method which spreads them over all the 
groups 1, 2, etc., than if they are selected by a method 
which concentrates them on group 1. In other words 
the actuary does not like an undue proportion of his 
cases to be drawn from a group which may be subject to 
a common relevant influence for which he has not allowed . 
If the a priori calculations are based on the average over 
a field which is not homogeneous in all its parts, greater 
stability of result will be obtained if the instances are 
drawn from all parts of the non-homogeneous total field, 
than if they are drawn now from one homogeneous sub¬ 
field and now from another. This is not at all para¬ 
doxical. Yet I believe, though with hesitation, that this 
is all that Von Bortkiewicz’s elaborately supported math¬ 
ematical conclusion amounts to.” 


Suppose, for example, that a fire insurance company insures 


*‘Here z refers to a 
into groups of , 
2 '2, + Z* + . . . 


series of “equally likely events,” which is broken up 
**’ ’ • ■ • equally likely events. Hence 



I. V. B0RTK1EWICZ 


21 


two kinds of buildings, dwellings and factories, which are classified 
as different grades of fire risks, for insurance premiums which 
are not graded. The premium is to be calculated per unit on 
the supposition that the risks in the two categories are divided 
in a definite proportion. Then, according to Keynes, a greater 
stability in the business is guaranteed if every year dwellings as 
well as factories are insured, than if in one year only dwellings 
and in another year only factories are insured. This is certainly 
true and requires no lengthy argument. But it has nothing what¬ 
ever to do with my thesis of the antagonistic relation between 
stability and homogeneity. 

To give an example which does illustrate my theory, think 
of three insurance companies, A, B, and C. A insures only 
dwelling houses, B only factories, while C insures both. The 
premiums in A, B. and C are different because of the different 
classes of risks. It is assumed in C that there is no grading of 
premiums. A premium per unit is charged which is calculated 
according to the relative number of the two risks. The premium 
is to be just high enough so that for a period of years, allowing 
for variations due to chance, the damages are just covered. In 
the course of this period, the danger of fire varies from year to 
year, showing gains in some years, losses in others. Such fluctua¬ 
tions of fire hazard would correspond in my scheme to the varia¬ 
tions of the probabilities p L K with respect to k , while p t k 
is associated with A, p a with B, and p ok with C. And in 
accord with my theory that, except in the case of isodromy, the 
values p ck , relatively shaking, show weaker variations than 
p t k and k do on the average, the insurance company C 
would show relatively smaller fluctuations of fire damage from 
one year to another, resulting in a more stable business than 
would be shown by the average of A and B. The mixed charac¬ 
ter of the risks would be conducive to greater stability. In the 
case of C a certain compensation of effects would take place 
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which the time variations of the two-sided fundamental probabil¬ 
ities would make manifest on the business side. 1 But Keynes 
says nothing of these variations. He simply missed the point of 
my argument and his remarks were not relevant. 

It is to be hoped that the new exposition of my theory, 
although, or because, it is essentially shorter than the older one, 
wilt give no cause for a similar misunderstanding. 


‘This compensation would also appear in the more complicated case where 
the proportions of the risks in c are not unchangeable as is assumed in 
the text, but would change from year to year (the premium being adjusted 
accordingly). We need not go further into this matter because, in my 
theory, the composition of s. ik out of the component parts s,-,* is 
considered as fixed. In my examples, this composition varied, but the 
finctuations were insignificant in comparison to the variations of the values 
Piif . See Skandinavisk Aktuarietidscrift, pages 69-70. 
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Bayes’ theorem made its appearance as the ninth proposition 
in an essay which occupies pages 370 to 418 of the Philosophical 
Transactions, Vol. 53, for 1763. An introductory Setter written 
by Richard Price, “Theologian, Statistician, Actuary and Political 
Writer,” 1 begins thus: 

“I now send you an essay which I have found 
amongst the papers of our deceased friend, Mr. Bayes, 
and which, in my opinion, has great merit, and well 
deserves to he preserved.” 

A few lines further on Price says: 

“In an introduction which he has writ to this Essay, 
he says, that his design at first in thinking on the subject 
of it was, to find out a method by which we might judge 
concerning the probability that an event has to happen, in 
given circumstances, upon supposition that we know 

•Read before the American Statistical Association during the meeting of the 
American Association for the Advancement of Science in Cleveland, Ohio, 
December, 1930. 

1 These titles are associated with the name of Price in the frontispiece por¬ 
trait of him bound with the December, 1928, issue of Biomelrika. 
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nothing concerning it but that, under the same circum¬ 
stances, it has happened a certain number of times, and 
failed a certain other number of times.” 

“Every judicious person will be sensible now that the 
problem mentioned is by no means merely a curious spec¬ 
ulation in the doctrine of chances, but necessary to be 
solved in order to assure a foundation for all our reason¬ 
ings concerning past facts, and what is likely to be here¬ 
after.” 

No one will dispute the importance ascribed to Bayes* problem 
by Price; in*fact, a paper by Karl Pearson on an extension of 
Bayes* problem is entitled “The Fundamental Problem of Prac¬ 
tical Statistics.” Opinions differ, however, as to the validity and 
significance of the solution submitted in the essay for the problem 
in question. In view of this situation I shall limit myself today 
to an exposition of the fundamental characteristics of the prob¬ 
lem Bayes* theorem deals with and shall give no consideration to 
its interesting applications. 

The exposition may be outlined as follows: after specifying 
the class of problems to which Bayes* theorem pertains, I shall: 

I. Discuss briefly two problems, each of which will empha¬ 
size one of two kinds of a priori probabilities which should be con¬ 
stantly borne in mind when Bayes* theorem is under consideration, 

II. Partially analyze a certain ball-drawing problem which 
will not only serve as an introduction to the algebra of Bayes* 
theorem but will later help to throw light on its significance, 

III. Present Bayes* problem and the related theorem. 

IV. Make some remarks on the value of the theorem and 
the controversies which it raised. 

In carrying out this plan I shall find it convenient to ignore 
the historic order of events. 

When probability is the subject under consideration one an- 
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ticipates problems such as: A coin is about to be tossed 15 times; 
What is the probability that heads will turn up seven times? A 
sample of 100 screwdrivers is to be taken from a case containing 
1000 screwdrivers of which 300 are known to be defective: what 
is the probability that the sample will contain 25 defectives ? 

These are direct, or a priori, probability problems . In each 
of them the nature of a game, or an experiment, is specified in 
advance and then a question is asked relating to one, or more, of 
the possible outcomes of the game or experiment. Problems o i 
this type have occupied the attention of mathematicians since the 
days of Pascal and Fermat, the creators of the mathematical theory 
of probability. 

An inverse class of problems of great practical significance, 
called a posteriori probability problems, came into prominence with 
the publication of Bayes' essay. In these we find specified the re¬ 
sult or outcome of a game which has been played, whereas the 
question then asked is whether the game actually played was one 
or some other of several possible games. This type of problem 
is usually stated as follows: 

“An event has happened which must have arisen from 
some one of a given number of causes; required the prob¬ 
ability of the existence of each of the causes." 

I 

Consider this example: During his sophomore year Tom 
Smith played on both the baseball and football varsity teams; 
we have been informed that he broke his ankle in one of the 
games; what are the a posteriori probabilities in favor of baseball 
and football, respectively, as the baneful cause of the accident? 

Evidently the answer depends on the number of baseball and 
football games played during their respective seasons and also on 
the likelihood of a man breaking an ankle in one or the other of 
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these two games. As a concrete case assume that: 

1. At Smith’s college an equal number of baseball and football 
games are played per season; 

2. Statistical records indicate that if a student participates in a 
baseball game the probability is 2/100 that he will break an 
ankle and that, likewise, the probability is 7/100 for the same 
contingency in a football game. 

In view of the first of these two assumptions our conclu¬ 
sions as to the cause of the accident may be based entirely on the 
information contained in the second assumption. The odds are 
two to seven, so that the a posteriori probabilities regarding the 
two admissible causes are: 

For baseball, 2/(2+7) = 2/9. 

For football, 7/(2-f7) = 7/9. 

Now consider this other example. A lone diner amused him¬ 
self between courses by spinning a coin. We elicited from the 
waiter that in 15 spins heads turned up seven times. Moreover, 
from our point of observation, the size of the coin indicated that 
it was either a silver quarter or a ten-dollar gold piece. What are 
the a posteriori probabilities in favor of the silver quarter and the 
gold piece, respectively? 

If the lone diner were a professor from one of our eastern 
universities we would not hesitate a moment in declaring that the 
coin spun was a quarter. But it happens that the gentleman was 
a member of the Cleveland Chamber of Commerce, dining at the 
Bankers’ Club. We must, therefore, give the matter more careful 
consideration. The number of quarters and gold pieces usually 
carried by a banker and the probabilities of obtaining the observed 
result by spinning coins are relevant; let us assume, therefore, 
that: 

1. The small change purse of a Cleveland financier contains, on 

the average, ten-dollar gold pieces and quarters in the ratio of 
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eight to three. 

Moreover, we may assume (in fact we know) that: 

2. If either a quarter or a gold piece is spun 15 times, the prob¬ 
ability that heads will turn up seven times is approximately l/5. 

The second of these two items of information makes the a 
posteriori probabilities depend entirely on the first item. Clearly 
the odds are eight to three and we conclude. 

For a quarter, a posteriori prol>ability=3/(34-8) =3/11. 

For a goldpiece, a posteriori probability=8/(34*8) —8/ IL 

Now regarding the general a posteriori problem, 

“An event has happened which must have arisen 

from some one of a number of causes; required the prob¬ 
ability of the existence of each of the causes/' 

what do the two examples we have just considered suggest? In 
both problems we inquired into: 

1. The frequency with which each of the possible causes is met 
before the observed event happened. This frequency 
is called the a priori existence probability for the correspond¬ 
ing cause. 

2. The probability that a cause, if brought into play, would re¬ 
produce the observed event. This probability will hereafter 
be referred to as the a priori productive probability for the 
cause in question. 

In the case of the broken ankle, the a priori existence prob¬ 
abilities were equal and took no part in our conclusion; we based 
the a posteriori probabilities entirely on the a priori productive 
probabilities. We did just the opposite with reference to the coin 
spun by the Cleveland financier; on account of the equality of the 
a priori productive probabilities we deduced a posteriori prob- 
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abilities in terms of the unequal a priori existence probabilities. 

It is apparent that our two examples represent extreme cases. 
In general, the solution of an inverse or a posteriori problem, in¬ 
volving a number of causes, one of which must have brought about 
a certain observed event, depends on both sets of direct, or a priori 
probabilities. Those of the first set give the frequency with which 
the various causes were to be expected before the observed result 
occurred; those of the second set give the frequencies with which 
the observed result would follow from the various causes if each 
were brought into play. 


II 

Bearing in mind the two distinctly different sets of a priori 
probabilities required in arriving at a posteriori conclusions re¬ 
garding the possible causes of an observed event, we must now 
give some thought to the algebra of the subject before taking up 
Bayes’ problem and theorem. For this purpose consider the fol¬ 
lowing bag problem: 

A bag contained M balls, of which an unknown number 
were white. From this bag N balls were drawn and of these T 
turned out to be white. What light does this outcome of the 
drawings throw on the unknown ratio of the number of white 
balls to the total number of balls, M , in the bag? Let Jtr be 
this unknown ratio. 

Two cases of this problem may be considered : 

Case 1.—After a ball was drawn it was replaced and the bag was 
shaken thoroughly before the next drawing was made. 

A drawn ball was not replaced before the next drawing. 

These two cases become essentially identical when the total 
number of balls in the bag is very large compared with the num¬ 
ber drawn. Case 1 will serve as an introduction to Bayes* prob- 
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km; later we will find it highly desirable to consider Case 2. 

We are confronted with ( M 4 -1) possible hypotheses or 
causes before the drawings took place: 

1 - the unknown value of x is x c * 0/M, 

2 - the unknown value of x is x, =* 1/ M, 

3 - the unknown value of x is » 2 /M, 

1-the unknown value of oc is ac k * k/M> 

M +1 - the unknown value of x is * M/M * 1. 

Let iv {^ be the a />nm existence probability for the k *th 
hypothesis; by this is meant the probability in favor of the 4T*th 
hypothesis based on whatever information was available regarding 
the contents of the bag prior to the execution of the drawings. 
Let B(T t xj be the a priori productive probability 
for the k *th hypothesis; by this is meant the probability of ob¬ 
taining the observed result ( T whites in N drawings) when the 
value of x is k/M . 

Then, the a posteriori probability, or probability after the 
observed event, in favor of the ^th hypothesis is 

d)i p , ”(**> *L x * } 

* H w(x v ) 3(7, N, JC k ) 

k*0 

For Case 1 of our bag problem we have 

&(tn, jc k ) * (t) xj C/-x„) N ' r 


‘This is the Lapladan generalization of Bayes 9 formula, although in some 
textbooks it is referred to as “Bayes* Theorem.” A relatively short dem¬ 
onstration of it is given by Poincare in his Calcul des ProbabUitSs. See 
also Fry* Probability and its Engineering Uses, Art. 49. 
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where (V) represents the number of combinations of /V 
things taken r at a time. Substituting in (1), we obtain, 
after canceling from numerator and denominator the common 
factor (y) * 

(2) n . Wfor) (/- x K ) 

IE w(jc,) x? (/-**) 

If in equation (2) we give k successively the values d , 
a t 1, d f 2, . , , b- \> b and add the results, wo 
have 

P + P + • + p 

'o *ci+/ " b 

or 


(3) 




•** r (/■ **) "' r 

w(x k )x k TN ' T 

**o 


for the a posteriori probability that the 'mknown ratio of white 
to total balls in the bag lies between a/f 7 and b/M, both 
inclusive. 


HI 

BAYES* PROBLEM 

Consider the table represented by the rectangle ARC D in 
Fig. 1. On this table a line 05 was drawn parallel to, but at 
an unknown distance from, the edges AD and BC * Then 
a ball was rolled on the table N times m succession from the 
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edge A D toward the edge AC. As indicated in the figure 
it was noted that T times the ball stopp^u rolling to the right 
of the line OS and A/- T times to the left of that line. 

What light does this information shed on the unknown dis¬ 
tance from AD to 05 ? In more tear leal terms, what is 
the a posteriori probability that the unknown position of the line 
OS lies between any t uu positions la which may be interested? 
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Fig, 1. 


Each rolling of the ball was executed in such a manner that 
the probability of the ball coming to rest to the right of 05 is 
given by the unknown ratio of the distance OA to the length 
3A of the table; likewise, the probability of the ball stopping 
to the left of OS is given by the ratio of the distance BO to 
the length BA . 

Set jc= OA/BA, 1-jc- BO/BA. 

The only difference between this problem and the bag of balls 
problem is that now the possible values of nC are not restricted 
to the finite set 0 /M, 1 /M, 2 JM, . . . ( M- 
in the table problem oc may have had any value whatever between 
the limits of 0 and 1. Therefore equation (3) will answer the 
question asked provided we substitute definite integrals in place 
of the finite summations. This substitution gives us, for the de- 
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sired a posteriori probability that j e had a value between x, and 
the formula 


< 4 ) 


p(x tJ x z ) 


f w(x)x r O-x) N T ctx 

J x, ____ 

J' vr(x)x T (t~x)" r c(x 


Equation (4) is useless until the form of the a priori exis¬ 
tence function w(x) is specified; this depends on the way in 
which the line 0 5 was drawn. Bayes assumed that the line 
05 , of unknown distance from A D , was drawn through the 
point of rest corresponding to a preliminary roll of the ball. This 
amounts to postulating that all values of x, between 0 and 1 
were a priori equally likely. In other words, with Bayes, the 
a priori existence function w/cc^was a constant which, therefore, 
did not have to be taken into consideration. 1 Thus, instead of 
equation (4), Bayes gave the equivalent of the following restricted 
formula: 


( 5 ) 




s J H x r Ox)" T <*x 


I say “the equivalent of” (5) because in Bayes’ day definite 
integrals were expressed in terms of corresponding areas. 

Equation (S) constitutes Proposition 9 of the essay, but is 
usually referred to as Bayes’ theorem. 

t The existence function w(jcJ does not appear either explicitly or implic¬ 
itly anywhere in Bayes essay. This fact raises the question as to whether 
or not Bayes had any notion of the general problem of causes. 
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IV. 

Equation (5) is a very beautiful formula; but we must be 
cautious. More than one high authority has insinuated that its 
beauty is only skin deep. Speaking of Laplace’s generalization 
and extension of the theorem, George Chrystal, the English math¬ 
ematician and actuary, closed a severe attack on the whole theory 
of a posteriori probability 1 with the statement that “Practical peo¬ 
ple like the Actuaries, however much they may justly respect 
Laplace, should not air his weaknesses in their annual examina¬ 
tions. The indiscretions of great men should be quietly allowed 
to be forgotten.” 

Chrystal’s advice as to the attitude one should assume toward 
"the indiscretions of great men” is excellent, but in the case under 
consideration, it was the plaintiff rather than the defendant who 
committed indiscretions; this is discussed in a paper by E. T. 
Whittaker 2 entitled “On Some Disputed Questions of Probability.” 

The discussions and disputes, which began shortly after the 
birth of the formula in 1763 and which have not as yet subsided, 
may be divided into two classes: 

1. Discussions concerning problems in which it is known that the 
a priori existence function is not a constant. 

2. Discussions concerning problems in which nothing whatever 
is known concerning the a priori existence function. 

The discussions of Class 1 are out of order in so far as 
Bayes’ theorem is concerned; recourse should be had to formula 
(4), Laplace’s generalization of the Bayes’ theorem, when it is 
known that OJ(X) is not a constant Failure to differentiate 

* M On Some Fundamental Principles in the Theory of Probability” Trans¬ 
actions of the Actuarial Society of Edinburgh, Vol. 11, No. 13. 

* Transactions of the Faculty of Actuaries in Scotland, Vol. VIII, Session 
1919-1920. 
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explicitly between equations (4) and (5) has created a great deal 
of confusion of thought concerning the probability of causes. The 
discussions of Class 2 have centered on what Boole called “the 
equal distribution of our knowledge, or rather of our ignorance/* 
that is to say “the assigning to different states of things of which 
we know nothing, and upon the very ground that we know noth¬ 
ing, equal degrees of probability.” Regarding the legitimacy of 
this procedure Bayes himself contributed a very important schol¬ 
ium, which appeared in his essay on pages 392 and 393. The 
argument in this scholium, based on a corollary to Proposition 8 
of the essay, may be summarized as follows': 

Assuming that all values of jc are a priori equally likely and 

that the N throws of a ball on the table have not yet been made, 

/ 

the probability that T times the ball will rest to the right of 03 
and that the remaining N'T times it will rest to the left of 
05 is (as shown in the corollary) 

(6) p« f(r) x 


a result ki which T does not appear. In other words, any as¬ 
signed outcome for the throws is no more, or no less, likely than 
any other outcome, if a priori all values of x are equally likely. 
But, wrote Bayes in the scholium, when we say that we have no 
knowledge whatever o priori regarding the ratio jc , do we not 
really mean that we are in the dark as to what will be the out¬ 
come when we proceed to make "/V throws? If so, then equa¬ 
tion (6) justifies the assumption that a priori '*.11 values of jc are 
equally, likely. 

To clinch his argument it must be shown that the converse 
of equation (6) is true. That is, it must be shown that, if any 
outcome of throws not yet made is as likely as any other, then 
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any value of ac is a priori as likely as any other. This converse 
theorem was submitted to Dr. F. H. Murray, who obtained an 
elegant proof based on a theorem of Stieltjes. 1 

In view of Bayes' corollary and his scholium, an analysis of 
our bag problem with reference to the “equal distribution of our 
knowledge, or ignorance" is in order. 

Consider again Case 1 where each drawn bail is replaced in 
the bag before the next drawing is made. 

Assuming each of the ( A7 + 1) permissible hypotheses to be 
a priori equally likely, the probability that N drawings, not yet 
made, will result in T white and N - T black balls is 


(7) 



Equation (7) is not, in general, independent of T 2 so that 
any one assigned outcome of N drawings is not as likely as any 
other outcome. This result is disturbing; at first sight it seems 
to discredit Bayes' scholium. We must, therefore, look into the 
the matter more closely. 

Bayes' problem corresponds to drawings from a bag con¬ 
taining an infinite number of balls. Therefore, even if drawn 
balls are replaced, the chance of a particular ball being drawn 
more than once is zero. But when N drawings with replace¬ 
ments are made from a bag containing a finite number, tf , of 
balls, we are by no means certain of drawing N different balls; 

1 Bulletin of the American Mathematical Society, February, 1930. 

1 Consider, for example, the case of M 3 2. Equation (7) reduces to 

p-i (i)"C» 

a result which is not independent of 7\ 



36 


BAYES* THEOREM 


a particular white ball may be drawn several times over, and, like¬ 
wise, a particular black ball may appear more than once. It is not 
ourpridrg, therefore, that Case 1 of the bag problem does not 
confirm Bayes’ corollary. 

Consider now Case 2, where the drawn balls are not returned 
to the bag. If k of the total balls are white and the reu black, 
the probability that a sample of N balls from the bag will con¬ 
tain T white and A/- T black is 

(r) (Z-V/(Z) 

Hence, if the permissible values 0, 1, 2, 3, . . . M for k 
are all equally likely a priori, we obtain instead of (7), 

(8> P’l(*t'XW&)/(Z)-,h 

a result independent of any assigned value'for T and identical 
with the result in the corollary to Proposition 8 of the essay. 


SUMMARY 

Bayes’ theorem is the answer to a special case of the general 
problem of causes. The special case- postulates that the a priori 
existence probabilities for the various admissible causes of an ob¬ 
served event are equal. 

In the essay Bayes recommends that his theorem he adopted 
whenever we find ourselves confronted with total ienoranee as 
to which one of several possible causes produced an observid 
event. To justify this recommendation Bayes takes the attitude 
that: A state of total ignorance regarding the causes of an ob- 
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served event is equivalent to the same state of total ignorance as 
to what the result will be if the trial or experiment has not yet 
been made. This interpretation is a generalization of ^heMact 
that in his billiard table problem, the assumption of equal likeli¬ 
hood for all possible positions of the line O 3 , gives equal prob¬ 
abilities for the various possible outcomes of a set of /V ball 
rollings not yet made. 

Laplace, Poincare and Edgeworth 1 have shown that the a 
priori existence function yv(oc) , which appears in the Laplarian 
generalization of Bayes’ theorem, is of negligible importance when 
the numbers /V and t are large. Therefore, when this con¬ 
dition holds, one need not hesitate to use Bayes’ restricted formula 
for the solution of a problem of causes. 

The transmission, by Price, of Bayes' posthumous essay to 
the Royal Society marked an epoch in the history of the literature 
on probability theory. As mentioned at the beginning of this 
paper, Karl Pearson has called the extension of Bayes’ problem 
the “Fundamental Problem of Practical Statistics.” 


* Laplace: “Oeuvres,” Vol. 9, p. 470. Poincari: “Calcul des Probability*,” 
2d edition, p. 255. Bowley: "F. Y. Edgeworth's Contribution to Math¬ 
ematical Statistics," pp. 11 and 12. 





ON CERTAIN PROPERTIES OF FREQUENCY 
DISTRIBUTIONS OBTAINED BY A LINEAR 
FRACTIONAL TRANSFORMATION OF THE 
VARIATES OF A GIVEN DISTRIBUTION 


By 

H. L Rim 


Considerable evidence has been presented by R. A. Fisher 1 
to show that, by an appropriate transformation z » f (r) of 
small sample correlation coefficients r {-/ £ r £ /) distributed 
in accord with a decidedly skew frequency curve, values of z 
are obtained which are distributed nearly in a normal distribution. 
In fact, the approach of the distribution of z to normality' 
seems sufficiently rapid to justify the use of the probable error 
of z in many applications as if it were normally distributed. 
Such a change in the character of the distribution of an important 
statistic suggests the further study of properties of the distribu¬ 
tion of variables obtained by applying rather simple transforma¬ 
tions to variates distributed from -1 to +1 in accord with a given 
frequency function. In a previous paper, 8 the writer has deal t 
with a similar problem when each variate of a given unimodal 
distribution of any finite range is replaced by a given power of 
the variate. 

Consider a positive unimodal continuous frequency function 


‘Metron, VoL 1, Part 4 (1921)pp. 3-3Z 

•Proceedings of the National Academy, Vol. 13, No. 12 (1927), pp. 817-820. 
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g « yr Coc) of a system of variates J c t , jc z , * . . JC n with 
a range of -1 to +1, with iff (-1)= (1) =0, with a single 

mode at some point, say at b (-1 < b < 1), and with the 
derivative l/r ( ac) continuous. More precisely, we assume 
that fjr (Jc) is positive except at the end points at the in¬ 
terval -1 to +1, where it is zero, and that ifr'Cx) changes 
from positive to negative at b , and is non-negative or 
non-positive at any point 3c»<z according as ct is less or 
greater than b . 

It is the main object of the present paper to consider certain 
properties of the distribution of variates u t * (e sc t + f )/ 
( qxi+h ) obtained by a linear fractional transformation of 
the oc % where e , f , g f and h are real numbers so selected 
that u - ( ejc + f )/( gjc + b ) is continuous from 
x—l to x =1. 

When g =0, we have the case of the linear transformation 
which simply has an effect equivalent to a change of origin and 
of unit of measurement. As we are not in the present problem 
much interested in such a simple transformation, we shall, in 
general, assume g, £ 0. Moreover, we take g positive, since 
this involves no loss of generality. 

We shall, except as otherwise stated, restrict our considera¬ 
tions to the interval for u that corresponds to -1 £ jc - 1, 
and to such transformations that the derivative of u with re¬ 
spect to jc is finite for each value of x and that u increases 
when x increases. These restrictions require that 

Ull _ ftej-fQ 

afjc ” (gjc + n ) 2 

where g < | h | and where the determinant 

( 1 ) he-fg-\% f h \>o 
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Starting then with 


( 2 ) 

we have 

( 3 ) 

Next, let 

( 4 ) 

be the frequency function of the new variates u. . Then we 
may write 1 

( 5 ) 

Since he- fcj > 0, we know that v is positive through¬ 
out the interval in which we are interested except that V =0 
at the end points. From (5) it seems that the new distribution 
function may possibly become infinite when u * e/g , but the 
question then arises as to whether <s/g is an admissible value 
of u . 

We shall prove that b/q is not an admissible value of tc 
by showing that u cannot take the value e/g within the 
interval u*- h-g) to a « (e*f)/Cg*h) 

wherein u lies when -1 I jc 5 1. In this connection we shall 
also establish some inequalities that will be found useful in the 
consideration of certain properties of the new distribution. Con¬ 
sider first the cases in which q + h is positive. 

Then since eh > fq , we have eh + 09 > fq + eg . 

Divide by g (q + h) , and we have S. > tf.f. Hence. 

g q+n 


u <jx 4 7T * 


cc = 


f~ hu 
gu-e 


V s (u) 


*cf. Annals of Mathematics, vol 23, No. 4 (1922), pp. 293-4. 
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e/g is too large when g+ h is positive to be an admissible 
value of ul . 

Consider next the cases in which g + h is negative. In 

this case, h<0 since q> 0 . Hence g-hj>0. Then since 

eh > fg , we have eh- eg > fg- eg . Divide by 

the positive number g(Q~h) • This gives — > tl 

e ^ e- f ^ 

and ^ < gTT, • 

Hence, when 9 (g+h) < 0, e/^ Is too small to be an 

admissible value of u . 

To summarize with g > 0, we have shown that: 

(a) When g+h is positive, e/g is too large to be 

an admissible value of u . 

(h) When g+h is negative, e/g is too small to be 
an admissible value of u. . 

Returning now to the consideration of our frequency function 

V* dr (tdtliL ^ . he - fq in (5), we obtain 

r{gu-ej (g<u-e)* 

( 6 ) & - (/,'(idm)~2$UT£fQ) tfftha) 

Ctu (gu-e ) 4 \ qu-e J Cgu^ep r\ga-e/. 

When u takes the value Qeb*f)/Cgb + h) into which 
variates at the mode jr *b are transformed, we know that 

1+'(&£&)* f 'U) « 0 . 

By making use of the fact that he- fg > 0, and the propo¬ 
sitions (a) and (b) relating to the inadmissibility of e/g as 
a value of u in an examination of the right hand member of 
(6) for u -{eb + f) / ( 9 b + h) , we establish the 
following proposition in regard to the sign of the derivative 
cLv /cCu the value of u which corresponds to the 

modal value of x. 

When g + h t 0, dv / du is positive or negative 
at u*(eb + f)/Cgb + h) according as g+h is 
positive or negative. 
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The truth of this proposition follows readily by applying 

(а) and (b) to (6), remembering that C) is positive and that 
l/r (b) vanishes. 

We shall show next in case ej+h > 0, that dv/ ctu 
is non-negative for all admissible values of tc less than 
(eb + f)/(qb + h) . To see this from (6), note first 
that ifr [if-hu) / ( qu-e)] remain s non-negative for 

(f-hu)/( gu-e) < t) or for u less than 

ieb+f)/ (qb +h) , and note second that q/(qu-e) 5 

is negative since e/q is too large to be an admissible value 
of u under the condition q+f? > 0. 

Next, in case q + h 0, dv/du is non-positive for 
all values of u > (eb + f) / (qb +h) . To see this ftom 

(б) , note first that l/f [(f~hu)/( qu - e) ] remains 

non-positive for (f-hu)/(gu-e) > b or for u > > 

and note second that g/ (gu-e) 2 is positive when q + h< 0 
because in this case u > e/q . 

To summarize, when g+h $ 0, we state the 

Theorem I. When the derivative dv/du is 
positive for the value of a into which variates at the 
modal value oc=b transform, then dr/da is 
non-negative for alt smaller values of a . Similarly, 
when dv/du. is negative for the value of cl into 
which variates at the modal value oc= b transform, 
then dv/du is non-positive for all larger values 
of u . 

Finally, we wish to inquire about a modal value for 
the frequency function V = <f> (u) in (5). To this end, 
consider first the case in which dv/du is positive at 
u, = (eb + f)/ (qb+h) . At a point between 

u = (ebtf) / (gb + h) and the upper bound of U , that 
is (e+fJ/Cg+tj) , a maximum value of V occurs. To 
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see this, note when u. * (e + f)/ C g+h) that 

dv/du * fr'(/) (g+h)*/ (he- fg) z which is 

negative, or zero since iff (l) is negative or zero. If it is nega¬ 
tive, there is a maximum where the sign of the continuous first 
derivative changes from positive to negative. If Civ/(tu is 

zero at U* (e\f)/ (g + h) , it follows also that there 
is at least one maximum of v - $(a) between a *(eb+f)/(gh*h) 
and u=(e+f)/ (g*h) since /-Oat u - (e+f)/(g*h) 
and / must have changed from an increasing positive function 
at U*(ebi f)/(gb* h) to a decreasing function before 
becoming zero at a* (e + f)/(g-th) . Similarly, it may 
be shown that there is a mode at a value of cc < (ebd)/(§b+h) 
whenever dv/du. is negative at u * ( eb ■*()/( gb + h). 
We may then state the following: 

Theorem II. Given a unimodal continuous positive 
function g - iff (x) of variates x. , with a range 
from -1 to +1, with a mode at x = Jb (-! < b < f ) , 
with iff (-1)= ff (1) =0, and with the derivative iff X 
continuous from X =■ -l to x * 1, then the frequency 
distribution /= <f (u) of variates u=(ejc* f)/(gx-th) 

(g > O) has a mode at a value of u > (ebif)/(gb+h) 
when g + h > 0 . It has a mode at a value of 
u. < ( e6 + f)/(gb + h) when g + h < 0. 

Since we have so restricted our transformation 
that the order of corresponding values is preserved, the trans¬ 
formation carries the median of the distribution of oc *s into the 
median of the distribution of u ’s, and we may state the following: 

Corollary. If g = iff (x) has its median and 
mode coincident at je*b , the frequency distribution 
v* (f> (u.) of u* fex+f)/ (gx + h) has a 
modal value greater or less than its median according as 
g + h * s greater or less than zero. 



44 CERTAIN PROPERTIES OF FREQUENCY DISTRIBUTIONS 

Thus far we have imposed the condition g < j h | . Let 

us next consider the cases in which h - — Cf and h- Q 
instead of requiring that g < \h\. Consider first the case 
fy - * g . In this case 


( 7 ) 

and 



ejc+f 

JC~/ 


( 8 ) 


da . he^fg _ _ e+ f 
dx (gx+h) z g(jc-/J z 


Both u and cC«,/ dx become infinite as x approaches 
1 . Suppose e and f so chosen that u is an increasing 
function of x for the interval -1 * jc< 1 , then u in ( 7 ) is 
an increasing function of X for the larger interval - co^ac<l\ 
and it follows, for the case h s -g , that &/g is too small to 
be an admissible value of u when -1 « x < 1, since it is the 
value of u when joo * 

For the case h- g , we have 


( 9 ) 

and 


a * 


ex + f 
g(x+/J 


( 10 ) 

dx 


Since a in ( 9 ) is an increasing continuous function of je: 
for the interval -1 < x < oo wherever e and / are so selected 
that it is increasing for the sub-interval -1 < jc $ 1, it follows, 
for f)- g , that e/g , the value of u. when jc s oo 
is too large to be an admissible value of a when -1 < jc * 1. 
By making use of the fact that e/g is too small or too large 



H. L. RIETZ 


45 


to be an admissible value of u according as h* -g or +9 , 
we readily obtain the following results from an examination of 
(6) : The derivative d \s/ da given in (6) is positive at the 
point u= ( et> t f)/( qb+h) when h*g , and it is 
negative at this point when / 7 = - g . 

Moreover it readily follows as in the case where g < | h \ 
that when the derivative e/ts/du is positive for the value 
of u into which the modal oc»b transforms, then dv/du 
is non-negative for all smaller values of u , and when dr/du 
is negative for the value of u into which the modal value jc* b 
transforms, it is non-positive for all larger values of u . 

Next, for the case h=q , a mode occurs for a value of 
it > (eb + f)f(gb+h) , This may be seen by noting that 
as jc approaches 1 and as a takes corresponding values 
dr/du in (6) approaches the value 16 g z ( 0 /(&-f) Z 
which is negative or zero. The analysis given above for the 
corresponding case q < hi may be applied, with the conclusions 
stated in Theroem II by replacing g + h > Oby h=g and 
g+h < 0 by - g . 

The question very naturally arises as to whether there exists 
a linear fractional transformation u - (ejc + f)/ ( QX+h) 
that will transform almost any distribution with the properties 
of 9* iff (jc) into a new distribution v - (u) with 

a mode at a previously assigned point u*c within the range 
of admissible values of u . To insure a mode for (u) 

a t u * c , it is, of course, sufficient that there exist values of 
0 ♦ t , 9 , and h that make the continuous function 



change sign from positive to negative at u*C . 

Since the only restrictions on e , 'f » g , and /} are that 
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they shall be real, and that g and he - fg shall be positive, 
it seems that the requirement that dv / du shall change from 
positive to negative at an assigned value of u could probably 
be satisfied for some important classes of relatively simple func¬ 
tions. As a simple example, take the quadratic function 
)fr(x)’ A OC** Bjc +C , which, when subjected to the 
conditions on yr(x) , becomes f(x)= 3 (l-JC*)/ 4 . 

The mode is in this case at 0 . The problem we propose 
is to find the linear fractional transformation a *(ex+f)/(gx+h) 
that will transform ijr (x) into V- (u) with a mode at an 
assigned u»c . In this case ( 11 ) becomes 

a v _ 3 he-fq f, 
da ~'£(gu-e) s <Che-fg/f-huJ - 
(12) L 

gl(g-/r*)u g +eu( fh-eq)+ e*- f* 


To facilitate the examination of ( 12 ), make h*q . Then 
(12) reduces to 

(13 > I P-i 


Since g+fy > 0 , we have gu-e < 0, and consequently 
the coefficient of ( e+ 2 f- 3 gu) is positive. To provide for 
the change of sign of ( 13 ) at u* c , select e , f , and q 
so that e+ 2 f * 3 cg . To make ( 13 ) positive at u=c -6 
and negative at u - c + £ , where 6 is arbitrarily small and 
positive, we may assign to g any positive value and to € any 
value greater than eg , for then f is less than e , which is 
the condition he -fg> 0 when h-g . While there are 
thus an infinite number of ways in which we may select a linear 




H. L. RIETZ 


47 


fractional transformation so that, when applied to special func¬ 
tions, it will give a new distribution with a mode at an assigned 
point, no general proposition is proved that assures an assigned 
modal value of iff (X) • 




ON SMALL SAMPLES FROM CERTAIN 
NON-NORMAL UNIVERSES* 


By 

Paul R. Rider 
Washington University 


INTRODUCTION 


The distribution of the ratio 

2 _ mean of sample-mean of universe 
standard deviation of sample 

which is of great importance in the theory of small samples, has 
been derived exactly by theoretical methods for samples of any 
size from a normal universe. 1 Experimental studies 8 have been 

*The writer desires to express his grateful appreciation to the National 
Research Council, which made possible this study by a grant-in-aid for 
the assistance of a computer. 

’See, for example, R. A. Fisher, Applications of “Student’s” Distribution, 
Metron, vol. 5, No. 3 (Dec. I, 1925), pp. 90-104. 5 

*e. g. W. A. Shewhart and F. W. Winters, Small Samples—New Exper¬ 
imental Results, Journal of the American Statistical Association, Vol. 23 
(1928), pp. 144-53; 

J. Neyman and E. S. Pearson, On the Use and Interpretation of Certain 
Test Criteria for Purposes of Statistical Inference. Part I, Biometrika, 
Vol. 20A (1928), pp. 175-240; 

“Sophistcr,” Discussion of Small Samples Drawn from an Infinite Skew 
Population, Biometrika, Vol. 20A (1928), pp. 389-423; 

E. S. Pearson assisted by N. K. AdyanthSya and others, The Distribution 
of Frequency Constants in Small Samples from Non-normal Symmetrical 
and Skew Populations. 2nd paper, Biometrika, Vol. 21 (1929), pp. 259-86. 
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made of the 2 -distribution for samples of specific sizes from 
other types of universe. A theoretical method applicable to 
samples from a discrete universe was used in a previous paper, 1 
in which a rectangular universe was studied in some detail. The 
rectangular universe was chosen as being the simplest from the 
standpoint of the method employed, and as a good example of 
a limited symmetric distribution. It is the purpose of the present 
paper to apply the method to a triangular population, which is 
a specimen of a limited skew distribution, and also to a U-shaped 
universe. The rectangular, triangular and U-shaped universes 
are shown in Table I in the columns headed E , T > and U , 
respectively. Their graphs are exhibited in Figure 1. 

In addition to the z -distribution, the distributions of means 
from the triangular and from the U-shaped universe are given. 

In the concluding section is discussed the probability corres¬ 
ponding to an interval of three sample standard deviations on 
each side of the sample mean. 

All of the results of the paper are for samples of four. 


THE DISTRIBUTION OF Z 

The distributions of z are shown in Table II, 2 , in which 
the distribution for samples from a normal universe, N , is also 
given. 

The cumulated probability of z for the triangular and for 
the U-shaped universe are shown in Table III, which may be 
compared with a similar table for a rectangular and for a normal 
universe given in Biometrika, Vol. 21 (1929), p. 131. 

* P. R. Rider, On the Distribution of the Ratio of Mean to Standard Devia¬ 
tion in Small Samples from Non-normal Universes, Biometrika, Vo! 21 
(1929), pp. 124-143. 

*For an explanation of the method of deriving these distributions see 
Rider, loc. cit. 



so 


SAMPLES FROM NON-NORMAL UNIVERSES 


These cumulated probabilities are plotted on probability paper 
in Figures 2 and 3 and may be compared with similar probabil¬ 
ities for a rectangular universe by reference to Biometrika, Vol. 
21 (1929), p. 129, Figure 2. 

The principal results to be noted are as follows: 

1. The general characteristics of the 2 -distribution for 
the U-shaped universe are the same as those for a rectangular 
universe, viz. a greater number of 2 ’s outside of a certain value 
of |z| , and also a greater clustering of 2*s about the origin, 
than is the case for a normal universe. 1 This is to be expected, 
since the values of /3g, for U and JS are 1.132 and 1.776 
respectively, as compared with the value 3 for N . 

2. The negative skewness in the triangular universe pro¬ 
duces skewness of the opposite type in die distribution of & , 
as found experimentally by Neyman and E. S. Pearson 2 and by 
“Sophister.”* This means (in the case of negative skewness 
in the universe) that the probability corresponding to an interval 
from - <30 to 2 is smaller than when the sampling is from a 
normal universe. 

3. The cumulated probability of |z| , or the probability 
corresponding to an interval from -H to Z , is somewhat the 
same for the triangular universe as for a normal universe; 4 a 
comparison is made in Table IV. 

Results 2 and 3 are apparently due to the fact that in a 


•See Rider, loc. cit., p. 130. 

•Biometrika, Vol. 20A (1928), p. 198. 

•Biometrika, Vol. 20A (1928), p. 408. 

cf. E. S. Pearson assisted by N K. Adyanthlya and others. The Distribu¬ 
tion of Frequency Constants in Small Samples from Noannormal Sym¬ 
metrical and Skew Populations. 2nd paper, Biometrika, Vol. 21 (1929), 
pp. 259-86. 
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skew universe the regression of variance on mean 1 is often essen¬ 
tially linear (if parabolic, the vertex of the parabola is well to 
one side of the scatter diagram). Let us consider the case in 
which the slope of the regression line is positive. Designating 
by 3C the difference between the mean of a sample and the 
mean of the universe, and by s the standard deviation of the 
sample, we see that large values of }j*r| tend to be associated 
with large values of (and therefore with large values of ^ ). 
Thus the values of z tend to be smaller. On the other hand, 
for large values of J-r/, s is smaller acd |- 3 s| consequently 
larger. This means that the frequencies corresponding to the 
algebraically lower values of z are greater than in the case of 
a normal universe, or that the use of “StudentY* tables would 
give results too small for the probability that the mean of a 
sample does not exceed algebraically the mean of the universe 
by* more than b times the standard deviation of the sample. 
The opposite is true in the case studied here, since the universe 
is negatively skew and the regression line of s* on j c would 
have a negative slope. 

Since there is a shifting of the whole cumulated % -distribu¬ 
tion to the right or left, the effect noted in 3 is readily explained. 
As a result of this effect we should apparently not be far wrong, 
when sampling from a skew universe, if we used •‘Student’s" 
tables to obtain the probability that the mean of a sample does 
not exceed numerically the mean of the universe by more than 
2 times the standard deviation of the sample. 2 


* For the regression formula see J. Neyman, On the Correlation of the 
Mean and the Variance in Samples from an “Infinite” Population, Bio- 
metrika, Vol. 18 (1926), pp. 401-13. 

* See E. S. Pearson assisted by N. K. Adyanthaya and others. The Distribu¬ 
tion of Frequency Constants in Small Samples from Non-normal Sym¬ 
metrical and Skew Populations. 2nd paper, Biometrika, Vol, 21 (1929), 
pp. 259-86. 
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SAMPLES FROM NON-NORMAL UNIVERSES 


THE DISTRIBUTION OF MEANS OF SAMPLES 

The distributions of means of samples are shown in Tables 
V and VI. In these tables oc- indicates the difference between 
the mean of the sample and the mean of the universe. 

For the difficulties involved in obtaining satisfactory results 
for the distribution of means of small samples from a U-shaped 
universe see K. J. Holtzinger and A. E. R. Church, “On the 
Means of Samples from a U-shaped Population/* Biometrika, 
Vol. 20A (1928), pp. 361-88. 

The probability corresponding to an interval of three 
sample standard deviations on each side of the sample mean. 

If M is the mean and <J the standard deviation of a nor¬ 
mally distributed variate X » then, as is well known, the prob¬ 
ability that an item selected at random will lie within the range 
M - 3 cr is 0.997. If X and >5 are the mean and the 
standard deviation respectively of a sample, the expected or aver¬ 
age probability corresponding to the interval X ~ 3 s will he 
different from the probability corresponding to the interval 
n±3 a Shewhart 1 obtained experimentally for the average 
probability for samples of four associated with the interval 
X*3s the values 0.90 tor a* normal universe, 0.91 for a 
rectangular universe, and 0.91 for a triangular universe. 

By analyzing all possible samples of four from the rect¬ 
angular and triangular universes of Table I it was possible to ob¬ 
tain the probability corresponding to an interval of 3 & on either 
ride of the sample mean. For example let us consider the 
sample (1, 1, 2, 2), for which X *1.5, 6*0.5. The interval 
X ~ 3$ extends from 0 to 3. This interval includes 0.4 of 
the rectangular universe >0 ; 0.4 then is the probability that an 


5 \V. A. Shewhart, Note on the Probability Associated with the Error of 
a Single Observation, Journal of Forestry, Vol. 26 (1928) pp. 601-607. 
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TABLE i 

Rectangular, Triangular and U-Shaped Universes 


X 

FREQI/2NCY 

e 

T I 

U 

0 

i 


10 

i 

i 

1 

5 

2 

i 

2 

1 

3 

i 

3 

1 

4 

i 

4 

1 

5 

i 

5 

1 

6 

i 

6 

1 

7 

i 

7 

1 

8 

i 

8 

5 

9 

i 

9 

10 

10 


10 


Total 

10 

55 

36 

Mean 

4.S 

7 

4.5 

A* 

0 

0.326 

0 

A* 

1.775 

2.36 

1.132+ 


* The values of the /Q ’s are uncorrected for grouping lot 
dots over the digits indicate repeating decimals. The valuta for 
a continuous rectangular distribution are &-0, A< .8, and 
for a continuous triangular distribution are /3 t * 0.32, /Sg*2.4. 
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observed value will fall within the interval. Now the particular 
sample (1, 1, 2. 2) would occur 6 times out of 10,000. If we 
take all of the samples for which the interval X.-3-S includes 
0.4 of the rectangular universe we find that such samples occur 
106 times out of 10,000. Such an analysis leads to Table VII, 
from which it is ascertained that the average probability corres¬ 
ponding to an interval of X* 3s is 0.920. A similar analysis 
of the triangular universe T gives us Table VIII and yields 
0.907 as the average probability associated with X * 3 S . A 
better understanding of the situation may be obtained from 
Figure 4. 

PaJL 
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TABLE II 

Probability of z for Samples of 4 


z 

N 

R 

T 

U 

Below -4.25 

.0026 

.0077 

.0015+ 

.0384 

-4.25 to -3.75 

.0011 

.0022 

^ ' £ 

0004 

-3.75 to -3.25 

.0018 

.0026 

' M 

.0009 

-3.25 to -2.75 

.0032 

.0032 

i 


-2.75 to -2.25 

.0062 

.0074 

1 


-2.25 to -1.75 

.0131 

.0188 

.0061 

.0106 

-1.75 to -1.25 

.0314 

.0267 

.0251 

.0147 

-1.25 to -0.75 

.0829 

.0692 


.0256 

-0.75 to -0.25 

.2047 

j 

.2000 


.2299 

-0.25 to 0.25 

.3058 

.3244 j 

.3249 | 

.3405+ 

0.25 to 0.75 

.2047 

.2000 

.1741 

.2299 

0.75 to 1.25 

.0829 

.0692 

.0764 

.0256 

1.25 to 1.75 

.0314 

.0267 

.0566 

.0147 

1.75 to 2.25 

.0131 

.0188 


.0106 

2.25 to 2.75 

.0062 

.0074 


.0016 

2.75 to 3.25 

.0032 

.0032 


.0077 

3.25 to 3.75 

.0018 

.0026 


.0009 

375 to 4.25 

.0011 

.0022 


.0004 

Above 4.25 

.0026 

.0077 


.0383 
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SAMPLES FROM NON-NORMAL UNIVERSES 


TABLE III 


The cumulated probability of 2 , or probability that the mean 
of a random sample of 4 will not exceed (in algebraic sense) the 
mean of the universe by more than z times the standard devia¬ 
tion of the sample. 


2 

Cumulated Probability 
Triangular Universe 

Cumulated Probability 
U-Shaped Universe 


for-z 

for jgi 

for - Z 

for z 

0.0 

.51955- 

.51955- 

.54355+ 

. 54355 + 

.1 

.41649 

.54037 

.39365- 

.60635 + 

.2 

.34497 

.61053 

.34651 

.65349 

.3 

.28885+ 

.65136 

.30739 

.69261 

.4 

.22719 

.70010 

.27831 

.72193 

.5 

.18568 

.74269 

.22081 

.77991 

.6 

.14350- 

.76942 

.14785+ 

.85215- 

.7 

.11580 

.79993 

.11382 

.88618 

.8 

.09485- 

.81086 

.09844 

.90192 

.9 

.07784 

.83462 

.09065+ 

.90935+ 

1.0 

.06130 

.86748 

.08285- 

.91715 + 

1.1 

.05053 

.87456 


.92006 

1.2 

.04256 

.88731 

.07471 

.92529 

1.3 

.03716 

.88731 

.07363 

.92637 

1.4 

.03152 

.90787 

.07179 

.92821 

1.5 

.02783 

.91316 

.06614 

.93387 

1.6 

.02334 

.91911 

.05979 

.94021 

1.7 

.01845- 

.93480 

.05975- 

.94025- 

1.8 

.01552 

.94390 

.05941 

.94059 

1.9 

.01410 

.94390 

.05798 

.94202 

2.0 

.01366 

.94810 

.05441 

.94774 

2.1 

.01265- 

.94810 

.04959 

.95041 

2.2 

.01039 

.95565- 

.04892 

.95108 

2.3 

.00907 

.95565- 

.04892 

.95108 

2.4 

.00871 

.95565- 

.04891 

.95109 

2.5 

.00816 

.95565- 

.04891 

.95118 

2.6 

.00725+ 

.95565- 

.04803 

.95197 

2.7 

.00725+ 

.95565- 

.04732 

.95268 

2.8 

.00661 

.96509 

.04728 

.95272 

2.9 

.00483 

.97910 

.04133 

.95867 

3.0 

.00462 

.98250- 

.03954 

.96046 

3.5 

.00272 

.98250- 

.03904 

.96132 

4.0 

.00242 

.98250- 

.03833 

.96168 
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TABLE IV 


Cumulated Probability of | s. } for Samples of 4. 


|z| 

greater 

than 

Probability 

M 

greater 

than 

Probability 

Triangular 

Universe 

Normal 

Universe 

Triangular 

Universe 

Normal 

Universe 


.9219 

1.0000 

1.6 



.1 

.8761 

.8735+ 

1.7 

.0836 


.2 

.7303 

.7519 

1.8 

.0716 



.6375- 

.6392 

1.9 

.0702 

.0460 

.4 

.5271 

.5382 

2.0 

.0652 

.0405+ 

.5 

.4423 

.4502 

2.1 

.0646 

.0358 

.6 

.3723 

.3751 

2.2 

0547 

.0318 

.7 

.3135- 

.3121 

2.3 

.0534 

.0283 

.8 

.2834 

.2599 

2.4 

.0531 

.0253 

.9 

.2432 

2169 

2.5 

.0525+ 

.0227 

10 

.1891 

.1817 

2.6 

.0516 

.0204 

1.1 

.1755- 

.1528 

2.7 

.0516 

.0185- 

1.2 

.1552 

.1292 

2.8 

.0415+ 

.0167 

1.3 

.1497 

.1098 

2.9 

.0257 

.0152 

1.4 

.1236 

.0938 

3.0 

.0212 

.0138 

1.5 

.1146 

.08051 
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TABLE V 


Distribution of Means of Samples of 4 from Triangular Universe 


a 

Probability 

B 

Probability 

B 

Probability 

-5.25 

.00001 

-2.25 

.01627 

0.75 

.07202 

-5.00 

.00004 

-2.00 

.02200 

1.00 

.06437 

-4.75 

.00009 

-1.75 

.02882 

1.25 

.05496 

-4.50 

.00019 

-1.50 

.03559 

1.50 

.04462 

-4.25 

.00038 

-1.25 

.04501 

1.75 

.03415 + 

^.00 

.00070 

-1.00 

.05362 

2.00 

.02430 

-3.75 

.00125 

-0.75 

.06187 

2.25 

.01569 

-3.50 

.00212 

-0.50 

.06916 

2.50 

.00881 

-3.25 

.00344 

-0.25 

.07484 

2.75 

.00393 

-3.00 

.00537 

0.00 

.07834 

3.00 

.00109 

-2.75 

.00805- 

0.25 

.07918 



-2.50 

.01165- 

0.50 

.07707 




Of >(mean of sample) -(mean of universe) 
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TABLE VI 


Distribution of Means of Samples of 4 from U-Shaped Universe 



Fre- 

1 

ac 

Fre- ! 

Prob- 

JC 

quency 

OB 

quency 

ability 

-4.50 

10000 

.0060 

0.25 

106660 

.0635+ 

-4.25 

20000 

.0119 

0.50 

62755 

.0374 

^1.00 

19000 

.0113 

075 

51244 

.0305+ 

-375 

15000 

0089 

1.00 

49270 

.0293 

-3.50 

14225 

.0085- 

1.25 

48376 

.0288 

-3.25 

15300 

.0091 

1.50 

49505 

.0295- 

-3.00 

16690 

.0099 

1.75 

63960 

.0381 

-275 

18140 

.0108 

2.00 

89660 

.0534 

-2.50 

35651 

.0212 

2.25 

81224 

.0484 

-2.25 

81224 

.0484 

2.50 

35651 

.0212 

-2.00 

89660 

.0534 

2.75 

18140 

.0108 

-175 

63960 

.0381 

3.00 

16690 

.0099 

-1.50 

49505 

.0295- 

3.25 

15300 

.0091 

-1.25 

48376 

.0288 

3.50 

14225 

.0085- 

-1.00 

49270 

.0293 

3.75 

15000 

.0089 

-075 

51244 

.0305+ 

4.00 

19000 

.0113 

-0.50 

62755 

.0374 

4.25 

20000 

.0119 

-0.25 

106660 

.0635+ 

4.50 

10000 

.0060 

0.00 

__i 

146296 

.0871 




Total 

1679616 

1.0001 


DC s (mean of sample) - (mean of universe) 
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SAMPLES FROM NON-NORMAL UNIVERSES 


TABLE VII 


Probability Corresponding to the Interval 
Rectangular Universe 


Proportion 
of universe 
included in 

X ± 3«s* 

Number of 
samples for 
which this 
proportion 
occurs** 

0.1 

10 

0.2 

8 

0.3 

84 

0.4 

106 

0.5 

284 

0.6 

324 

0.7 

564 

0.8 

652 

0.9 

888 

1.0 

7080 

Total 

10000 


s i. e. the probability corresponding to }£ - 3,s. 

1 The probability of the occurrence of this proportion is, 
by dividing by 10000. 




of course, obtained 
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TABLE Vlil 

Probability Corresponding to the Interval 
Triangular Universe 


X±3$ 



Cumulated 


3/55- 
4/55- 
5/55 = 
6/55 = 
7/55 = 
8/55 = 
9/55 = 
10 / 55 = 
12/55 = 
13/55 = 
14/55 = 
15/55 = 
18 / 55 = 
19/55 = 
20/55 = 
21/55 = 
22/55 = 
24/55 = 
25/55 = 
26/55 = 
27/55 = 
28/55 = 
30/55 = 
33/55 = 
34/55 = 
35/55 = 
36/55 = 
39/55= 
40/55 = 
42/55 = 
44/55 = 
45/55 = 
49/55 
52/55 = 
54/55 = 
55/55 = 


Total 


.055- 
.073 
.091 
.109 
.127 
.145- 
.164 
.182 
.218 
.236 
.255- 
.273 
.327 
.345 + 
.364 
.382 
.400 
.436 
.455- 
.473 
.491 
.509 
.545+ 
.600 
.618 
.636 
.655- 
= .709 
= .727 
-- .764 
= .800 
* .818 
- .891 
= .945 + 
= .982 
= 1.000 


2tU 
4036 
6992 
u383 
1280 
7776 
292S 
8702 
12768 
360C0 
8640 
26508 
5400 
32768 
21600 
10584 
U2764 
10698 
71520 
27116 
296384 
115128 
37892 
54092 
555924 
57S88 
26416 
556520 
774320 
904676 
879564 



9150625 


.0846 

.0989 

.0961 

.4872 


1.0000 


.5128 

1.0000 


». e. the probability corresponding to x * 3a 
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Cumulated Probability of & —Triangular Unh r e<v 
The curve is foi samples of 4 from a normal universe 
The dots are for samples of 4 from the universe T . 
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VERSES 



FIGURE 3 

Cumulated Probability of z —U-Shaped Universe 
The curve is for samples of 4 from a normal universe. 
The dots are for samples of 4 from the universe U . 
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AN EMPIRICAL DETERMINATION OF THE 
DISTRIBUTION OF MEANS, STANDARD 
DEVIATIONS AND CORRELATION COEFFIC¬ 
IENTS DRAWN FROM RECTANGULAR 
POPULATIONS* 


By 

Hilda Frost Dunlap 

Territorial Normal and Training School , Honolulu, Hawaii 


Formulae for the standard errors of means, standard devia¬ 
tions and correlation coefficients have been derived on the as¬ 
sumption of a normal distribution in the sampled population. 
They are said to serve approximately even when the population 
varies considerably from the normal. This paper presents em¬ 
pirical evidence of their applicability in the case of means and 
standard deviations of samples of ten from a rectangular dis¬ 
continuous population, and of correlation coefficients of samples 
of fifty-two from a rank distribution. 

The data for the study of the distribution of means and 
standard deviations were secured by throwing ten dice 1600 times. 

The dice were cubes four-tenths of an inch along an edge 
and numbered on opposite faces 1-6, 2-5, 3-4. They were con¬ 
structed of bone and formed a matched set. 


♦The writer is indebted to Jack W. Dunlap for reading the entire manu¬ 
script and for checking the mechanical computations. 
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These were thrown from a cup whose inside diameter was 
175 inches and whose depth was 2.5 inches. The dice were 
shaken in a box and then cast upon an especially prepared flat 
topped table covered with eight thicknesses of an army blanket. 

As a guard against any possible bias in the table, the dice 
were thrown alternately with the right and left hands. After 
each throw the number of aces, deuces, treys, fours, fives, and 
sixes were recorded, and the mean and standard deviation cal¬ 
culated. In this study each throw was taken as a sample of ten 
drawn from a population of 16,000. 

The next step was to determine whether there was any sys¬ 
tematic bias in the dice used. The a priori expectation for any 
particular face of the die is one-sixth, here one sixth of 16,000, 
or 2,666%. This is of the nature of a point binomial of the form 
( p * q ) n with a standard deviation equal to y/V pq 


TABLE I 


Distribution of Observed and Theoretical Populations with a 
Test of the Difference of Their Standard Deviations 


Die 

Face 

Observed 

Frequency 

Expected 

Frequency 

Difference 

i 

2726 

2666?$ 

59?$ 

2 

2653 

2666?$ 

14?$ 

3 

2671 

2666?$ 

4?$ 

4 

2763 

2666?$ 

96?$ 

S 

2650 

2666?$ 

17?$ 

6 

2537 

2666?$ 

130?$ 


<r»O60ai/6.5/6)* -47.1 )* *70.8 

5-<7-23.7 ±13.76 
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Table I gives the observed and expected values of each face. 
The standard deviation of the differences was determined and 
compared with the standard deviation of the expected distribu¬ 
tion and the probable error of this difference was found. 

Small S is used here to denote a standard deviation of a 
sample, while a represents the standard deviation of the the¬ 
oretical or true population. The formula for the standard devia¬ 
tion of a. difference is 

V a / + • Z r i2 a t a z 

and in particular 

The second term drops out here because it is the standard 
deviation of the true standard error and this is equal to zero. The 
third term drops out for the same reason. Table I shows that 
the difference between the obtained and expected standard devia¬ 
tions is 23.7 ± 13.76. As this is less than twice its probable error, 
it can be concluded that the difference is not significant and that 
there is no significant bias in the dice. 


MEANS 

Figure 1 shows the distribution of the 1600 observed means, 
a normal curve for N * 1600 is superimposed on the histogram. 
For this distribution 

r.em ) = .0160 ±.0413, indicating symmetry 
r i ( - 3 ) * -.1050 ± .0826, indicating mesokurtosis 

whence we may conclude that the normal curve represents this 



FIGURE 1 

Distribution of 1600 means of samples of ten, with fitted normal curve. 
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distribution adequately. 

The curves of this and succeeding figures were drawn 
through points calculated at intervals of V 2 &» except that in 
the case of Figures 2 and 3, points beyond ± 2 <7 were calculated 
at intervals of 1 a. 

The values of the observed means varied from 1.6 to 5.4, a 
range of 6.9129 standard deviations. 

The basic information to be drawn from this study of the 
distribution of 1600 means of samples of ten is given in Table II. 
The table is interpreted as follows: 

The mean of the sampled population (16,000) is 3.47306, 
while the theoretical mean of the infinite population is 3.500000. 
The standard deviation of the sampled population (16,000) is 
1.6788, and of the theoretical population 1.7078. The standard 
error of the mean of the sampled population is .0133. In com* 
paring the mean of the sampled population with the mean of the 
theoretical infinite population, the former is treated as an ex* 
perimental value whose standard error can be estimated, while 
the latter, being a true value, has no error. 

The standard deviation of the difference between the means 
M (theoretical population) and Jr (sampled population) is 


- .0/33 

The first and third terms drop out because a n equals zero. 
The difference between the mean of the theoretical population 
and the sampled population is .02694 ~ .00897, from which it can 
be concluded that the mean tends to vary from the true mean. 

jc will hereafter refer to the mean of a sample of ten. The 
best estimate of the mean of a sample of ten that can be made 
for any sample chosen at random from the sampled population 
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is 3.47306, and from the infinite population, 3.5000. 

The standard deviation of the means of 1600 samples is 
.5467, while the estimated value for a sample picked at random 
from the sampled population is .5372 and from the theoretical 
infinite population .5401. These last two values are calculated 
by the formula 

The best estimate of the standard deviation of a sample of 
ten picked at random from the sampled population is the cr 
of the sampled population, 1.6788, or of the theoretical infinite 
population, 1.7078, whence the values in the tables are obtained. 

The standard error of the standard deviation of the means 
of samples is .0097. The standard error of the standard error 
<j m of the mean of a sample of ten from the sampled and theo¬ 
retical infinite populations is zero, as these are true values. 

The difference between the standard deviation of the means 
and the standard error of such means of samples of ten from 
the sampled population or the theoretical infinite population is 
.0125 t.0065. Thus there is no significant difference between 
the value of <r M when calculated by the formula <J M - ^ 
and an actual distribution when samples as small as ten are used. 

indicates, as pointed out above, that the distribution is 
not skewed, while Y t shows the distribution to be slightly peaked 
but not significantly so. 


STANDARD DEVIATIONS 

Figure 2 shows a histogram and a fitted Gram-Charlier Type 
A curve, of the distribution of 1600 standard deviations of 
samples of ten calculated by the formula 

X being measured from the mean, 5c . 

Figure 3 shows a similar histogram and curve fitted to the 



FIGURE 2 

Distribution an<l fitted Gram-Charlier curve of 1600 standard deviations of samples of ten, calculated 

by the formula S * ( 
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FIGURE 3 

Distribution and fitted Gram-Charlier curve of 1600 standard deviations of samples of ten, calculated 

by the formula x t) * 
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TABLE III 

Distribution of 1600 Standard Deviations of Samples of Ten 


Description 

Observed Value 

Theoretical Value 


IH2a| 

BH 

• Sampled Infinite 
Population Population 

SC of s ’s of sam. 

1.5869 

2.0403 

1.6988 

1.7078 

S. D. of 5 's of sam. 

S. D. of St of s’s of 

.2665 

2538 

.3799 

.3818 

samples 

S. D. of s of s’s of 

.0067 

.0063 

.0000 

.0000 

samples 

.0047 

.0045 

.0000 

.0000 

a- jp s 

.1119 

.3415 

.0000 

.0000 


±0045 or 

±.0042 or 




.1209 

.3325 




±0045 

±.0042 i 



O *5 

<7 5 

.1134 

.1261 

.0000 

.0000 


±.0032 or 

±.0030 or 




.1153 

.1280 1 




±0032 

±.0030 



V < (skewness) 

-3568 

-.5026 

.0000 (normal 


±0413 

±.0413 


theory) 

7^ (kurtosis) 

.5140 

.6851 

.0000 (normal 


±0826 

±0826 


theory) 

N 

1600 i 

1600 1 
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same data when the standard deviations are calculated by the 
formula 



A study of this latter formula is included here to test which 
is more appropriate when dealing with small samples from a 
rectangular population. 

An interpretation of Table III is now in order. Column one 
is a description of the statistics involved. Column two i s sub¬ 
divided into two parts: First, w hen s equals , and 

second when S equals . Column three gives the theo¬ 

retical values. There are two of these—one for the sampled 
population and one for the infinite population. In the case of 
the sampled population the values calculated for the standard 
deviation and the become true values when a single sample 
is compared with them in exactly the same manner as if com¬ 
pared with similar values from the infinite population. The reason 
for this is that for a given sample the 16,000 constitutes the actual 
population from which the sample is drawn. 

In the first line the means of the standard deviations of the 
samples are found to equal respectively, 1.5869 and 2.0403. The 
theoretical means for the sampled and infinite populations are 
respectively 1.6988 and 1.7078. 

In the next line are the standard deviations of standard 
deviations of samples. These are calculated values, obtained by 
substituting in the formula 

As the best estimate of the standard deviations of any particular 
sample chosen at random is the standard deviation of the sampled 
population, or the infinite population, these values can be sub¬ 
stituted in the above formula in obtaining the standard error of 
the standard deviation of such a sample of ten. 

The standard error of the mean of standard deviations in 
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samples for both observed values is given in line three. Obviously 
in the case of the sampled and infinite populations these equal 
zero. It should be clearly understood by the reader that here N 
equals 1600, the number of standard deviations used in deter¬ 
mining the mean standard deviation. 

Line four gives the standard error of the standard deviation 
of standard deviations -of samples of ten. 

Line five gives the difference between each of the true stand¬ 
ard deviations (sampled and infinite) and the two observed mean 
standard deviations. The standard deviations of the sampled 
population and of the infinite population are each greater than the 
mean standard deviation of the ob served population when calcu¬ 
lated by the formula • In the first case the differ¬ 

ence is ,1119±.0045. This is approximately 25 times its prob¬ 
able error, so it must be considered a significant difference. The 
difference when compared with the theoretical infinite population 
is .1209±.0045. This is even more significant. When the 


theoretical values are compared with t he mean standard deviation 


calculated by the formula s 

to be .3415 ±.0042, and .3325 ±.0042. 


the differences are found 
The differences here are 


much greater than those found from the first formula. 


Line six shows the difference between the standard errors 


of the standard deviations of the true populations and the cal¬ 


culated s s of the samples. The difference between a^ and 
Sj (.3799 -.2665), is .1134±.0032. This difference is approx¬ 
imately 35 times its probable error. The difference between .3799 
and .2538 is even greater. Still la rger di fferences are found 
when s 3 is calculated for the Sm W?T formula. 

i t in the case of both curves is negative and more than 


8 times its probable error, definitely showing a negative skewness, 
in the case of both curves is 6 times greater than its prob¬ 
able error, indicating definite leptokurtosis. The Gram-Charlier 
curves shown in Figures 2 and 3 were fitted to the first four 
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moments according to the equation 

where JC* 

If we compute values of s by the empirical formula 
, the mean value is 1.7039, which lies very close to 
the theoretical values 1.6988 and 1.7078, in fact almost exactly 
half-way between them. 


CORRELATION COEFFICIENTS 

The product-moment correlation coefficient varies between 
the limits plus one and minus one. Obviously, the distribution 
of correlation coefficients cannot be normal, although in the case 
where r* 0 their distribution should approximate a normal 
curve, as it can become symmetrical. Coefficients around any 
other point tend to be distributed asymmetrically. 

It was assumed that if a deck of cards be thoroughly shuffled 
there should be no correlation between successive deals. Using 
a deck of cards gives a sample of 52. A new pack was 
thoroughly shuffled. The cards were then dealt one at a time, 
the first card dealt being recorded as number one, the second 
card dealt as number two, the third card as number three, etc. 
That is, if the seven of hearts was turned first, the value one 
was recorded against its place in the table. After each deal the 
cards were picked up in the same order and shuffled three times 
by the fan method and then cut twice. Sixty such deals were 
made and recorded. Then rank correlations were calculated be- 



FIGURE 4 

Distribution of 1770 correlation coefficients of samples of 52, with fitted normal curve. 
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tween each pair of deals, the total number of intercorrelations 
being 77 ( > here 1770. 

In this study, there could be no split ranks. Each card could 
receive one and only one rank on each deal. Thus, the rank 
correlation formula gave exactly the same values as would a 
Pearson product-moment coefficient. 

Figure 4 shows a histogram with a fitted normal curve super¬ 
imposed on it. for this curve is .000015- .0392, indicating 
no skewness, and is .2174 ± .0785, indicating a slight ten¬ 
dency to peakedness. Both of these facts are shown by the fit 
of the curve to the histogram. 

The formula for the standard error of a correlation coefficient 

from a normal population is 

cr = 
r -JN 

p being the correlation in the population. Thus when r * .0000 
and A/ = 52, a>~.1387. 


The mean value of the 1770 coefficients is 0012. The 
expected mean is zero. The difference between these two values 
is .0012 ±.0022. This shows that the mean correlation coefficient 
is not significantly different from the expected mean correlation. 

The standard deviation of the observed distribution is .1359. 
This value differs from the expected value by .0028 ± .0091. The 
formula is therefore seen to give a sufficiently close 

approximation m this case. 


CONCLUSIONS 

1. The distribution of means of samples of ten drawn from 
a discontinuous rectangular population is normal. The formula 

S* ves a reasonably close estimate of the standard 
error of such means. 

2. The distribution of standard deviations of samples of 
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ten drawn from a discontinuous rectangular population is skewed 
and leptokurtic. The formula a s - does not give a rea¬ 
sonably close estimate of the standard deviation of standard 
deviations of samples o f ten, whether the latter are computed 
from the formula s if or s * ^ 

3. Neither of the formulas, cs and S* 


vlTT 


for the standard deviation of a sample of ten gives a reasonably 
close estimate of the true standard deviation in a rect angular d is- 
continuous population. The empirical formula sy.iL2L_ 
does appear to do so. 

4. The distribution of correlation coefficients of samples 
of 52 from a rank population in which the expected correlation 
i« zero, is symmetrical and very slightly leptokurtic. The formula 

i a i * 

represents adequately the standard deviation of 
such correlation coefficients. 
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The Interdependence of Sampling and Frequency 
Distribution Theory 

The object of the theory of sampling is to describe the phe¬ 
nomena exhibited by all the samples that can possibly arise from 
a parent population of known characteristics. In some cases the 
desired description can be obtained directly by employing elemen¬ 
tary operations of combination theory, in others it is either ex¬ 
pedient or necessary to use the indirect attack of the statistical 
theory of sampling. These two methods are quite different in 
application, and it is advisable to illustrate the respective peculi¬ 
arities of the two methods. 

Example 1. An Ruction bridge hand may be regarded as a 
single sample withdrawn from a parent population of 52 cards. 
The number of different hands that can be selected equals the 
number of combinations of 52 things taken 13 at a time, namely, 
( f; ) = 63S 013 559 600. 01 these 

a). 

will contain exactly ? cards of any specified suit. Therefore if 
in this expression we successively place Z equal to 0, 1, 2, . .. 13 
we shall obtain the frequency of all possible samples ranked ac¬ 
cording to the number of cards of the specified suit contained in 
each sample. The results are presented in the following table. 
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TABLE I 



f(Z) 

P*= f(z)/N 

0 

8 122 425 444 

.01279 

i 

50 840 366 668 

.08006 

2 

130 732 371 432 

.20587 

3 

181 823 183 256 

.28633 

4 

151 519 319 380 

.23861 

5 

79 181 063 676 

.12469 

6 

26 393 687 892 

.04156 

7 

5 598 661 068 

•00882 

8 

740 999 259 

•00117 

9 

58 809 465 

.00009 

10 

2 613 754 

.00000 

11 

57 798 

.00000 

12 

507 

.00000 

13 

1 

.00000 

Total 

635 013 559 600 

.99999 


In this illustration, combination theory has yielded a perfect 
solution. The frquencies are exact, and the sum of the fre¬ 
quencies between any two limits may likewise be obtained exactly 
by a simple addition. 

Example 2. The bidding strength of hands in auction bridge 
is often approximated by counting each Jack, Queen, King and 
Ace as 1, 2, 3 and 4 points, respectively. The total count of a 
single hand may range, therefore from 0 to 37 inclusive. Re¬ 
quired the frequency distribution of all possible hands when they 
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are classified according to count. 

Unlike the preceding problem, we cannot obtain a simple 
expression for the general term, , of the required distribution. 
But after rather involved computations the following solution 
may be obtained: 


TABLE II 


IS 

Frequency 

.. /<re) _ 


Frequency 

A*J 

0 

2 310 789 600 

19 

6 579 838 440 

i 

5 006 710 800 

20 

4 086 538 404 

2 

8 611 542 576 

21 

2 399 507 844 

3 

15 636 342 960 

22 

1 333 800 036 

4 

24 419 055 136 

23 

710 603 628 

5 

32 933 031 040 

24 

354 993 864 

6 

41 619 399 184 

25 

167 819 892 

7 

50 979 441 968 

26 

74 095 248 

8 

56 466 608 128 

27 

31 157 940 

9 

59 413 313 872 

28 

11 790 760 

10 

59 723 754 816 

29 

4 236 588 

11 

56 799 933 520 

30 

1 396 068 

12 

50 971 682 080 

31 

388 196 

13 

43 906 944 752 

32 

109 156 

14 

36 153 374 224 

33 

22 360 

15 

28 090 962 724 

34 

4 484 

16 

21 024 781 756 

35 

624 

17 

14 997 080 848 

36 

60 

18 

10 192 504 020 

37 

4 



Total 

635 013 559 600 
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Example 3. If the mean and the standard deviation of the 
weights of a group of 200,000 men be 140 lbs. and 20 lbs., re¬ 
spectively., and if in addition it be known that the higher standard 
moments of this distribution be 


4*43 

•W3.1 7 < eix .17.97. 


what is the chance that the mean weight of 1000 men chosen at 
random from the 200,000 will exceed 141 pounds? 

It is dear that it would be physically impossible to solve this 
problem by employing a direct attack by combination theory, even 
though the weights of each of the 200,000 men were available. 
Moreover, it is likewise evident that in statistical problems cor¬ 
responding to the illustrations of examples 1 and 2* the number 
of individuals in both the parent population and each sample is 
considerably larger than 52 and 13 respectively, ano consequently 
the calculation of either a single frequency or the sum of any 
large group of consecutive frequencies by the direct method is 
quite out of the question. 

Let us now consider the three examples above from the point 
of view of the indirect attack. The parent populations for the 
first two examples may be interpreted as 


Variates 

Frequences 


and 


x 0 1 

f(x) 39 13 


Variates x . . 0 1 2 3 4 

Frequencies . . ffad- . 36 4 4 4 4 


respectively. 
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For the first, the mean is at oc — l/4, and the moments 
about the mean of the parent population are obviously 

For the second, the mean is at Jc = 10/13, and corres¬ 
pondingly the moments of this parent population are 

J .* rr n ** nl 

/** V~ /o) + /e *** J 

If 8 and r denote the number of individuals in the parent 
population and each sample respectively, then the moments of the 
distribution of all samples that can arise from this parent popula¬ 
tion may be obtained from those of the parent population by 
means of the relations 

r 

*(PrP,) 

/W/W sfa-Zpz+Zp, 

s *(Pz-*/>s +/>+) 

(2)1 . P's.-^Ps x S (P>~ ,S Pt +S°P B -60P+ +*+Ps) 

+ ■ 9*Cp*.‘ *P a + */>+-Zfis) 

A t c . m */\ :I s (p, - 3/ Pt +/aop 9 -3900* + seop s -/ropj) 

* /S Ai, ;X Ai z .x 3*^-6^ , !9p^ -/Bp s * <Sp 6 ) 

+ to Ml* * St (pi6P3+l*P+-'*Pf++pJ 

1 ' h/S P-l x ' 5 * ( P* - *P+ * 3 Ps P* > 
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where 


* CL r-t)(r-Z)' 't o i factors 
ft $('S-0('S-£) - to i factors 

Since the moments ju for each of these three examples 
are now known, and according to the conditions of the problems 
the values of ( r , a) are (13, 52), (13, 52), and (1000, 200000) 
respectively, it follows that the moments of the desired distribu¬ 
tions of samples are as follows: 


Function 

Example 1 

Example 2 

Example 3 

Hm 

13/4 

10 

A?* *140 lbs. 


507/272 

290/17 

» .630874 lbs. 


6591/13600 

288/17 

.0156927 


53591421/3331200 

17441114/29155 

3.0001357 


9339447/1066240 

2262240/833 j 

.1569051 


71781968037/801812480 

2684384074/39151 ! 

^ 6 - e * 153)26638 


It will be observed that the indirect procedure has yielded 
the moments of the required distributions rather than their fre¬ 
quency functions, and the next step therefore is to obtain with the 
aid of these moments approximate expressions for the desired 
frequency functions. In this connection it should be borne in 
mind that we arc not concerned with questions regarding the 
probable errors of the moments which we are employing, since 
the moments computed for the distributions of samples are neces¬ 
sarily exact, and their probable errors are therefore zero. For 


iSee Annals, Vol. I, page 104. 
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this reason arguments tending to limit the number of terms that 
may be employed in either a Gram-Charlier series, or in the de¬ 
nominator of Pearson’s differential equation are not to the point 
so far as our illustrations are concerned. These remarks hold 
even for the third example, since if the moments of the parent 
population are as given, then the moments of the distribution of 
samples may be determined with any desired degree of accuracy. 

Since it is evident that the solution of our problems now 
depends upon our obtaining approximate expressions for these 
distributions whose moments are known, we shall at this point 
develop a general method of representing discrete distributions 
which is essentially due to the researches of Charlier. Although 
the results that we shall obtain are practically those that have 
also been obtained by Gram, Edgeworth and others, the method 
that we shall employ is that used by Charlier in “Die Strenge 
Form des Bernoullischen Theorems.” 

Let f(oc) be the frequency function for a discrete dis¬ 
tribution ranging from oc=^ to . If the ordinates 

be equidistant at intervals of h , the total frequency of the dis¬ 
tribution is 


C3> 

fCac). 


where our interest is focused on a typical ordinate at <x=jc a 
If we now set up the function 



-foO* fashye'^L.... f(f' )e 
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» 

where i , and multiply each side by e ' JC » W * so that 




2h<oi 


fu>*f 


jr . ~A«>i -tkwi . 




we obtain by integrating both members with respect to u? be¬ 
tween the limits up- ~~ and u>= 5 

h n 




since the integral of all other terms of the right hand member will 
vanish as follows: 

£ 

f„ f(X B +nh) e mt ' < *<ito « f(x+mh) • 


-it 


41 


CP3 mhu> + i sir* mhu> I ctu>* O 


] 


(/w is an integer.) 

It follows therefore that 




90 


EDITORIAL 


Moreover, since 


•owi -4i*h)o>i -btoi 


-(fc+Ww -atoi 
e _ z£. _ 

_ -hot* / 


we see that the sum of all the consecutive frequencies from 
oc*a to x-b may be expressed as the definite integral 



The changing of the order of integration is permitted since the 
limits are all finite. 

Ordinarily frequency distributions are expressed as develop¬ 
ments of the integral (4), and the sums of consecutive frequen¬ 
cies obtained by applying the Euler-Maclaurin Sum-Formula to 
these results. It seems at first sight that it might be well to place 
a little more emphasis upon the evaluation of (5), since this as 
it stands affords an exact expression for the sum of any group 
of consecutive frequencies. For the case of continuous variates 
we need only permit h to approach zero, replace the sign of 
summation by the sign of integration, etc., and after justifying 
the change in the order of integration for the resulting infinite 
limits obtain 



•6k>i -awi 

Q -e 







jcwi 

dx 
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We shall now attempt to evaluate the definite integral (4). 
Let us first observe that the quantity within the parenthesis is a 
function of u) , since the finite integration with respect to x 
and the subsequent replacing of jc by the limits will cause this 
distribution variable to disappear. 

For reasons which will develop later, let us write 


If in Leibnitz' formula 

D*u.\/*U'D r v+(7)Du LF , v+(e)lfu I) 


QjC 

we place u * and v* e > and note that 


Zr>+! H- 
D € 


2-0 


D 


Zr\ 


€ 



then 




-L* +*' 


n-t. * _ 

* 2'z> 


n + * ”£1 +6 J 

a o + jt^yfa 


where 


n(n~l)(rt-Z) - ... to / factors. 
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Thus we may write 



and employing the notation 

Z (x-b,)f(x)* Ny 
x*t, n 

we obtain from (7) 

C/ -V*.' 

( 8 ) >) 


L 


C t?K~ £t? + 2*7? 


«1> 



Formula (4) may therefore be written, dropping the sub¬ 
script on x 0 


( 9 ) 


f (x > mN a, f*' '"a". 

~ h 

£ J+c,(m)4 c z " J du> 
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Placing 


( 10 ) 



« * «af«^ 


it follows that the «th derivative with respect to ac is 


(H) 




© « 





-fjC - 



so finally 


(12) f(x)=N h ^6Cx)~ j*, Goa* 


Let us now investigate the function G(x). 

QCx) ^ / e ^ ^cosCjt -£,>o> 

'7» 

- 4 S/rt(x '&,)<*> J ctfa> 

ai e ^ 8 * 4> ^wsf* - b t ) uieiu? 

**t J-n 
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£ since e 


-b z u> /a. s ipfjc -b,)to is an odd function of o>3 
f e °° ^COs(x -£>,) o> do> 

O 

/ /*• -A «*/ 2 

~n e * cos fa -b,)u3<i<o 

* tr 


'z 

h 


<3sA) 


•Mlrig 

- 0<^;- e 0 . 




e £h * ~~ f e * cos(x-b,)f*)du? 


jr 

h 


J 


“ V « s e 


- m 


y*»*l 


Likewise we may write 


om=4> 



-bg <o */e 

dto 


By successive integration by parts it can be shown that 


Jax”e ^<tx*-e ^ (n-i)jc n ~ 3 

( 13 ) + *+ ■■■+(n-t)[n-j)■■■(rt-2ii3)x , 

,2 

^ ’fo-JXn-3) • ■ ■ f 7T-2i+t) Jx * dx 
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so we have that 




„./ - i>i UJ, ^ 


h 


n-t 



(n-tJrr-Al 1 

—sr-\7rr j 


So far we have said nothing concerning the values of the 
parameters b t and b z . Referring to formula (8) it is seen 
that if the origin of jc be taken at the mean of the distribution 
in question, and b z equal the second moment about the mean 
of this distribution, c, « c ? » 0, and consequently if the 
values of may be neglected, the equation of the distribution 
expressed in standard units becomes 


<»> A>* sf 

whe " ' *5? ' * m 'JTW e * ' “ d 

* *4-3 

os); 

A s 

Ac • 




, n w 


i, “ ■ - i 

»7-4 ^ *.5/ 


*-6 
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By employing the Euler-Maclaurin Sum-Formula we can 
write 


f(a) + f (a+h) + f(<x+£h) + +f(b-h)+f(t>) 


(17) 

dt~A 0 $(t)+A[<f> %) 'A^<j> (h * A' s $)■ J 


b+h-M 

<T 

•c-M 

& 


wnere 



i / _ oi£ ji ^-3 J/f . 

^ 120 cr 46 + <r* ' 7£ 

I 

■ >jV. h <»,-/<?<*3 h * <*-3., h„ 

"S 7ZO CT £40 O* 286 30240 G b 

In some cases it may be more convenient to employ a mean 
and a standard deviation of the generating function that differs 
somewhat from, that of the distribution for which the representa¬ 
tion is desired. In this event the coefficients of the first and second 
derivatives in (IS) will not vanish. However, the extra effort 



EDITORIAL 


9f 


expended in increasing the number of significant terms may be 
more than offset by the fact that a rather arbitrary choice in the 
values of b, and b z may result in simpler values for 


t - 

which in turn may occasionally eliminate difficult interpolations 
when dealing with tabulations of the generating function and its 
derivatives. 

Formulae (17) and (18) may be regarded as a sort of apol¬ 
ogy for the fact that the definite integral of formula (5) has 
never been developed. The need of a satisfactory expression for 
the sum of any number of consecutive variates is indeed acute. 

By permitting h in the foregoing theory to approach zero, 
one can obtain corresponding formulae for the ordinates and 
areas of distributions of continuous variates. However, it should 
be noted that for this case the limits for the integrals in the 
vicinity of formula (4) are now 


x-b, 

75T 


tim 

h-0 


n 

h 


and consequently the changing of the order of integration must 
be justified. 

In conclusion we may state: 

I. Answers to problems of statistical sampling are usually 
expressed as finite or infinitesimal integrals under a function 
whose moments only are known. If known, the function is gen¬ 
erally of but little value, 

II. It i 9 necessary to approximate the desired integrals by 
employing frequency functions. 



98 


EDITORIAL 


III. Present methods are unsatisfactory from the point of 

view that remainder or limit of error terms are not available. 
2 

The X test, though helpful, does not meet the issue in question. 




NOTE ON THE DISTRIBUTION OF MEANS 
OF SAMPLES OF N DRAWN FROM 
A TYPE A POPULATION 


By 

Cecil C. Craig 
National Research FtiUm 


Recently in this journal, Dr, George A. Baker has found 
“the distribution of the means of samples drawn at random from 
a population represented by a Gram-Charlier series.” 1 It is die 
purpose of this note to call attention to the fact that by the use 
of the semi-invariant notation Dr. Baker's results may be reached 
in very many fewer steps. 

Let the parent population be represented by 


(1) f(cc). <PU) [b % H, (£) + % hJ #J 

in which 

J - 

< 2 > 0 fx) ’ ^Trr e 


l Vot. 1, No. 3 (Aug., 1930), pp. 199-204 
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the origin for oc being chosen at the mean, and 


(3) H K (t)e~ % =D*(c '*). 

We shall first find the distribution function of a- x,+x t * 
in which oe^ , L - 1, 2. • • • N , has the frequency function 
f (x). Let us assume the frequency function of z is given by 


(4) 


F(z)* <p(z) 







+ • • • • ir 




Then the semi-invariants of f (x), \,, X 2 ,- X k 

are defined by the formal identity in t : 

(5) e t * ’ ’ '=Jdx A, *0 in this .case) 


and on integration, using (3), we get at once on the right: 

ha 3 t 3 + a+t*+->(-/)*a A t 


A 

*2 


Similarly for the semi-invariants L,, of F( 2 ) 

we have 




i-A 3 t+A 4 t--- +(■ 


i j 

r -n Ajt%- 


But because of the well-known fact that L r »fi \ r this 
gives 
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hA,t**A+t*~ - C-/J%t 4 

‘ \j~G3t* +<*+** - (-0 *<**• * * J 

an identity in t . Thus 


<*) A r -Z 


_N/_ 

V,W - -V fc )! 



• ■ a 


u 


the summation including all terms for which 

<f\t 3 +4v^+->- + k\J k * r 

Remembering that c^«VL 4 «-ifFT a x , we have on 
substitution in (4) the expression for F (m) since only a finite 
number of A r ’s (depending on N) are different from zero. 

To get the distribution of 3 j**. -1 11 * only 

involves the appropriate change of unit. 


_ . J pOEI, 



Stanford University. 




ON SYMMETRIC FUNCTIONS 
AND SYMMETRIC FUNCTIONS OF 
SYMMETRIC FUNCTIONS* 


By 

A. L. O’Toole 


INTRODUCTION 

The study of symmetric functions is quite an old one. From 
the time of Girard (1629) even up to the present day this sub¬ 
ject has occupied the attention of many eminent mathematicians. 
The theory of the roots of algebraic equations in one or more 
variables has furnished the chief incentive for the development 
of the theory of symmetric functions. Ingenious methods for 
computing symmetric functions in terms of what are called the 
elementary symmetric functions have been developed by Ham¬ 
mond, Brioschi, Junker, Dresden and others. Extensive tables 
of symmetric functions in terms of the elementary symmetric 
functions may be found in the literature. 

Symmetric functions play such a pre-eminent role in the 
mathematical theory of statistics and their computation by direct 
methods or by general formulas, even when assumptions restrict¬ 
ing the groupings of the variates about the various means are 
made, is so excessively tedious that there has seemed to be need 

*A dissertation submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy in the University of Michigan. 
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of development of the theory of symmetric functions in direc¬ 
tions not suggested by the theory of equations. The ingenious 
methods referred to above are of little or no practical value in 
statistics; for they express a symmetric function in terms of the 
elementary symmetric functions whilst here it is necessary to 
express the symmetric function in terms of what are called the 
potvcr sums. Likewise, and for the same reason, the tables men¬ 
tioned are of no value to the student of statistics. 

Moreover, in the theory of sampling one not only has to 
deal with symmetric functions of the given variates but with 
symmetric functions of symmetric functions of the given vari¬ 
ates. This then leads to interesting as well as practical develop¬ 
ments in the theory of symmetric functions. 

In this investigation it is proposed to: 

1. Develop symbolic methods which will enable one to 
express any given symmetric function in terms of the power 
sums, without knowing the expressions for the symmetric func¬ 
tions of lower weight, and which will also lend themselves readily 
to the construction of tables; 

2. Develop symbolic devices in the more general case of a 
symmetric function of symmetric functions- 
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CHAPTER I 


Direct Computation 

1. Suppose there is given a set of 77 variates 1 or, * • *x 2 , 
oc e , ac : 4 , . . . oc n , no assumptions whatever being made 
as to their arrangement about, the various means. Any rational, 
integral, algebraic function of these /? variates which is un¬ 
altered by interchanges or permutations of the variates is called 
a symmetric function. With a few modifications, the usual no¬ 
tation for symmetric functions will be used in this investigation. 

The power sums s 4 , s fl , s m , . . . : 

*0 r 

Let 

n 

S > = Z * x s * . . x n » 

i*/ 

3 *=Z . + < > 

Uf 

n 

JC 3 ' JC 3 + oc 3 + . + X 3 , 

3 jL* 4 t & n * 

/*/ 


^- 00 J ^T +. + oc* . 

T t t z n 

<*/ 

Furtner, let ( • -) represent any symmetric 

1 The variates may be either real or complex numbers. 
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function of the given variates. In other words, let ( a * b&c** • •) 
equal the sum of all the terms such as 


CL Cl 

*/ x e * 


x ^ oc 

oC ** 


6 

/ 


oc 


6 


A C 

x <** +& + t 


X <*+/S + *' 


which can be formed from the ri variates, where a , b , c. , . . 
and /3, y, . . . are positive integers and a > b * c > 

- * ? O . e» g. 

' x f x j x t x m ’ 

k-t 

rn=l 


Definitions : 

A partition of a positive integer t is any set of positive 
integers whose sum is t . The integers which constitute the par¬ 
tition are called the parts of the partition and are enclosed in 
parentheses ( )- It is desirable to arrange the parts in descend¬ 

ing order of magnitude from left to right. Obviously then- for 
any finite positive integer t each partition of t contains a finite 
number of parts. If there are r parts in the partition of t 
then the partition is called an r-part partition of t or simply 
an r-partition of t . E. G. (33), (321), (3111) are respectively 
2-part, 3-part and 4-part partitions of 6. When repeated parts 
appear in the partition it is customary to write one of the re¬ 
peated parts with an index corresponding to the number of times 
that part is repeated- Thus (33) is written (3 2 ) and (3111) is 
written (31 3 ). The number t is called the weight of the par¬ 
tition. For a discussion of the formulae for finding the number 
of partitions of an integer the reader is referred to Whitworth's 
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“Choice and Chance/' 1 

It will now be clear that the notation introduced for the gen¬ 
eral symmetric function is a partition notation The weight of 
a symmetric function is the degree in all the variates of any term 
in the summation. The order of a symmetric func + »on ir the 
highest degree in which each variate appears in the summation. 
For instance, in JT jc*Xj = (432) the weight is 

4+3 +2-9 and the order*is 4. It follows that in the partition 
notation of a symmetric function the weight is given by 
a <*, + bfi+cU. - • * and the order by a . In the par¬ 
tition notation the power sums become simply (1), (2), (3), 
t ) respectively. 

For the purpose of mathematical statistics, moments rather 
than the power sums are the important thing. However, the 
transformation from power sums to moments is so simple that 
the results of this investigation in terms of power sums may be 
written in terms of the moments by putting 

' n P-\, x = s, , 
n M' Z:X - s 2 , 
n Ms, x = s * * 

- s t * 

where Mi \ x , , • . •, are the 

statistical moments of the Y) variates. 

2. It is not difficult to express certain symmetric functions 
in terms of the power sums. Practically all texts in higher al¬ 
gebra devote a section or two to this problem. Most of those 
which develop general formulae do so by using the properties of 
the coefficients of an algebraic equation. However, many others 
have developed general formulae in symmetric functions without 


1 W A. Whitworth, “Choice and Chance,” G. E. Stechert and Co., N. Y. r 
fifth edition, page 100. 
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making use of the algebraic equation in their derivations. The 
latter procedure will be followed here in order to emphasize the 
fact that the interest is not in the theory of equations but in a 
set of variates such as might appear for instance in a statistical 
problem. A few of the general formulae of symmetric functions 
will be developed now by direct computation in order to demon¬ 
strate a basic theorem of this work—a theorem which will be 
stated at the dose of this chapter. 

Multiplying $ s and s, the result is 


5 i =(x?+X* + . • . 

■f JC.%) ( CC, +x z + • • • -+*„) 

~ (x t X a + + 

■ + *»-, X V + ( + X n } 

n 

17 

* Z + 

Z x i • i+J 


i*/ 

j*' 



(B) (/)-(2/) +(3) , hence 

(?0 *( 2 ) 0 )^( 3 ) 

Similarly, if u ^ v > 


s u <=V = + *2 + • * * * + 00 rt )(' x / * x £ + 




/ U V tl V u V \ / U-kV U+V 
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•z * z *r r . <*j. 


= (U V) +■ ( UL + V) 

(ut/) - (a) (i/) - (u- v) 


, hence 


However if v a lu^.auition is necessary, hor then 


(u)~-(oc“ + Jc“ + ... 


* (x‘ U +X*“+ .. . i. X^)^(oL t U X & 


t, O 


~-Z *f u - Z * 

*-/ 4»/ 

J = J 

* (ifu,) + 2 ( u 5 ) and thus 

Z\{u)- ( u)* - ( 2 u) where the bar over 2 u in¬ 

dicates ordinary algebraic multiplication of 2 and 4i , i e. 
(2*0 * S 2 U • 

If afv^w, u+i/^w, u+w-fv* </**v/a,then 

- (*?*<* ■ • * *ZX«- - *<*■<•<• ■ ■'<) 

. ■ ■ ■>+«"<*■■ ■> • •) 


n n jr 

Z.*c x j x *+L x j +L x i x j 
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4 */ i=i 

J 3 / 

* (u vw)+(u + v 3 w) + (v+W> u)+ (u + W, v) b(u+v+ vs) 

the commas being used to separate the parts of the partitions. 
Now applying the result obtained for ( a v ) to the second, third 
and fourth terms on the right of this last expression, it becomes, 
since 

(u + v, w) - lu + v)(w) - (u + v + w) , 

( v+w, a ) « (v+w)(u) - (u + v+ w) , 

(u+n/, v) = (u + w)(v) - (u + v hw) 7 
(u)(vXw) -(uv w)+(u+ v)(w)~t(v+ w)(u) + (u f- w)( v)~Z( u + v+ jv ). 

Finally 

(a vw)=(u)(v)M~(u+v)(w)-(v+w)(u)-(u~tw)(v) + £(u+v+w) 

~ S V + V W ~ S LL + W u+v+w 


If u = v=w , then a modification is again necessary, and 
repeating the multiplication with u = v* w it is found that 

<3!(u 3 ) - (a) 3 - 3(ZTu)(u) + 2{3u) 
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In like manner, if u £ w > etc., 

u + v + w / z , etc., then 

(uvwz)-(u)(v)(w)(i) -(u)M(w-bz) - (u)(w)(\v+z) 

~ (u) (z ) (v f w) - (y)(o /) (u 7- &) - (v)(z) (ufw ) 

~(w)(z)(u + v) -h2(u)f\f+ W+ 2 ) -r 2( v)(u + W rZ) 
+2(w)(u + V4z)+2(z)(u. + V + Vv) + (u + v)(w+z) 
+(u+v)(w+z) +(u+w)(v+z) + (u+ z)(^+w) -6(u + iz + iv + rj. 


If u = v =■ w= z , then 


4-1(u 4 )-(u)"*- 6(u) (cTu.)+8CuX3u) + 3UTu) Z - 8(4u) 


= s 




■ 8 s s + 3 sf 

LL 3l& £<-t 


8 s 


4u 


Similar modifications are necessary when some but not all 
of the parts of the partition are equal. For example, 

(uf(v) = Cx“+ x“+--- + x“f (x t + x\ ■ ■ -t- X* ) 

= Tx? u " + fx*“x v +? J c u " r x u + 2? x u x“x y , 
i L ->, i J f-> t J f-j I j ’ 


*=/ 
^ i-1 


4=/ 


l*/ 
J = 1 
k-f 


77 

L 

i=I 

*(2u + v) + (2u,v)- 2(ut</.u) +2(u? v) 

~ (2uJ(v) +2(u)(u+v)-4(2u + v) + £(u z v) 
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hence 


(uf(v) -(2u)(v)-2(u)(u+v) +2(2Z+v) 


~ 3^ '"5 - S % 5 - 3 -a 2 5 

«> a u+v + v 


^ v <ia ^ 


3* Proceeding after the above fashion, any symmetric func¬ 
tion whatever can be expiessed in terms of the power sums. 
However, the process becomes increasingly cumbersome and the 
geneial formula is of no practical value for the purpose of com¬ 
putation. MoreoA er, it is necessary to use a continuous process, 
that is,to work from the simpler symmetric functions of small 
weight to the more complex symmetric functions of greater 
weight. 

A special case may be worth mentioning to illustiT’e still 
lxtt-i the c anying out of the direct process in the general case. 

(u)* - (ac 

Applying the multinomial theorem and assuming that the law 
holds for t -1 and that the symmetric functions of weight less 
than t are known and transposing all the terms of the right 
member except the term involving ( a f ), it is found that 


t'(u*)*Z(-l) 


V+t 


t! (u) a, (2Z.) a * (3u) a * --cru) a * 

1°' 3 a *--t at -«/ aj a,/-- <z t ! 


\.here a, , a s , a 3 , . . . . , a t are either positive in- 
tegers or zeros such that a, + a 2 v a 3 +. . . + a t = y and 
a f + 2 a 9 + 3a j + • • * * -t ta f - t * 
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In particular, if u = 1, then 


aoV-LM 


v+t nun (2) & (3)' 


(t) 


/ ‘ 2 


& ! cl I Cl * • • a 

t 2 3 * £' 


i * • C / 


This last result may be expressed very conveniently in de¬ 
terminant form. Starting with the results obtained in article 2, 
it is seen that 

//r/; = s,, 




5, / 

S 2 S, 


3/(/ 5 ; 


s, / o 

s z s, 2 

s 3 S* S / 


4 /r/"; 


s ,10 0 

s g s, 2 O 

S 3 S 2 3 

S 3 S 2 S t 
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s, 

t 

0 • - 

• 

• 

* * 

O 

S 2 

S, 

^ 0 

* 

• 

* 

O 


h 

* 

s, 3 

0 

a 

* 

• 

0 

s*-a 


• S 3 

« 


« * 

t2 

0 

s t-i 

Sf-t 

• 


S* 

5 ( 

11 

St 

St-J 

5^ • 


Sj 


s, 


To establish this general law it is sufficient to note that the 
development of this determinant gives as a general term 



where a, , , a s , . . * . , are positive integers or 

zeros which satisfy the conditions a t 4- a z + a , * * * * 
and a , +2a z + 3 a 5 + 4a+ ♦ • • • ■ 

Hence the determinant is equal to 


H-Q v " 



where, as before, the summation is over all the different terms- it 
is possible to obtain by assigning a, , a g , . . . , a t all 
positive integral values or zeros which satisfy the conditions 

a, + <x A + - - • . + a * - v , 
a t + £a z + ■ ■ ■ ■ + ta^ " * • 






114 


ON SYMUhTRIC b UNCTIONS 


4- This chapter will be concluded here with the statement 
of a very important theorem which may now be written and which 
will serve as a basis for the developments in the chapters to 
follow. 

Basic Theorem: 

Any symmetric function (defined in article 1) may be ex¬ 
pressed as a rational, integral, algebraic function of the power 
sums. 

Further, each term in the expression for the symmetric func¬ 
tion in terms of the power sums is of the same weight as the 
symmetric function itself. Hence a term which does not arise 
from a partition of the weight of the symmetric function cannot 
appear in the expression in terms of the power sums. 
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CHAPTER II 


A Differential Operator Method of Computing Symmetric 
Functions in Terms of the Power Sums 

5. Consider a symmetric function ( a* c . .) of 

weight *v of the variates <x, , jc 2 ,. oc„ . By the 

theorem demonstrated in chapter I and stated at the close thereof 
it is possible to write 

(a*' b^c * • >)= f (S,, s g , • • • , s w ) 

where f stands for a rational, integral, algebraic function of the 
power sums S ,, 3 S , * . . , and where each term in 

/ is of total weight W, i. e. isobaric. 

In the preceding chapter the direct method of computing a 
symmetric function in terms of the power sums has been illus¬ 
trated. But that method has two major disadvantages. In the 
first place, it is necessary to know the expressions in terms of 
the power sums of the symmetric functions of lower weight; and 
in the second place, it becomes altogether impractical for any¬ 
thing but the simplest cases. It is proposed to develop a method 
which will have neither of these disadvantages—in other words, 
to develop a method which will express any given symmetric 
function directly in terms of the power sums without knowing 
the expressions for the symmetric functions of lower weight, and 
which will not become too unwieldy. In addition, the method 
ought to lend itself readily to the construction of tables of sym¬ 
metric functions in terms of the power sums. 

The method developed here will be a differential operator 
method. It may be stated at the outset that many schemes for 
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determining differential operators which will do the work are 
possible. The writer has investigated a number of them. The 
operators developed here are given because they seem to satisfy 
best the demands just imposed on the method of computation. 
In fact, their simplicity and the directness with which they pro¬ 
duce results indicate that they are the simplest differential oper¬ 
ators that can be developed for the problem. 

6. Suppose now that a new variate r n +/ 30 * is intro¬ 
duced. What effect will it have on ( a* C *. . .) and on 
f ? First consider ( . . •)• Since all the variates 

enter the symmetric function in exactly the same way, new terms 
involving k in all the ways in which the other variates appear 
will be introduced. For example, if the original set of variates 
is JC, , , j r,, x+ and the original symmetric function 

(32) = Z, xf Xj , i f j then this symmetric function is 
made up of the terms 


t £ 


JT S X 2 

3 t 

4*1 


*14 


V 

V 


3 2 

JjT JT 

4- 

A 2 

3 4 

X s X * 

4 ■* 

Introducing a new variate 

jc s = k , produces the new terms 

3.2 

x t k 

3, S 

x g k 

x, k 

9 


k X f 

k% 

L S * 

k x a 

kxf 

or that is, produces 

Lk’xf 

and T.X*: k 

* And since k is 

a constant with respect to the summation, these summations may 

be written k x f 

and k* £ xf ,i-. 1, 

2, 3, 4. 


•+ 4 4 

Hence Z1 xf jr? becomes 
/=/ <■ J 

J=f 
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i. e., (32) becomes (32) + k 3 ( 2) + /r*(3). 

Similarly k must enter ( o mC b ^ c *. . . .) just as 

every other variate does. As a result new terms are produced 
and (a^b^c* . . . .) becomes ( a*' b^ c* . . . .) 

* k a (a + -‘b fi c*- -) + k b (a* b^'c* • • •) 

+ k c (a"' b^c*'- • •) +. 

Next find what happens to f (s () s a , . . . ,5 W ) 
when the new variate <*„+/ = k is introduced. From the 
definition of the power sums it follows that 

s, becomes & f + k t 

becomes t k z , 

becomes «+ k 3 , 


s t becomes Sf + k* , 


*5 w becomes + k w . 

Hence f ( 6, 9 s 2 , . . • ) becomes 

f($ t + k, s z + k s 9 • • • >• s w + 

Taylor's series for several variables is 

f(jc+h,y+k, 2 +m 9 --)= f(jc,y, 2 ,'- *) 

+ (hdfdx + kd/dy+md/dm + • * 

■f* f hd/dx + kd/dy + md/d& + • • •)* 2] 
+ (/?d/dx +kd/dy + mdfdz+-) x 3/ 
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where the multiplication of operators is algebraic. 

Applying Taylor’s series to the function under consideration, 
the result is 

f(s,+k , s^+kj • ■ s„+ k”)= f(s,,s 3 ,- ■ -,s w ) 

+ (kd/ds t + kd/dSg + • • « * + k^d/ds w ) f 
+(kd/ds t + kd/ds a +■ • * * • + k^d/d s w ) 2 
+(kd/ds t + kd/d -*■ .... + k^d/ds w ) S 

+ (kd/ds, + kd/dsj, + .... + k^d/ds^ ) w -£, i 

all other terms being identically zero. 

Now let 

d, = d/d S' , </ s = d/d s s ,-, 

<*„ = d/ds v , • -, iv. 

Then (d/ds,) (d/ds,) = d z /d sf and 

similarly d“* d u /ds“ 

It is now possible to write 

f(3 l + k,S^k 2 , - .<S„+k'~)-f 

+ {kd, + k z d z +k*d 3 + - . • . + k”d„)f 
+(kd l +k*d 3 + k 3 d 3 + • • • • + k w d w f J? 

+{kd, + k z d g + k*d 3 + ■ - • •+Xr‘o'J J ^ 


+ (kd,+k z d a + k*d 3 + ■ • • • + k w d v S" hi 
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Multiplying out and collecting coefficients of powers of k , 
this becomes 




ffv / 2 J 




all other terms vanishing, where 


(i) 


D,-d, t 
am*d,\2d 2i 
y.D*d?+6d,d,+6d a , 

4!D-d*-/2d?d +24d,d* +%<£ +24d . 

4 ./ / <2 *3 £ 4 ' 

5!D-d*+20d*d +60d*d+60d, d*J20dd +!20d x d 3 +/20d s , 

6{D i rd+y)cCd a +IZ0d?d s *l80dfd z s -360d^ 

+720d,dgd 3 + 720d,d s . *720d ll d 4t -l20d^360d^730d^ 


etc. 

multinomial theorem and then picking out the 
the general term in this coefficient is found to 

d A d*d c - • - 

<2 b C 

A! 5 f C! • • ■ 

where a , b , c , . . . and A , B , C , . . • are positive 
integers which satisfy the condition a.A + b&+cC+ * - • '~t . 


Applying the 
coefficient of k f , 
be of the form 
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Hence 

t>d a d ib d c 

t{D t -21 A f BfC 1 where a A + bB +c C + - • •= t ; 

i. e. the sum of all the different terms which can be formed by 
assigning to a , b, C , . . . . , A , B ,C. . • all positive 
integral values which satisfy the condition a A + b 8+cC + . 

From the above relations it follows also that 


( 2 ) 


d ,=Di > 

i<t z =-(D?-ev a ), 

3 

4d+~-(Dr4D*I) a +£D*+4D t D 3 -4DJ, 
5d s -{Dl~5D?D a +5D*D 3 +5D,I>l’ 5I) A, -5D,D+ +5DJ. 
= - (D,-6D*D a + 6N.V* -6P,% +9D?1>F&DAI> 1 

a a c 

( y-n ft £> a D b I> c "- 
A! b! c! . 


td,-(-0 **' Z(-0 


where a, b , c , . . .; A , 3 , C , . . . are positive 
integers and where the summation is over all the different terms 
which it is possible to obtain by assigning positive integral values 
to ci t b , c , . . .; A , Z3 , C , . . . which satisfy the 
conditions /4 + fi*C+- . . . * v , &A+Jt>B + cC + • • 

7. Now since ( cl* . .) s ^ , therefore replac¬ 

ing f by (< 2 ^ b^c - .) the effect of the introduction of 
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the new variate v k may be written 

(bkD^k^D z + ' - + k v }{<d'b 'c * ‘ (u 'h^c * - •) 

+k‘ L (a*'~'b fS c. ) + k b (**'b e 'c- 


Equating coefficients of equal powers of k , a is obvious that 


4 (a~J> A c t . ) 


o 6 -/ ( 

fa 


•U 


(3) 


D b (a*6*c ~ . •) = c '• • ), 

DJa^S ’'• • •) = <V" /» y '• - ), 


D c- "(a~6 fi C Y --)-l. and also that 
D r (a'*'b^c Y ' ■ •) = O if r is not among a,b,c- 

The relations between ct and £> given above enable one to 

jS y 

express ( a* D C. . .) in terms of the power sums. 

One particular case is worthy of mention. If 1 is nor among 
<2 , b , c , . . . then J? t ( a ** b c . . .) *0 and hence 
d, f - 0 and therefore also d t ~f s d, 3 f - • * * -d^f - 0. 
In this case the operator relations may be written simply 
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afD A = at* 2d+, 

v3/4 = dli-6d^d A + 3d* -f 6d & , 


etc. 


and 


(2') 


“ < 5 , 


< 2 ^ ~ 25 , , 


a'.d.-ED* -D*, 
d s *D S ~D a D 3 , 


3/«rf«- 6D*-3DZ*ei£-6D M D.. 

1_etc. 

Hence when 1 is not among a , b 9 c 9 • • • then s, 
cannot appear in the expression of ( a** b fi C*, . .) in terms 

of the power sums, i. e. all the coefficients of terms involving 
s, vanish identically. But it must not be assumed that if 
s # * 0 then d f f= 0, Ordinarily this will not be true. It is 
necessary to find bf/Ss, and in it set s, ~ 0. In statis¬ 
tics s f s 0 corresponds to the case where the variates are 
grouped about their arithmetic mean, i. e. so that W x r 0. 

8- The application of these operators d and D to the 
computation of a symmetric function in terms of the power sums 
will now be demonstrated. After that their use in the construc¬ 
tion of tables will be considered. 
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Suppose it is desired to express (3 2 ) in terms of the power 
sums. The only terms which may appear are given by the par¬ 
titions of 6. There are eleven partitions of 6* Hence let 


( 3 *)*< Z,s, 6 +a e s,\ +a A s l *s* + a s s l %*a c s,s s 


s *®s + Q e ■»/ + *9 s s * a '* s £ s * * «*// ®<s - 

Since (3 2 ) does not contain 1 as a part, - O 
and s, cannot appear on the right' side of the above equation, 

1 e cl, » ^ a 3 = <2^ *a s = o. 6 *gl 7 =0. 

Now operate on the left side of the equation with and 
on the right with d 2 . 

Dj3 s )’O t 


hence 0 * v3 a e s* -t a fC s ^ and therefore a Q « a /c * 0. 
Operating on the left with D 3 and on the right with d 3 gives 
< 2 S - since D s (3 * ) = (3) and * 3 a s «s 3 > *• e - 

*£ct g s 3 . Operating on the left with 6 and on the 
righf with ct 3 + + 3d 3 + 6 d e gives 0 r 6 

+ 6 a u and thus <z n « - Hence 

(3 2 ) = 

Similarly let 


(3/*) = a f s*+a £ s?Sj +a s s t % +a*s f &/+ 

Operate on the right with and on the left with . 
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This gives 

= 20 a, $/+ 6 a 3 s, + 2a 3 s z 

hence 


Operate on the right warn 2 and o.. tne leit witn 
(D?~2D Z )- Then - * 4 ** * 2 * ? «<s 5 3 

and a 4 * Oj e? 6 - 

Operate on the right witn AcLq. and on the left with 
- (D*-4D*D Z +2D*+4D' D 3 -4DJ. Then 

-4z> t ^<4cL s s t , < 2 ^=-/ 

Similarly, operating on th<- right with S d s and on the leit 
with its equivalent in terms of D , the result is 5 - Sa 7 , o / * 1. 
Hence 

(j/ 2 ) = (s t % s -2s, + 2* s )/Z • 

2 . 

In the case of (3 ) the operations on the left were per¬ 
formed with 25 , D z , X> 3 and and on the right with 

their equivalent expressions in terms of d t , d z , d 3 , , 

d s , d^> with Dj=d t = 0. In the case of (31 a ) the op¬ 
erations on the right were pei formed with d*, 2cL z , and 

Sd s , and on the left with their equivalent expressions in terms 
of 2? , D 2 , . Obviously it is immaterial from 

a theoretical point of view which procedure is followed. For 

practical purposes it wall usually be found that the procedure 

i? 

followed in the case of (31 ) is preferable. 

9* The application of the operators to the construction of 
tables of symmetric functions in terms of the juwer sums will 
now be illustrated. 
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Weight 1: 

/. (I) = s,. 

Weight 2: 

'• (?) a s 2 ■ 
a. (l Z )^a,s l & +a i s & . 

(a,s/+ a e s £ ), a,* 1/2. 

2D g (i S ) = (d?+2d e )(a,s/+ q £ s £ ) t a £ = ~a t ~ -1/<2. 

(! s )=(s/-s a )/2. 

Weight 3: 

For all the symmetric functions of weight 3 f will be of 
the form 

f^,S, 3 *a g s 2Sl + 

d l f=3a l s l z +a £ s £ . 

(d^* 6d t d a *6d 3 )f » 6(a,+a a +a. a ). 

/. ( 3 ) = s*. 

a. (2l)*s a s,-3 3> since V l (2l) m (2) 3 s a ; therefore 
a=0, ag-li 6D 3 (2l)sO\ and hence 
3 . +2* 3 )/6 Since A('*)*OV 

and f/V = (s*-Sg)/2 ; 
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therefore a, = 1/6, a g =-//2\ 

6D 3 (i 3 )^0 he net a a « // 3 , 

Weight 4: 

For all the symmetric inactions oi weight 4 f will have 
thv. form 

atf+a z s?s £ + a* s, ^ 4 < 2 , s* + a s s+- 
d, f= 4a, sf+ 2a e s, ^ . 

(d?+2d g )f=2(6a.,+a g )sf + 2fa 3 +2a 4 ) s g . 

(d*+l2dfd s +24d,d s +I2dg+24d 4 ) f=24(a ,r a £ - a 3 , a 4 *a f ). 

>• (4) * s 4 

2. (2 3 )*fe*-sJ/2 since 0,(2 2 )=O, 
a,=ez g = a g =0; 2D g (2*)= 2(2) = 2s £ , 
a^= //2] 24Dj2 s )=O t a,*-//2. 

A ( 31 ) - s 3 s, - 5 ^ since £, ( 3 !) =( 3 )= s s , 

<2, - <2^ -- <5, <2,3=7. 2D z (3t)=0, 

a 4 =0 ; <?42?* #/>£, <a, - /. 

4. (2/*)- (sfs s -2s,s £ - s* 1 - 2s ^) /<? since 

J>,(2/*)=(2I)* %* r s 3 , «,*0, a^l/2, Qj - /; 
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2D 3 (2I 2 )’2(/ s )= (s, a -s 2 ),2a 4f , +a e -J/2, 
24D^C2I 2 )*0, q^/. 

s (/+) = (s*~6 s fs s +<3s, s 3 + 3s*-6s 4 )/24 , 
since D, OV *(/ 3 ) = (s, 3 -3< s £ e, +2& 3 ) /6 

a, = J/24-, * 2 *-//?, a 3 *//J ;2D s 0V=O, 
2a^~a & , a^t/8; 24DJ/*)=0, a s ~//4. 

Weight 5: 

f=a, a z s^Sg +a 3 s , z s 3 + <*+ s, a s s, s 3 +a 7 s s . 

d, 6a, df~+ <3<2 3 <sf s g +2a 3 s, s 3 ■* a A s*+ a s s *. 

(df+2d z ) f -2(/0a, +a z )s*+2(3a z +2a 3 )s, s £ 

+Zfa 3 +a 6 ) s 3 . 

(d, s +20d,*d z +60d?et 3 *6Od,d‘*/20d,d^ +/20<d z d 3 
+ /20d,)f* !20(a,i>-a e *<3 3 +Q 4 *a s *<i 6 +<2 7 ). 

/. (6j = s s 

2 . (32) -s 3 Sg'Sj > 


since D, (32) = O, 
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a., “ a s » a. a * a.# ‘ <3j- “O', 2 D z (32)~ 2(3 ), 
a 3 + a 6 - /, a 6 -l l !2Od s (32)=0, a 7 *-a 6 «-/. 
a. (4-/) = s 3 , since D t (4l)*(4), 

a i* a e* a j~ a 4 a s~t• 2D Z (4I)=0, a a ~0\ 

120 d s (4/)*0, < 2 > —/. 

4. (2*!) s (s*■s / - s t s / ~ 2s a & a +2s s )/2, since 
D,(£*/)-(2*), a s *-//2, <%, = a t = ctj *O, 

«« = //? ; 2D e (2*0 -2(21), --/ ; 

/2OD e (2*0=O, * 7 = /. 

* (3/*J = (s a s / a -2s A s l - s 3 s & +2Sj)/2, since 
D t (3l z ) s (30, a l ~< 2 2 = 0 , a 3 *!/2, a.\, = 0, *-/ ‘ 

2J) Z (3/*) ‘O, * 6 - - = - //<?; tf/ *)*0, Qj « / 

« 3s i*> +6***,*5**9,-4 *s)/6. 

since DJ2/ 3 )*(2/*), a,=0, a & « //^T, 

*+ — //£, «W; £r> z (2l 3 )~2(l*)> 

a 6 *5/6; /20D s (2t 3 )=0, a 7 = -Z/3. 

7. U*) =(sf-/Os g s t a +20s 3 sf +/5s*s t -3Os dt s t ~20s ) s t 

+24s s )/!20, since D,(/ s )‘0V, «,* 1/120, -- -I/J2, a 3 -1/6, 

< 2 ^ !/3, a s *-l/4;2D i (J s )’ ! 0, ai-a^-l/6;!20D S (t )*O t q 7 =!/(5. 
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Weight 6: 

fsa , S ^ a e s a s ^ a S S 3 s , 3 +*****■?+ *s S 4 S / S 

**«W/ + a 7 a * s / +a a% 5 t + <2,3/ * *>o*l +a a s * - 

d, f= 6a,sf+4a & a f+Jo^s? 

+2a 4 s/s t + Za^s+s, + a e s 3 s 2 + a 7 & s . 

(df+2d z )f- 2(15a, +a 2 ) s*+Z(6 a £ + 2a 4 ) <5 g 5, * 

+ 2(3az + a & ) s a s, +2fa 4 . + 3a a ) s* +2(a s + Q a )s* 
(d?+6d,d s + &4 a )f = 6(200, +40^ + a 3 ) sf 
+ 6(4a g +4a. 4 +a 7 ) s 2 «, 4 6(a 3 +a.j 2*, 0 ) S 3 . 

(df+30d^ s + /204, 3 4 3 +1804**1 + 360 4?4 A + 7*0d,d t d t 
+7204,4 S * 720et 2 4 A + /704 3 3- 3604*+ 7204 6 )f 
* 720(0, /Cj +o 3 +* A +o s +a 6 +a 7 +* t + * 9 **,J* 


/■ (6) = s 6 . 

*. (3 S )=(s*-s 6 )/2, since operating on this sym¬ 

metric function with D, . 2 D E . 6 D 3 . 720 Z> € and comparing 
coefficients of the symmetric functions thus obtained with the re¬ 
sult of the operations on f al>ove gives 

a,~a z ^a 3 = a+*a s *a 6 * a 7 *a Q * a 9 =o 

a, c =//a, a,,-'/*. 

3. (2 3 ) = (s* - 3* a s z + 2s^)/6. For operat¬ 

ing with D, and comparing coefficients of jD t (2 3 ) = 0 with 
d, f above gives a, » o 2 - o 3 = < 2 * *• - e 4 = < 2 , = 0. 
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Similarly, operating with 2 gives a Q = f/6 1 d 3 * - 1/2. 
Operating with 6>D Q gives a f0 * 0. Operating with 720 JD 6 
gives a u = 1/3 . 

4 (42)*s A s z -s & . 

a (5/)* s^s,- s e . 

6. C32f) xS 4 S 2 S , ~ Sj ®, - ® 4 S £ - f .Ps,* s 
7 (4f z ) =(s^s?-2s a s l - s^s 2 +2s 6 )/2. 

fl <«f S « 4 s *- 4 s^ s 2 s, v- 4 % S/ 

+5s a s £ - & e 3 + 2sJ - <5s 6 )/4. 
a 0/ *) - ^s 3 «/- v5S a ^ s, 

-#• 65^.s / s^s 2 >- 5 s fi 
so. (2!*) * ^5 a sf-4 s 3 js ( 3 ~ 6sf s* +12s A S) *+20s 3 s ? s 

- /6 s^. s, - 16 s A s £ +5s*+ds*+J6 a> 6 )/24. 

it. O e ) = fe, € - /Js e sf+40s 3 9?*45a**f-SO * A s 

* /44s, s, * 90s* Sg - /5sg +40s* -120 sj/780. 


Note that only the four operator relations given above have 
been used in finding the expressions for all eleven symmetric 
functions of weight 6. 
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CHAPTER III 


Symmetric Functions of Symmetric Functions. 
A Problem in Sampling 


10. Consider again the r? variates 


VC, , oc & , 


Let 


9 ' 5 2:dc 


>*4 


* 71' 

denote the 


'^3 : JC 9 9 t 

power sums, the oc subscript being introduced here to keep in 
the foreground the fact that the summation is with respect to x . 
Now raise each variate to the power 777 , where 777 is a positive 
integer. Thus a new set of variates is produced, viz. X) 

• * . * Suppose now that samples, each containing r vari¬ 
ates, ( r ~ 77 ) , are drawn in all possible ways from these 77 

new variates. Obviously there will be samples. Denote 1 

them as follows: 


r:/ 



= :*+ • • • 

7*7 V m 

- . . +jc r = £ JC , 

2 a 


r:Z 

™ V 777 

• * * * 9 

2 * 

717 777 

r.*3 

m r-» 777 

■ • * ♦ ^r+z~c-> * > 


B 

n 


C r 


x" 7 






777 


z 



1 Notation suggested by Editorial, Annals of Mathematical Statistics , 1 
(1930), page 100. 
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r: i 

where Z> = JT 30 ** 1S the SUm of the r variates a PP ear " 
mg in the i’th sample. 

Further, let 



represent the power sums with respect to 

Now, since each ^ is a symmetric function of certain of 
the • • * * > \ any symmetric function of the 

Zj is asymmetric function of symmetric functions. The situ¬ 
ation here is then considerably more complex than in the preced¬ 
ing chapters. The problem now is to express any symmetric 
function of the Zj in terms of the power sums with respect 
to JC. It is not difficult to imagine how much more complicated 
and tedious the direct computation is here than in the problem 
already dealt with. But these symmetric functions, particularly 
the power sums with respect to jg, play such an important role 
in the theory of sampling that it is now proposed to develop a 
differential operator method for expressing symmetric functions 
of the 2 r t in terms of the power sums with respect to X. 

On account of the presence here of symmetric functions of 
both jc and z it is necessary to modify the notation of the pre- 
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ceding chapters. Let (a. * b & C • >L be the general sym- 

jS 

metric function with respect to oc and (a* C • ^ 
same general symmetric function with respect to 2 . Under this 
notation the power sums with respect to oc may be written 
(1) , (2) , . . ( £) , and the power sums with respect 

to z. become (l) a , (2) a , . . ( *) 2 . 

11. Case 777 A. 

Consider first of all the case of samples when 777 »1. In 
developing an operator method for expressing ( cl 
in terms of the power sums with respect to oc it will not be 

necessary to deal with this general case. For the operators de- 

j3 v 

veloped in chapter II will express ( * * - *) z 

terms of the power sums with respect to 2 . Hence all that is 
required is an operator method for expressing the power sums 
with respect to 2 in terms of the power sums with respect to OC. 

That it is possible to express the power sums with respect 
to 2 in terms of the power sums with respect to oc can be 
demonstrated by direct methods. Recall the theorem stated at 
the close of chapter I and note also that in any power sum with 
respect to 2 each term is a symmetric function (a power sum in 
fact) of certain of the oc, , oc^ . . ., oc^. Each oc enters 

exactly the same as every other oc and the power sum with 
respect to oc is unaltered by interchanges or permutations of 
OC, oc z , . . oC n . Hence the symmetric function with 

respect to 2 is also a symmetric function with respect to oc and 
therefore can be expressed as a rational, integral, algebraic func¬ 
tion of the power sums with respect to oc. Moreover, as before, 
each term in the rational, integral, algebraic function of the power 
sums with respect to oc will be of total weight wif the sym¬ 
metric function of the 2 ^ is of weight w ; that is, the sym¬ 
metric function is of the same weight in oc as it is in 2 . This 
last conclusion follows directly from, the definition of the 2^ . 

Although the problem here is more complicated than that 
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in chapter II, nevertheless the approach to the problem in that 
case suggests a beginning here. Let 

(w)^f(s, ;x , s z;x , • • • > Svv;ar ), 

where f is a rational, integral, algebraic function of the power 
slims with respect to oc . Since (w) is of weight W, no 
power sum of weight greater than W can appear in f , 1 . e. no 
power sum higher than s w ^ . 

Introducing a new variate * % , as before, changes 

^ > • * • > * nto ^ ( S t:X + 

s a>v ,+ /f, 2 . . , O* But i1: has already been 

shown that this new f may be written 

wtx ** W )”(M'J>,*k*l> t + ■ • • + *~2)Jf 

where, if = 3 /£& v . x , the relations between 2) and d 
are given by (1) and (2) of chapter II. 

What is the effect of the new variate 00 on 

(\a/)^ ? If no further assumptions are made then obviously 
there will now be W/ C r samples. The introduction of new 
samples complicates things and no operator relations are obtained. 
It would seem desk able to preserve the number of samples. This 
may be done by making suitable assumptions. Just as the new 
variate is arbitrarily introduced, so its behaviour in the sampling 
process may be arbitrarily determined in any way that will bring 
results. With this in mind, select any one of the original variates, 
say aci . Let * k * ^ 7 ?* / • Now assurne that 

ls so re l a t e< 3 with oc* that in the sampling process 
every sample which contains oc. also contains <pXj , i. e. con¬ 
tains ( y + / ) oc£ . In other words, in order to keep the num¬ 
ber of samples the same, and are always taken to¬ 

gether in the samples. 

Now each variate appears in (1)^ exactly 71 ^^C r/ 
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times. Hence / )jc. appears J7 _ / C r _f times in 
the new (1)^ . Therefore the new (1) 2 is equal to the orig¬ 
inal (T)^ increased by C r _ f = k • r? ^ / C r f . 

Similarly (2) s becomes (2)^ -f 2 k (1)^/ * „_/ C r _ / 

where the prime above z indicates here, and in what follows, 
that ( t ) z • is obtaind from ( t ) 2 by replacing n and r 
by 77-1 and r- 1 respectively in the expression for (t ) 
in terms of the power sums with respect to <x . For example, 

5inCe 0) g %-fr-/ ■ S ,: X ’ 

(Ogc' ~ 7)-2p r-2 ’ S /.-jC * 

Applying the multinomial theorem to the samples, the effect 
of the new variate may be written 

(1) ^ becomes (1) £ + C r-J • 

(2) z becomes (2) z +2hr(f) z , + k 2 C r f , 

(3) ^ becomes (3)^ + 3 k (2) z< +3k*0) z > + k 3 - Wu/ C r / , 


becomes (w) z + v f / • k(w-/) z , + k*(v*-2) & > 


4 . 

+ v£v -k v (w-v) z , . . 

. . 


Vw +k" n .,C^ 





136 


ON SYMMETRIC FUNCTIONS 


Now since ( w )& = f * therefore 

(!+kD t +fc*Q+ --+k ”D„)(w t f ) m * (w) m +JL t 'k(w-l)^ 

+ w C & k*U ?)^+ w Cj-k 3 (w-3) z , 

. . 

+ „C v -k v (w-K 4 , + • • • • 


Equating ^efficients of equal powers of k it follows that: 

AH = w c, (w-i) £l , 

D z v/> 

V v <H = vfv -("-v)*' 

D W -I M Z = w C w-/-^4' ■ 

(w) z - O if u > w . 

12. Before proceeding to the application of these operators 
it ought to be remarked that other sets of differential 0 |>erator.s 
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can be developed. For instance, it is possible to develop a com¬ 
plete set of differential operator relations by adding k to each 
of the given variates. But the operators thus obtained are very 
cumbersome in comparison with those developed abo^e. The 
statement made with respect to the operators developed in chap¬ 
ter II may be repeated here. There is every reason to believe 
that the differential operators developed here are the simplest 
that can be obtained for the problem. 

13. The use of the operators developed in this chapter will 
now be illustrated by computing a few power sums with respect 
to 2 in terms of the power sums with respect to x . 

/. Let (/) z =a t $ t x . Then 

D,(0 Z * d, x , t^t is 

„_/C r _/ =<3, . Hence 


^4 ~-/w 


2. Let 






r 




a f ~ 7f-£r-2L 


Zi DJZ) m =ld?+2 d z )f , 

2 ff f ^ f s ^ ^ “ 77 -f'r-J ~ / 7 * 

^"4 = Ti-2~r- z ^ i:x* ( n-/ r-J ~ r~ 2 ^ * 
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a, Let 

( 3 ) £ = f= a, S ' 3 x +a z s lx s a;JC + 

i> (J) £ = <*, 

3/2*4, = 

" S /;X T "'^ /7-£“ ^r-2 ~ n-s^r- 3 ^ S £:X 

• 3a, sf. x * a 2 s_,. ^, hence < 2 , = „. 3 C r . 3 , 

a s ~ ( n -2 ^r-s n-j^'r-3^’ 

3!D 3 (3) £ = (d?+6ci,d z v- 6^ ) f, 

6 »-Aw =6(a,ra s ~« 3 \ 

a 3 = 77 / ^r-/ ~ 3 -n-z^r-p n- 3 ^r-3 ’ 

(3)^~ 7 i~3*~ r -3 7>-2^'r-a ~ n/'r-g ^ ®/ -X 

+ (m-l C r-l ' 3 '-n-z C r-z n-3 C r-3^ S 3. x ■ 


4, Let 

f4^ = f = a / s ,N + a z s ,1 * 6 s> x + 

^3 ^1: X ^ 3 • x * ^4 ^2 :X + ® 3 -S 4 . X 

D,(4),-4,f. 

4(3)^ .d,f, 

^[ 77-4 r-4 5 t'OC * ^ (*~3^ r-3~ 7?-4*~r-4 )?t;JC S e:X 



A. L. O’TOOLE 


139 


+ (*•-■& Cr-s 'n-3 t-r-3 ‘ rt-4 ^ ^ 3 .• sc J 

= 4a t s f !JC +2 a s s t ;X & 2 x * a s s 3 . x , 


77-4 ^r-4 » ^2 = ^(-n-3 ^r -3 ~ -n-4 r-4 ^ 

= ^77 -8^f-Z ~ 3 77 -3 C r . 3 +2 ‘ 7,-4 C r-*)' 

2!D s (4)-(d,*+ed s )f, 

/2(2) z , = (d, £ + 2d z )f, 

^2 ' 77-3 ^r- 3 ‘^cx * 12 (,-n-z 2 s r . g ~ ^ 7-3 2 r- 3 ) ^g . 

“ 2(<5uj + a 3 )sf ;x +2(a z + 2a^)s Z;X , 

a -4~'^0-£ 2 r _ s -2 ■ 7J ^ 3 C r 3 + jj.j. C r _ 4 ') . 

4/D+ (41 = (cC+ !2dfd z +24d, d 3 + !2d*+24d 4 )i, 

24 *„_/ C r ., =24 (a, + a 2 -f-a 3 +a+ +a s ) y 


~ TJ-4^r-4 ' :sc + ^>(n-3 ^r-3 77 -4 ^r-4-) S t :jc ^Z:x 

^ ^ ^ 77-2 ^r -2 ^ 77-3 ^r -3 ^ ^ *77- 4 ^r- 4 -) :X ^ 3 :X 

+ ^(n- 2^* r-2 £'17-3 Cr-3 + T7-4- ^r- 4 - ^ ^2 : X 
+ (»-/ Cr-/ ~ 7'r?-2 ^r-2 * ^ n- 3 C r _ 3 
77-4 ^r-4) «s<*: cc 
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14. Now consider the case where m is any positive intern. 
Write jc ? 7 - . Tlie operators developed in this chapter 

will express any power sum with res|>ect to £ in terms of the 
power sums with respect to y , i. e. in terms of a , *s . 

.• But obviously s> v . y = ^ mY;x 

and hence the operators of this chapter will express any sym¬ 
metric function which is a power sum with respect to z, in 
terms of power sums with respect to x* viz. in terms of 

s rr,:oc> 4 8m: oc * . • • • where m is a pos- 

itive integer. Hence the operators developed in chapters If and 
III will express any symmetric function of Z • , 4*1, 2. . . . 

• * •» 77 C r , x , 77? a positive integer, in 

terms of power sums with respect to x . In particular 

* T} ‘ i ^r-f - x > 

w'2 ^r-2 m: sc + ( ??-/ ^r-f ~ 7?-2 S 2rn:x 

0) 2 = ' 5 m.x * „_ 3 C r . 3 ) S rn: x;S 3m . x 

+ C-! ^r-I ^ 77-2 ^V-2 + 'rt -3 ^r. A S am:x 

15. Consider again the case 777 =/. p t * f C r _,, 

P2. “ 77 -2 .. 7 Pk ~ n-k Cr-k > * = r - 

Then 1 

S /.Z = P,*..X > 

s a:z + 0, * 

S 3.a +' 3 6°9’*»)*, t x *:* *fa- 3 P**&*) S *'*» 

s Sx +6 (p 3 -pJs S!Jc 


^•Notation suggested in Editorial, Annals of Mathematical Statistics, 1 
(1930), page 104. 
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+ 4 (Pi - 3 P>3 + 2 *4 f s ,, x 

+(P/ ~ ;jf j 

etc. 

The question as to whether the coefficients in the above 
expressions follow any simple law now arises. Instead of 
P* * rt-k ^r-k > r > write p Cr~k 

Ar £ r . Let 

p,(p)=p. 

P s (p)=p-p z > 

Pjp)-p-3p z ^2p 3 . 

•° ,'.-J -/>-%>• + J2p 3 - 6p * 

cE i- 

Further, let P t be the expression obtained from P t (p) by 
going back to subscripts instead of exponents. Then 

P/‘Pi * 

P Z V >/ -/°2 . 

^ m Pt~ 3 P* * 2 Pa > 

P s P t -7Pz + !2p 3 - < 5 / 3 * . 

fete. 

The expressions for c /;? , , , . . . . may 

now be written: 
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S /. a = P t S ! : X 






P f is, 3 . ^ + 37^ S f .^ Sg . x +■ s 3 . ^ , 

: a J P / V-OT * 6P , 8p Z ** X : * + ^3 P 3 ®/,0C ^3 , JC 


+3%* S £ :X * P + S A-.Ot ’ 
etc. 

where, of course, P r F$ Pt ' * ' m is to he found by multi¬ 
plying P r (p) f%(p) P t (p) .and changing 

the exponents in the result into subscripts, e. g. To find ^ 
first find P^(p)~(p -p 3 ) 2 -p a -2p 3 + p* and ther 

change the exponents into subscripts, obtaining P z -Pz~£p 3 +P* 
One further step is necessary in order to emphasize the la>\ 
for the formation of these expressions for > s * & » ‘ ' * * 
They may be written in the form 




s « 3! f O Lh-ijx- + * 3 s *jx ), 

3 2 I 3/ l!2t 3! J 




P 2 p s 9 s 

'g / :_x go 

2! If 2! 


Pi P* «//of ®5, 


S--Jf 


// > 3 / 


p 9 c S 

Ck zus£ 

2 ! ( 2 !) 2 
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* -• Z 


til 


Pi 


I _< 

Pj P* 


I J K 
• «/ 5/5. • 


(t.'/fjo J (k!) * • - 1! j!K(- 


After computing by the direct method the first eight mo¬ 
ments, under the assumption that S, , x « M x = 0, an article 1 
which appeared in the Annals of Mathematical Statistics gives 
the following law for the formation of the functions P t(p) 
for t=* / f 2 y • • • • ,8; If t is the coefficient of 

p* in the expression for Pf (p) , then 


C i:t “ - 


This is equivalent to saying that 


p t (p> 

m*o 




X7+J 


That this law holds for all values of t - 1, 2, . . . . 

is now easily established. For if it be assumed that this law 
holds for the expression for in terms of the power 

sums with respect to , then it holds also for because 

the operators D, , , * • • , and the equivalent oper¬ 

ators in terms of dL t:t , • • *, will express 
in terms of the power sums with respect to B and of weight 
less than t . And the coefficients of the terms in the expression 
for (^) gL are seen *° depend °nly on the coefficients of these 
power sums of weight less than t . e. g. Suppose the law 
holds for t- 1, 2. Let 

<34“ Q, S ?: X * Q S /. Jr S £.-x * Q s 3:ac * 


1 Editorial, Anmls of Mathematical Statistics , 1 (1930), page 107. 
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Operate on the left with D t and on the right with cL, . 
afek-W, s«,+ <£*„,, hunce 

Operate on the left with 6 and on the right with 
+ 6d,d s + 6d 3 ), Then 

GP, - €> (Q, + Qg + ), therefore 

*P,-P, 3 -3P,r\ 

But 

P,(p)- P°/p)-3f>(p) P s (p),p-p 3 -3p(p-p*) 

- p~ 3 p 

■ 5 (A 


Hence 


0,-p. 

16. Consider the functions fyfl), t= !,£,■• • /0 > • • 
P ,(p)=/°, 
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P 3 ( P )-/0-3 / 0^2 / 0 ? 

P+ (/o)=/> -7/> 3 - 6/o* 

F$(/o)-/ 0 -/S/ 0 * + SO/O 3 - 60/0 *+ 24/0 f 
Pj/o) =/o - /< 5 ^ 3 -390/0*+ 360/> 3 -/20/o *, 

P 7 f/o) -,0 -63/0*+ 602/O 3 -2/00/o* 

+ 336 /- 2530/0 6 , 720/0 7 , 

f£ (/o)=/o - /27/o s +/932/- /0206/O * 

+25200/o s - 3/920,0 6 +20/60^ 7 - SO- 40/0 f 
P 9 (/o)=/o -255/0*+ 6050/-46620/ *166824/ 

- 3/7520/+332640/o 7 -/8/440/+40320/ 

f>Jp) -p-5///+ /8860/O *-204630/ 

+/02060Qp *-2739240/0 6 +3329424/0 7 


-3760000/0*+ /8/4400/+362880/°. 
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Those who are familiar with the calculus of finite differences 
will recognize the coefficients in the above expressions, neglecting 
their signs, as the numbers appearing in the table of values of 

If u(jc) and v f'Z) are functions of x then 
& n u(x). v(x)s \s(iz)u(x) + n C t ■ A \*(x) A n ~' u(x+/) 

+„ C a -AW*) -A n ' S u(x^) + 

Now X* = x x ”' / . Hence, letting v(x) = x and 

, / i 77- J A 777 77 A 777 77-/ A 77 7 77-/ 

u(x) = x , A x: = A xx ^x A x 

+ m A (x + /) T7 ~ / and all the other terms vanish. 

Also 77 1 - E x ” J - (f + A. )x . Therefore 

A X = X A X + 777 A (/+A)jc 

A 777 77-/ / A m 77-Z m 7W-/ 77-/ \ 

* x Zi x + m(A x +A x 

It is now possible to write 

p,M-Z 

777=0 

To show that this law is equivalent to the law given above, viz: 

Pf(p)s iX ( ' r ’* 0Om ' /: ^ 

assume they are equivalent for ^ (p) and show that they 
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are then equivalent for (jo) That is, assume 

*-/ 

z 

m*0 


Z (-nym&Ti '•’*» 4 -'/ 




777 + J 


777=0 


z 3 


77? + / 


Then 


( frA m r'=c m+/ t _ t ai.i! (~/) rn - , A m -‘ ! ts 

' C 777 t- / ^ t + / tlk tAO l*l\\s au j t*(|ll1\ IK U 11 


£> 

* 


r-'J 


m 


in t l m-t t-J 

(m+!) A / + 777 A / 




7 T)+I 


-2 

TH-O U - 1 


But this is true since if c ^ -f-/J w 4 w /^* 2 

then 

c w/.< - ™ c m . *./ 




7,7 / w 




Similarly, since c rr7:t - / = 7-/7 m ' / A m ~' l 


/ y 


, then 


^ / i \ ^7-7 A /??-/ . f-/ 


17. Since A™/ ” = A™(/+A)0” , it is possible to 


write 
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t-t 


P t M*L (-l) m A m I *' 1 s”" 

m*0 

£(-/rA”(LAU*-' L, 


m*o 


The latter expression on the right suggests that P t f/o) 
may be expressed as a function of /O and jci with x set equal 
to zero for each particular value of t . Suppose that F t (x, /0 ) x ,q 
is such a function. Obviously F can be neither a polynomial 
in x nor a rational function of any kind in x ; for setting 
x equal to zero would show that F would have the same value 
for all values of t . The nature of the expression suggests 
that x enters F only as a variable with respect to which dif¬ 
ferentiation is to be carried out, x then being set equal to zero. 
There are two main reasons for this assumption. First of all, 
since x enters the d‘fference expression only as a variable with re¬ 
spect to which differencing *s performed, X being set equal to zero 
after each differencing, the guess is that x enters P only as a 
variable with respect to which differentiation is to be carried 
out, X being set equal to zero after each differentiation Be¬ 
sides this there is the intimate relation between A and d / dx . 
For instance, / + A = e , d/dx = /og(/+A) 

and hence A 77 can be replaced by a function of the ry’th degree 
in d/dx and vice versa. Further, since the difference ex¬ 
pression contains A it is reasonable to try to express F asa 
function involving d */ dx * . Now let F f ( x, p) x ^ - 

(d*/dx t )P(x. / o% O ■ Since i differentiations, none 
of which are to give results identically zero, are to be carried 
out then $ cannot be a rational function of or . Also functions 
which involve the possibility of the derivative being infinite are 
excluded. Hence try a transcendental function of x and p . 
The exponential function will not satisfy the conditions. Try 
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= log f(oc,p). And again f cannot be a rational 
function of jc . Suppose f is an exponential function of oc , 
say f(oc t p) = Then 

Ptffi)- 




The simplest case would be e ae ) = ** . But this 

does not satisfy P, ( /O ) -yC> . Nor does Pfae*)^***/*, 
nor . But P£© e x )~ / oe x + f - fi> 

does satisfy the conditions since it has been shown 1 that 


d* 

dx* 


• log (fie *+ / -/O ) 


jc*o 


satisfies the law c i t = / - (i-I) c ( . j , 

where c^. ^ is the coefficient i)f 1 in p t (fi>) 

Hence p t6°) can lie written ,n the three u/vr valent fonn> 
for all values of t : 


\ ✓ . K 771 / A™ ! \ ***+! 

P t(/°)~L (-') ( A 1 ' /° 

m-O 


t-J r- 


P'M-L 


mzO 


(m+!)c 


rn+1 . t-l rnC m .* t- / 




777-/-/ 


p,ip)~ |o § (p* 


'"pLo 


1 Editorial, Annals of Mathematical Statistics, 1 (1930), pages 107, 108. 
Also see remark on “Sampling Polynomials,” page 120. 




FUNDAMENTAL FORMULAS FOR THE DOO¬ 
LITTLE METHOD, USING ZERO-ORDER 
CORRELATION COEFFICIENTS 


By 

Harold D. Griffin 

Dean of Crescent College, Eureka Springs, Arkansas 


So far as the writer has been able to determine, fundamental 
formulas for the Doolittle method as applied to the solution of 
normal linear equations expressed in correlation coefficients have 
never before been developed. Because of their peculiar telescop¬ 
ing qualities, the writer has termed them “endothetic formulas.” 
Perhaps the best way to judge the respective merits of three 
methods of solving simultaneous linear equations to obtain the 
coefficient of partial regression (the /3 ’s)—determinants, Kelley’s 
partial regression method, 1 and Doolittle’s direct substitution meth¬ 
od 2 —is to compare the formulas by which each might be expressed. 


1 Kelley, T. L. Chart to Facilitate the Calculation of Partial Coefficients 
of Correlation and Regression Equations. 1st ed. School of Education, 
Special Monograph No. 1. Palo Alto: Stanford University Publications, 
1921. 

2 Wallace, H. A., and Snedecor, G. W. Correlation and Machine Calcula¬ 
tion. 1st ed. Official Publ. Vol. 23, No. 35. Ames: Iowa State College 
of Agriculture, 1925. 
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THREE-VARIABLE FORMULAS 


Determinants 


Pc 


r ~ r r 
oa o / '/£ 


02 / /_ 

12 


r - r r 

o/ *02 12 


/? O' c 

Po/2~ /- 


r* 

!Z 


Kelley’s 


Po*, m 


r - r r 

02 'oi t2 

'-r,l 


A 


r < r r 
'a / 02 /2 


0/2 /_ r * 
!2 


~ r oi r /2 

°02t~ hr f * 


Doolittle’s 


A0/2 Ql ’ 'as / 


OPERATIONS REQUIRED IN SOLVING A 
THREE-VARIABLE PROBLEM 



Determinants 

Kelley’s 

Doolittle’s 

Consulting tables 

1 

1 

1 

Adding 

0 

0 

0 

Subtracting 

2 

2 

2 

Multiplying 

2 

2 

2 

Dividing 

2 

2 

1 


In a three-variable problem the Doolittle method has but a 
very slight advantage over the Determinant method and the 
method used by Kelley in his Chart. 
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FUNDAMENTAL FORMULAS 


FOUR-VARIABLE FORMULAS 


A 


Determinants 

'os (_ /- n* i - r o; ^ - r c r »+( r v ^ * r o *> 

/- ^ - rj-rf 3 +2 r J2 r t3 r 23 


A 


. U-rZ)-r a , r„-r oa r aa * r , a (r ot r 2 Z +r 03 rj 


02 13 


A 


l - r i~ r ?3 ~ r f 3 +2r ,2 r ,3 r 23 

_ Cot (^/2 ~ r o3 r t3 + r z3 ^03 C .3 + ^03 0*^ 


t-ri-rZ -r / 3 +Zr / 2 r t 3 r g3 

Kelley’s 




A 


02.13 


A 


Of 23 


/• - r r r - r r 

*03 of f /3 ' 02 oj ' /e 

y . 

^*3 ~ 'a? ^3 

• f ,3 f '*& 

A 

/- r B 

f 9 /3 

/ _ ^23~ r t2 r /3 

/■» - r r 

'23 r i2 f3 

1 ~ X " 

'~<2 


h r* 

f3 

?o2 “ 'oy 'a? ^3 ' r ot r *3 

X 

r - r r 

23 *2 f3 

/- ni /- r,f 


f -ni 

/ ^3 " ^/2 ^3 v ^3 ‘ 

’ r t2 r t3 

/ t 2 

1 f t3 

r z 

tZ 

r - jt r r - r r 

'of 02 fZ 03 02 23 

y 

r - r r 

i3 /2 23 

l-r* hr z 

1 *2 * 7 23 

A 

!-r z 
' 1 12 


/" 


r - r r 

r *3 12 23 

/-r* 

23 


r - /~ r 
'/3 /2 23 

'-tf 
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Doolittle’s 


r - r r 

r - r JT — ^ Qt J£L r* ^ 

f 03 'oi 13 / r 2 *2 r /3' 

8 - - — /* ■_ 

o3.i 2 r -r r 

/-r* - -r r ) 

' r /3 T^ri C *3 '/*'/a' 


A 


02 13 


r -r r 

02 'o/ J2 

'- r i 


r - r r 

23 J2 /3 


/- r. 




/*> 


flo/23 ~ ^ot ~ ^2 flo2./3 ~ flo3 t2 

OPERATIONS REQUIRED IN SOLVING A 
FOUR-VARIABLE PROBT EM 



Determinants 

Kelley’s 

Doolittle’s 

Consulting tables 

6 

3 

2 

Adding 

12 

0 

1 

Subtracting 

4 

12 

4 

Multiplying 

18 

12 

8 

Dividing 

3 

11 

3 


In a four-variable problem the Doolittle method is seen to 
have a decided advantage over the other two. An examination 
and comparison of these fundamental formulas for three and 
four variables would seem to justify the conclusion that an in¬ 
creasing number of variables would but enhance the manifest 
superiority of the Doolittle method. 




ON A PROPERTY OF THE SEMI 
INVARIANTS OF THIELE 


By 


Cecil C. Craig 
National Research Fellow 


Given a general linear form 


( 1 ) < 2 , + *3 + .^ 

of a set of statistical variables, oc ,, oc 2 , * • , oc n it 

is well-known that in case the variables, JC t , oc a ,., 

are independent, in the sense of the theory of probability, that 
the r'th semi-invariant of this form is simply 


( 2 ) 


a, r J 


<o 


+ a„ 


( 2 ) 


+ a 


:a 


(ri) 

r 


in which is the rth semi-invariant of OC; . This is per¬ 

haps the most important and useful property of semi-invariants. 

Each semi-invariant is defined as a cetiain isobaric function 
of the moments of weight equal to the order of the semi-invariant. 
The question to which this note is devoted is whether among such 
isobaric functions, the property given above belongs uniquely to 
the semi-invariant. This problem is equivalent to another which 


1 Tliere is no loss in generality m supposing the origin so chosen for each 
oCi that the constant in the form is zero. 

2 Thiele, T. N., Theory of Observations (C. & E Layton, London, 1903) 
p. 39. 
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seems more difficult to state verbally. The r’th semi-invariant 
L r of the form (1) is itself found in terms of the semi-invari¬ 
ants, ^ r s j • ■ * * , of the 77 -way probability function 

F(a: / , x z ,. ,X n ) by means of a symbolic multinomial 

expansion. Now in order that the above property may hold 
generally it is necessary and sufficient that the cross-semi¬ 
invariants of F ( x, t X $ ,. xj should vanish if x t , 

X & , ' * * '^n 2Lre independent; that is, that each \ rs fin 
which at least two of the quantities r t «s t f t •* * • • are different 
from zero, should vanish identically. Now are semi-invariants 
the only such functions of moments, whose “cross” members be¬ 
have in this way? 

The semi-invariants L, p of the given linear form are de¬ 
fined by 

e L,t + 4-L a t 2 + l Ljt ^ + . . . 


(3) 


< 

-/ 


dF(x t ,x 2% • • * Jc n )e 


* <2 «<•*/) 


which is to be regarded as a formal identity in t. And the semi- 
invariants of -x,, jc s . • • x n are given by 

.00 




(3) 

+■ 


= I dF(x,,3C t , 


(4) = J or*. - ,x„)e 




1 We shall observe the distinction between probability functions and fre¬ 
quency functions suggested by H. Cramer in his important memoir: “On 
the Composition of Elementary Errors, 11 Skandinavisk Aktuarietidskrift, 
1928, p. 13. By a probability function we mean what has been called the 
cumulative frequency function and thus in the above we are using an 
7?-way Stieltjes integral. 
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which is also a formal identity in * * *n * 

The quantities (2 /*i t . ) <r; and (£ t/ 4 . ) <r> refer 

to symbolic multinomial expansions, perhaps most easily explained 
by means of examples. Thus 




and 






(1m) 


(a) 


* ao t; 






3A.„ t. T' 


in which A* 00 .. . , 0 «/i fc , \ ko ... 0 . A k ,. , 

in our first used notation, and A , , A 210 . 0 , etc. 

are cross-semi-invariants of x, and x 2 . 

Then by inspection of (3) and (4) it is evident that 


(5) 


Li k s (Z If- K2.3) . 


In case the variables x # , x 2 , • • ■ , x w are all indepen¬ 
dent of each other F ( 3C t , X t , • * - ) splits up into the 

product F t (x,) F> (x a ) - ^ Cr n )of the probability functions 
of the separate variables, L K becomes equal to the expression 
(2), and all the cross-semirinvariants in the expansion of the 
right member of (4) become identically zero. That the vanish¬ 
ing of these cross-semi-invariants is not only a sufficient but i§ 
also a necessary condition that assume the value (2) is evi¬ 
dent from the absence of any restrictions on F (oc lt x z , * • *, 
(except that it be an 77 -way probability function) or on the set 

* * * » ' 

Now each cross-semi-invariant is expressed as a certain iso- 
baric function of moments, some of them cross-moments. But 
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in the case of independent variables, 

V j a "\J ~\J ~\j „ ' '' • 

v rs t. v r v s » 


and when this is true, the value of each cross-semi-invariant be¬ 
comes identically zero. To illustrate this and for use in the dem¬ 
onstration that the semi-invariants are the only such functions, 
let us write out the fourth order semi-invariants of P foe 

v i * 2* 

JO #, * • *, •z'n ) in terms of moments. These are obtained by 
equating coefficients of like terms in 

(l a, f, r ■ (i >/. tj't Mi v, t,y"($ 1/ 4 > 

(6) -3[(Z Vj 'ZCZM f 

4 

Leaving off superfluous zeros in the subscripts, this gives 
for example 

^ =^2'^ V 2, ^ 


H in the value of \ g we set = V 2e , V 2/ . V,,, 

etc., then A 2Z H 0 as it was already known must happen. 

For the sake of simplicity let us suppose, at first, that the 
component variables in (1) are all “equal,” that is, that F ( 

,., ) r F ( *jc t . t cc ). In.the case of 

1 The general formula giving semi-invariants in terms of moments is to fee 
found in several places. See e. g., C. Jordan, Statistique Mathematique 
(Gauthier-Villars, Paris, 1927), p. 41. For an elementary derivation and 
also for an extended example of the use of semi-invariants of a correlation 
function of several variables see the author’s “An Application of Thiele’s 
Semi-invariants to the Sampling Problem,” Metron, Vol. VII, No. 4 
(1928), pp. 3-74. 
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independence among oc t , , - * , we can write also 

F, (jc,)* (oc*) = .F (oc). An 

equivalent assumption is that all moments and hence all semi¬ 
invariants of the same type of F ( oc t , cc 2 , * * * *, o c n ) are 

equal. (Moments of the same type are all those with the same 
combination of digits in their subscripts.) Then the expressions 
for all the semi-invariants of the fourth order of F (x / , ,-•* 

•',&„) are equivalent to the following: 

A = V -4V V - 3 V a V z " 6V* 

AO 30 *0 *20 40 *o tO 

X -A/ -v/ +3V i/J -3V V 1 / t/ 2 +6t/ t/*)-6V* 

''a/ "a/ 1 *30 wo *'ai ‘W *ao m ^ r 4 o w© m *»/ wo 

(7) A «V -4V V +(4y/ V*+&V V*)-6i/* 

A *>/ -(Zt/ i/ +Z"v/ t/ +(£V -6V* 

' ail aw a/ w© *- v n/ v /o / ' v 3o a if * ” c ‘ ¥ 2o to u wo * ^ /© 

A -4V V -3V 2 ^/<?V l/* -6 t/* 

IM# W//# #M I© U Wt // WO tO 

Now, our general isobaric function of the moments of weight 
four can be written 


( 8 ) 


*»i >*a- * ‘ *>«,<? X “ * ** ^ f 4 /*Y$ V, ^ J 

-3., [cf^ (I v, f , )"te”v; /„ j*. v, t,/ 


And in our special case of equal component variables jc /t jc £ , 
our problem is to determine for what sets of values of z„2. e , - -, 2 ^ 
the coefficients of i, a t z . t, s t* , tf t z t 3 and t, t s t 3 t a 
in the right member of (8) vanish identically if <r,,j- ,oc n 
are independent. 

By comparison with (7) it is seen that this gives four linear 
equations with which to determine the five unknowns. But we 
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can add a fifth equation by stating that the coefficient of t* is 
in general a parameter which in the case of independence is a 
function of F Cjc) and z,, js zt • *, , which we shall desig¬ 
nate by . Then we have for the determination of z, : 

C i2 t/ 2 ^* -6*+ 

O -4V g ^ 2 -6t/+ 

O -(2V^2V+) -(^V*+2V*) ~6V* 

O -4^* -3v! 4 t2i/+ -6<> 



-^3 V , 





y 3 ) 


6V z Vl<5i/* 

-6V/ 

< 




* 

V 

-0 

1 



-WW*) 



< 

-4v; 4 

-•3V* 


-6V* 


By adding each of the four other columns to the first col¬ 
umn in the denominator, we have at once in view of (7), 





A 


unless the identical first minor of numerator and denominator 
vanishes. But this can happen only if there is linear dependence 
between the corresponding elements in the four rows of this minor 
which in turn can happen only if there is a linear relation between 
the quantities v/ V t , i/ f £ t and (Such a linear de¬ 

pendence would exist if the second or third semi-invariant of 
Fix) is zero.) ^ 

Moreover, it is readily seen that we get 
(Of course we suppose ^ O and moreover 0 could 

hold only fcr some F loc) ’s) 

If we no longer suppose the components x t , x St •**, 
“equal” in the sense defined above, the quantities in (7) may be 
replaced by summations of all terms of the same type or summa¬ 
tions of all products of terms which are coefficients of similar 



160 


SEMI-INVARIANTS OF THIELE 


terms in t L ’s. Thus in place of in the first 

equation, and \ and t/ 30 t/, in the second we now write, 

2 A 46 = + + ‘ ' ‘ 

E V*o = V 4o + V o4 . W o04 + • - • 

2 + W o 03 X>«, + ‘ ■ 

E A*, = ^3/ * ^/3 / + ^0/3 * 

T-s/'v/ = V V + V i/ + V V ^-“v/ i/ j* • 

« V 9Q y OI Y 3Q V Ot 03 /O * 03 © v oo/ ^00 3 o/o v 

respectively. But otherwise our argument will be the same and 
lead to the same conclusion. 

It is obvious that the argument for weight four is perfectly 
general and thus that the same kind of conclusions hold for any 
weight. We conclude that the semi-invariants are the only iso- 
baric functions of the moments of a set of rj variables which 
have the properties described in the first two paragraphs indepen¬ 
dent of the probability or frequency functions of those variables. 

But if vrhen the variables are independent the probability 
function of each one is such that there is an isobaric relation 
among the moments of order lower than k , the same for each 
variable, then there are other isobaric functions of order k and 
higher which enjoy the property of semi-invariants in question. 
And it will be shown that the only isobaric relations among the 
moments of order < k , mentioned above, which lead to the new 
isobaric functions of this type of order > k , are obtained by 
setting semi-invariants of order < k , equal to zero. 

Let us return to the case in which the weight is four. Then 
if + 2 V t 3 = 0, the minor D t/ of our denom¬ 

inator D vanishes, and so, of course, does the corresponding 
minor in the numerator. Then as a matter of fact there is a 
double infinity of the sought isobaric functions of weight four. 
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Some of them are given by the following sets of values of the 2's. 


z , 





5 

2 

5 

2 

1 

6 

3 

6 

3 

2 

9 

3 

9 

3 

1 


as may be verified by actual computation* 
Now we also have 1 


4 4 io £ c <r f 

from which we can write in place of (8) 


( 10 ) 


yj*y, (Z v L t? t L )(Z v, t L ) c ' 

*ysC(*i *i y e> (fy Jy* <4 X f i f'<4 t L ) 


in which we can seek to find sets of values of y fi .so 

that the coefficients of , t* t 3 and t t t 2 t 3 

will vanish when the oc *s are independent. This will give us four 
homogeneous linear equations in which the determinant of the 
coefficients vanishes identically since y,=y 2 =y 3 = y+ ~ 1 is a 

solution. Addition of the second, third and fourth columns to 
the first gives a new first column of zeros. But if, say, 0, 

in addition to ^ , and A //7 which already vanish if the jc's are 
independent, then the elements of the fourth column are all zeros 
also, and our determinant is of rank not greater than two. But 
since the solution of the set of equations arising from (10) is 
equivalent to that arising from (8), the minor D |; , of £) in (9) 


1 Thiele, T. N., loc. cit., p. 25. 
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must vanish in case A^= 0. 

But sinrp Z -2 -••«as,-lisa solution of the equations 
(8), it is easy to see that if in D t „ , the sum of the last three 
columns be added to the first column, the resulting first column 
will be identical, though opposite in sign with the last four elements 
of the first coulmn of D . Let us indicate the new D ft by DJ . 

Now there is a linear dependence between the elements of 
the rows of D ft . In fact the elements of the first row minus 
three times the corresponding elements of the third plus twice the 
corresponding elements of the fourth ( *X 3 « V 3 - 3 +2 V, 3 ) 

must give zero for each element. For suppose there exists an¬ 
other such linear relationship between rows. This linear relation¬ 
ship must hold between the corresponding elements of the first 
column of D J , and we have a new isobaric relation between the 
moments of oc . But a probability function F £oc)can always be 
found in which 

(11) V 3 V r 3V a V*+£V l +*A,V,*0 

holds and the other relation does not. But for the P (x) r s in 
which (11) holds D' t must vanish, and thus the relation between 
columns must be that given by (11). 

Thus D„ contains as factors A a and . That it 
contains no others can easily be verified directly. 

The cases of weights two, three, and four are easily handled 
directly throughout. If the weight is now k greater than four, 
our argument readily generalizes. The equations now arising 
from the relation corresponding to (10) are now greater in num¬ 
ber than the unknowns y,, y z , ., y k , but it is obvious 

that the matrix of the coefficients is of rank not greater than k- 2. 
And it follows just as before that * • • / A , are 

all factors of the new . 

The argument above which shows for the weight four, that 




C C. CRAIG 


163 


is a factor of D tt does not show that there cannot be other 
linear relations between the elements of the first column which 
are also factors of D t/ . It only shows that if there is such a fac¬ 
tor, the corresponding linear dependence holds for certain rows 
of D„ . 

Let us consider the case of weight five. The elements of the 
first column of D are now V S. V 4 V ,. 

* and the elements of the first column of D\ 9 are the last six 
of these with opposite sign, and they thus correspond to the par¬ 
titions of 5. We know that one of the two sets of three rows of 
D„ , the second, fourth, and fifth or the third, fifth, and sixth, 
are connected by the linear relation corresponding to V 3 - 3 V z 
+ 2V 3 ~ 0 so that X 9 is at least once a factor of D tt . If 

we suppose that the first set of three rows are so related, does it 
follow that this same relation holds for the second set? Now it 
is easy to see that if in the second row i/, 2 be everywhere sub¬ 
stituted for the resulting row will be identical with the third 
and that the same is true of the fourth and fifth rows and of the 
fifth and sixth. Then if a certain linear relation holds for the 
first set of three rows, by the substitution of a/ 2 for t/ every¬ 
where in it, it follows that the same relation holds for the second 
set of three rows also. Thus X 3 is twice a factor in 0 Jt for 
weight five. We note also that the partitions of 3 (counting 3 
as a partition of 3) are twice found with common factors among 
the partitions of 5, that is, 32, 221, 2111; and 311, 2111, 11111. 

The argument is readily generalized 1 and in case of D n of 
weight k , each semi-invariant of weight r < k is a factor of D tt 

1 The general argument is based orl the principle that the second row of D 
is obtained from* the process which gives the first by replacing one factor 
f t by t z , the third from the first by replacing t* by // , the fourth 
from the first by replacing tf by t 2 t 9 , and so on (see (6) and (7)). 
Thus in the case of weight six, to compare the three rows beginning with 
with the three beginning with 

we replace the V 3 in the first set which arises as a coefficient of t t 3 
by and the two sets of rows become identical. 
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as often as the partitions of r are found with common factors 
among the partitions of k . (We count f* as a partition of r .) 
Thus for weight four, ® 7^ which gives D lf the cor¬ 

rect weight sixteen. In case of weight five, D #| * A^A a A a A* 
which again gives D„ the correct weight thirty. And it is easy 
to show by induction that in case of weight k this method gives 
D„ its proper weight. Among the partitions of k are found 
all the partitions of k - 1 with a part 1 added to each. Thus each 
of these adds k to the total weight. For the partition k - 2, 2, 
it is seen that the remaining partitions of k - 2 with the common 
additional part 2 will be found among the remaining partitions of 
k and that the remaining partitions of 2 with the common addi¬ 
tional part k- 2 will also be found. Thus this partition con¬ 
tributes the weight k to the total. And sirn arly it can be seen 
that every partition of k contributes k to the total weight of D n , 
which was to be proved. 

Finally, then, we have the additional result that the necessary 
and sufficient condition that more than on** ..sobaric function of 
weight k of the moments of the probability variables jc /f 
exists which has the semi-invariant properties in question, is that 
the probability functions of , • • •«, Jc n in case of indepen¬ 

dence are such that for some r < k . vanishes for each of 
them. 


Stanford University. 






THE THEORY OF OBSERVATIONS 


By 

T N. Thiele 


EDITOR’S NOTE 


Thiele’s “Theory of Observations” constitutes a classic 
contribution to both mathematical statistical theory and the theory 
of least squares. Unfortunately, his researches, and in particular 
his semi-invariant or “half-invariant” theory, have not received 
the recognition in this country that they deserve. Since, accord¬ 
ing to importers of books, the “Theory of Observations” is now 
out of print and copies are rare, the editor has deemed it advis¬ 
able as a matter of policy to make this work in this way available 
to the readers of the Annals . 

This reprint should also be construed as an acknowledgment 
of our indebtedness to Mr. Arne Fisher for his unswerving en¬ 
deavors to bring before American statisticians the important con¬ 
tributions of Danish and Scandinavian writers. 
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I. THE LAW OF CAUSALITY. 


^ 1. A\ o start with the assumption that everything that exists, and everything 
tfmt happens^ exists or happens as a necessary consequence of a previous state of things . 
If a slate of things is repeated in even detail, it must lead to e\act!y the same consequences. 
Any difference botween the results ot causos that are in part the same, must be explainable 
by some difference in the other part of the causes. 

This assumption, whit h may be called the law of causality, cannot be proved, but 
musi be believed; in the same way as we believe the fundamental assumptions of religion, 
with which it is doselv ami intimately (onnecled. The law' of causality forces itself upon 
our boliel. It may be denied in theory, but not in practice. Any person who denies it, 
will, il ho is watchlnl enough, catch himself constantly asking himself, if no one else, why 
tins has happened, and not that. But in that very question he bears witness to the law 
oi (ausalit). If we arc consistently to deny the law of causality, we must repudiate all 
observation, and particularly all prediction based on past experience, as useless and misleading. 

It we could imagine for an instant that the same complete combination of causes 
could have a definite number ot different consequences, however small that number might 
be, and that among these the occurrence of the actual consequence was, in the old sense 
ol the word, accidental, no observation w’ould ever be of any particular value. Scientific 
observations cannot bo re<onciled with polytheism. So long as the idea prevailed that the 
result of a journey depended on whether the powei of Njord or that of Skade was the 
stiongoi, or that victory or deleat in battle depended on whether Jove had, or had not, 
listened to Juno's complaints, so long were even scientists obliged to consider it below their 
dignity to consult observations. 

But if the law of causality is acknowledged to be an assumption which always 
holds good, then every observation gives us a revelation which, when correctly appraised 
and compared with others, teaches us the laws by which God rules the world. 

We can judge of the far-reaching consequences it would have, if there were con¬ 
ditions in which the law of causality was not valid at all, by considering the cases in 
which the effects of the law are more or leas veiled. 
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In inanimate nature the relation of cause and effect is so clear that the effects are 
determined by observable causes belonging to the condition immediately preceding, so that 
the problem, within this domain, may be solved by a tabular arrangement of the several 
observed results according to the causing circumstances, and the transformation of the 
tables into laws by means of interpolation. When, however, living beings are the object 
of our observations, the case immediately becomes more complicated. 

It is the prerogative of living beings to hide and covertly to transmit the influ¬ 
ences received, and we must therefore within this domain look for the influencing causes 
throughout the whole of the past history. A difference in the construction of a single 
cell may be the only indication present at the moment of the observation that the cell is 
a transmitter of the still operative cause, which may date from thousands of years back. 
In consequence of this the naturalist, the physiologist, the physician, can only quite ex¬ 
ceptionally attain the same simple, definite, and complete accordance between the observed 
causes and their effects, as can be attained by the physicist and the astronomer within 
their domains. 

Within the living world, communities, particularly human ones, form a domain 
where the conditions of the observations are even more complex and difficult. Living 
beings hide, but the community deceives. For though it is not in the power of the com¬ 
munity either to change one tittle of any really divine law, or to break the bond between 
cause and effect, yet every community lays down its own laws also. Every community 
tries to give its law fixity, and to make it operate as a cause; for instance, by passing it 
off as divine or by threats of punishment; but nevertheless the laws of the community 
are constantly broken and changed. 

Statistical Science which, in the case of communities, represents observations, has 
therefore a very difficult task: although the observations are so numerous, we are able from 
them alone to answer only a very few questions in cases where the intellectual weapons of 
historical and speculative criticism cannot assist in the work, by independently bringing to 
light the truths which the communities want to conceal, and on the other hand by re¬ 
moving the wrong opinions which these believe in and propagate. 

§ 2. An isolated sensation teaches u& nothing, for it does not amount to an ob¬ 
servation. Observation is a putting together of several results of sensation which are or 
are supposed to be connected with each other according to the law of causality, so that 
some represent causes and others their effects. 

By virtue of the law of causality we must believe that, in all observations, we get 
essentially correct and true revelations; the difficulty is, to ask searcbingly enough and -to 
understand the answer correctly. In order that an observation may be free from every 
other assumption or hypothesis than the law of causality, it must include a perfect 
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description of all the circumstances m the world, at least at the instant preceding that at 
which the phenomenon is observed. But it is dear that this far surpasses what can be done, 
even in the most important cases. Real observations have a much simpler form. By giving 
a short statement of the time and place of observation, we refer to what is known of the 
state of things at the instant; and, of the infinite multiplicity of circumstances connected 
with the observation we, generally, not only disregard everything which may be supposed to 
have little or no influence, but we pay altention only to a small selection of circumstances, 
which we call essential , because we exped, in virtue of a special hypothesis concerning 
the relation of cause and effect, that the observed phenomenon will be effect of these 
circumstances only. 

Nay, we arc often compelled to disregard certain circumstances as unf^uitial, 
though there is no doubt as to their influencing the phenomenon; and we do this either 
because wo cannot get a sufficient amount of trustworthy information regarding them, or 
becauso it would be impracticable to trace out their connection with the eftect. For 
instance in statistical observations on mortality, where the age at the time of death can 
be regarded as the observed phenomenon, we generally mention the sex as an essential 
circumstance, and often give a general statement as to residence in town or country, or as 
to occupation. But there are other things as to which we do not get sufficient information: 
whether the dead person has lived in straitened or in comfortable circumstances, whether 
he has been more or less exposed to infectious disease, etc.; and we must put up with this, 
even if it is certain that one or other of these things was the principal cause of death. 
And analogous cases are frequently met with both in scientific observations and in everyday 
oc< urrcnces. 

In ordei lu obtain a perfect observation it is necessary, moreover, that our sensations 
should give us accurate information regarding both the phenomenon and the attendant 
circumstances; but all our senses may be said to give us merely approximate descriptions 
of any phenomenon rather than to measure it accurately. Even the finest of our senses 
recognizes no difference which falls short of a certain finite magnitude. This lack of 
accuracy is, moreover, often greatly increased by the use of arbitrary round numbers 
for the sake of convenience. The man who has to raeasuro a race-course, may take into 
account the odd metres, but certainly not the millimetres, not to mention the microns. 

§ 3. Qtt'iny to all this , every actual observation is affected uith errors. Even our 
best observations are based upon hypothesis, and often even on an hypothesis that is cer¬ 
tainly wrong, namely, that only the circumstances which are regarded as essential, influence 
the phenomenon; and a regard for practicability, expense, and convenience makes us give 
approximate estimates instead of the sharpest possible determinations. 

Now and then the observations are afiected also by gross errors whieh, although 

1 * 
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not introduced into them on purpose, are yet caused by such carelessness or neglect that 
they could have been, and ought to have been, avoided. I* contradistinction to these we 
often call the more or less unavoidable errors accidental. For accident (or chance) is not, 
what the word originally meant, and what still often lingers in our ordinary acceptation 
of it, a capricious power which suffers events to happen without any cause, bit only a 
name for the unknown element, involved in some relation of cause and effect, which pre¬ 
vents us from fully comprehending the connection between them. When we say that it 
is accidental, whether a die turns up “six” or “three”, we only mean that the circumstances 
connected with the throwing, the fall, and the rolling of the die are so manifold that no 
man, not even the cleverest juggler and arithmetician united in the same person, can suc¬ 
ceed in controlling or calculating them. 

In many observations we reject as unessential many circumstances about which we 
really know more or less. We may be justified in this; but if such a circumstance is of 
sufficient importance as a cause, and we arrange the observations with special regard to 
it, we may sometimes observe that the errors of the observations show a regularity which 
is not found in “accidental” errors. The same may be the case if, in computations dealing 
with the results of observations, we make a' wrong supposition as to the operation of some 
circumstance. Such errors are generally called systematic. 

§ 4. It will be found that every applied science, which is well developed, may be 
divided into two parts, a theoretical (speculative or mathematical) part and an empirical 
(observational) one. Both are absolutely necessary, and the growth of a science depends 
very much on their influencing one another and advancing simultaneously. No lasting 
divergence or subordination of one to the other can be allowed. 

The theoretical part of the science deals with what we suppose to bq accurate 
determinations, and the object of its reasonings is the development of the form, connection, 
and consequences of the hypotheses. But it must change its hypotheses as soon as it is 
dear that they are at variance with experience and observation. 

The empirical side of the science procures and arranges the observations, compares 
them with the theoretical propositions, and is entitled by means of them to reject, if 
necessary, the hypotheses of the theory. By induction it can deduce laws from the obser¬ 
vations. But it must not forget — though it may have a natural inclination to do so — 
that, as shown above, it is itself founded on hypotheses. The very form of the observation, 
and especially the selection of the circumstances which are to be considered as essential 
and taken into account in making the several observations, must not be determined by rule 
of thumb, or arbitrarily, but must alwajs be guided by theory. 

Subject to this it must as a rule be considered best, that the two sides of the 
science should work somewhat independently of one another, each in its own particular 
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way. In what follows the empirical side will he treated exclusively, and it will be treated 
on a general plan, investigating not the particular uay in which statistical, chemical, phy¬ 
sical, apd astronomical observations are made, but the common rules according to yvhich 
they are all submitted to computation. 


II. LAWS OF ERRORS. 

§ 5. Every observation is supposed to contain information, partly as to the 
phenomenon in which we are particularly interested, partly as to all the circumstances, 
connected with it, which are regarded as essential. In comparing several observations, it 
makes a very great difference, whether such essential circumstances have remained unchanged, 
or whether one or several of them have changed between one observation and another. 
The treatment of the former case, that of repetitions , is far simpler than that of the latter, 
and is therefore more particularly the subject of our investigations; nevertheless, we must 
try to master also the more difficult general case in its simplest forms, which force them¬ 
selves upon us in most of the empirical sciences. 

By repetitions then we understand those obsenations. in which all the essential 
circumstances remain unchanged, in which tlierefoie the results or phenomena should agree, 
if all the operative causes had been included among our essential circumstances. Further¬ 
more, yve can without hesitation tieat as repetitions those observations, in which we assume 
that no essential circumstance has changed, but do not know tor certain that there has 
been no such change. Strictly speaking, this would furnish an example of observations 
with systematic urors; but provided there has been no change in the care with which the 
essential circumstances have been determined or checked, it is permissible to employ the 
simpler treatment applicable to the case of repetitions. This vrould not however be per¬ 
missible, if, for instance, the obseryer during the repetitions has perceived any uncertainty 
in the records of a circumstance, and therefore paid greater attention to the following 
repetitions. 

§ 6. The special features of the observations, and in particular their degree of 
accuracy, depend on causes which have been left out as unessential circumstances, or on 
some overlooked uncertainty in the statement of the essential circumstances. Consequently 
no speculation can indicate to us the accuracy and particularities of observations. These 
must be estimated by comparison of the observations with each other, but only in the 
case of repetitions can. this estimate be undertaken directly and without some preliminary 
work. The phrase law of errors is used as a general name for any mathematical expres¬ 
sion lepresenting the distribution of the varying results of repetitions. 
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Laws of actual errors are such as correspond to repetitions actually carried out. 
But observations yet unmade may also be erroneous, and where we have to speak hypo¬ 
thetically about observations, or have to do with the prediction ot results of future repe¬ 
titions, we are generall} obliged to employ the idea of “laws of errors”. In order to pre¬ 
vent any misunderstanding we then call this idea “ laws of presumptive errors The two 
kinds of laws of errors cannot generally be quite the same thing. Every variation in the 
number of repetitions must entail some variations in the corresponding law of errors; and 
if we compare two laws of actual errors obtained from repetitions of the same kind in 
equal number, we almost always observe great differences in every detail. In passing from 
actual repetitions to future repetitions, such differences at least are to be expected. More¬ 
over, whilst any collection of observations, which can at all be regarded as repetitions, will 
on examination give us its law of actual errors, it is not every series of repetitions that 
can be used for predictions as to future observations. If, for instance, in repeated measure¬ 
ments of an angle, the results of our first measurements all fell within the first quadrant, 
while the following repetitions still more frequently, and at last exclusively, fell within the 
second quadrant, and even commenced to pass into the third, it would evidently be wrong 
to predict that the future repetitions would repeat the law of actual errors for the totality 
of these observations. In similar cases the observations must be rejected as bad or mis¬ 
conceived, and no law of presumptive errors can be directly based upon them. 

§ 7. Suppose, however, that on comparing repetitions of some observation we have 
several times determined the law of actual errors in precisely the same way, employing at 
first small numbers of repetitions, then larger and still larger numbers for each law. If 
then, on comparing these laws of actual errors' •wjth one another, we remark that they be¬ 
come more alike in proportion as the numbers of repetitions grow greater, and that the 
agreements extend successively to all those details of the law which are not by necessity 
bound to vary with the number of repetitions, then we cannot have any hesitation in using 
the law of actual errors, deduced from the largest possible number of repetitions, for pre¬ 
dictions concerning future observations, made under essentially the same circumstances. 

This, however, is wholly legitimate only, when it is to be expected th if <ve could 
obtain repetitions in indefinitely increasing numbers, the law of errors would then approach 
a single definite form, namely the law of presumptive errors itself, and would not oscillate 
between several forms, or became • altogether or partly indeterminate. (Note the analogy 
with the* difference between -converging and oscillating infinite series). We must therefore 
distinguish between good and bad observations, and only the good ones, that is those which 
satisfy the above mentioned condition, the law of large numbers yield laws of presumptive 
errors and afford a basis for prediction. 

As we cannot repeat a thing indefinitely often, we can never be quite certain that 
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a given method of observation may be called good. Nevertheless, we shall always rely on 
laws of actual errors, deduced from very large numbers of concordant repetitions, as suffi¬ 
ciently accurate approximations to the law of presumptive errors. 

And, moreover, the purely hypothetical assumption of the existence of a law of 
presumptive errors may yield some special criteria for the right behaviour of the laws of 
actual errors, corresponding to the increasing number of the repetitions, and establish the 
conditions necessary to justify their use for purposes of prediction. 

We must here notice that, when a series of repetitions by such a test proves bad 
and inapplicable, we shall nevertheless often be able, sometimes by a theoretical criticism 
of the method, and sometimes by watching the peculiarities in the irregularities of the laws 
of errors, to find out the reason why the given method of observation is not as good as 
others, and to change it so that the checks will at least show that it has been improved 
In the case mentioned in the preceding paragraph, for instance, the remedy is obvious. The 
time of observation is there to be reckoned among the essential circumstances. 

And if we do not attain our object, but should fail in many attempts at throwing 
light upon some phenomenon by means of good observations, it may be said even at this 
stage, before we have been made acquainted with the various means that may he employed, 
and the various forms taken by the laws of errors, that absolute abandonment of the law 
of large numbers, as quite inapplicable to any given refractory phenomenon, will generally 
be out of the question. After repeated failures we may for a time give up the whole 
matter in despair; but even the most thorough sceptic may catch himself speculating on 
what may be the cause of his failure, and, in doing so, he must acknowledge that the 
error is never to be looked tor in the objective nature of the conditions, but in an insuffi¬ 
cient. development of the methods employed. From this point of view then the law of 
large numbers has the character of a belief. There is in all external conditions such a 
harmony with human thought that we, sooner or later, by the use of due sagacity, parti¬ 
cularly with regard to the essential subordinate circumstances of the case, will be able to 
give the observations such a form that the laws of actual errors, with respect to repetitions 
in increasing numbers, will show an approach towards a definite form, which may be con¬ 
sidered valid as the law of presumptive errors and used for predictions. 

§ 8. Four different means ot representing the law of errors must be described, and 
their respective merits considered, namely: 

Tabular arrangements, 

Curves of Errors, 

Functional Laws of Errors, 

Symmetric Functions of the Bepetitions. 

In comparing these means of representing the laws of errors, we must take into 
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consideration which of them is the easiest to employ, and neither this nor the description 
of the forms of the laws of errors demands any higher qualification than an elementary 
knowledge of mathematics. But we must take into account also, how far the different forms 
are calculated to emphasise the important features of the laws of errors, i. e. those which 
may be transferred from the laws of actual errors to the laws of presumptive errors. On 
this single point, certainly, a more thorough knowledge of mathematics would be desirable 
than that which may be expected from the majority of those students who are obliged to 
occupy themselves with observations. As the definition of the law of presumptive errors 
presupposes the determination of limiting values to infinitely numerous approximations, 
some propositions from the differential calculus would, strictly speaking, be necessary. 


IH. TABULAE ARRANGEMENTS. 

§ 9. In stating the results of ail the several repetitions we give the law of errors 
in its simplest form. Identical results will of course be noted by stating the number of 
the observations which give them. 

The table of errors, when arranged, will state all the various results and the fre¬ 
quency of each of them. 

The table of errors is certainly improved, when we include in it the relative fre¬ 
quencies of the several results, that is, the ratio which each absolute frequency bears to the 
total number of repetitions. It must be the relative frequencies which, according to the 
law of large numbers, are, as the number of observations is increased, to approach the 
constant values of the law of presumptive errors. Long usage gives us a special word to 
denote this transition in our ideas: probability is the relative frequency in a law of pre¬ 
sumptive errors, the proportion of the number of coincident results to the total number, 
on the supposition of infinitely numerous repetitions. There can be no objection to con¬ 
sidering the relative frequency of the law of actual errors as an approximation to the 
corresponding probability of the law of presumptive errors, and the donbt whether the 
relative frequency itself is the best approximation that can be got from the results of the 
given repetitions, is rather of theoretical than practical interest. Compare § 78. 

It makes some difference in several other respects — as well as in the one just 
mentioned — if the phenomenon is such that the results of the repetitions show qualitative 
differences or only differences of magnitude. 

§ 10. In the former case, in which no transition occurs, but where there are such 
abrupt differences that none of the results are more closely connected with one another than 
with the rest, the tabular form will be the only possible one, in which the law of errors can 
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be given. This case frequently occurs in statistics and in games of chance, and'for this 
reason the theory of probabilities, which is the form of the theory of observations in which 
these eases, are particularly taken into consideration, demands special attention. All pre¬ 
vious authois have begun with it, and made it the basis of the other parts of the science 
ui observation. I am of opinion, however, that it is both safer and easier to keep it to 
the last. 

§11. If, however, there is such a difference between the results of repetitions, 
that there is either a continuous transition between them, or that some results are nearer 
each other than all the rest, there will be ample opportunity to apply mathematical methods; 
and when the tabular form is retained, we must take care to bring together the results 
that are near one another. A table of the results of firing at a target may for instance 
have the following form: 


1 foot to the left 


1 foot too high. 3 

Central . 13 

1 foot too low. 4 

Total ... 20 


Central 

1 foot to the right 

Total 

17 

6 

2G 

109 

19 

341 

8 

1 

13 

134 

26 | 

| 180 


If here the heading “1 foot to the left" means that the shot has swerved to the 
Irdt between half a foot and one foot and a half, this will remind us that we cannot give 
he exact measures in such tables, but are obliged to give them in round numbers. The 
number of results then will not correspond to such as were exactly the same, but dis¬ 
regarding small differences, we gather into each column those that approach nearest to one 
anothor, and which all fall within arbitrarily chosen limits. 

In the simple case, where the result of the observation can be expressed by a 
single real number, the arranged table not only takes the extremely simple form of a table 
of functions with a single argument, but, as we shall see in the following chapters, leads 
us to the representation of the law of errors by means of curves of errors and' functional 
laws of eirors. 

It,is an obvious course to fix the attention on the two extreme results in the table, 
and not seldom these alone are given, instead of a law of error, as a sort of index of the 
exactness of the whole series of repetitions, and as the higher and lower limits of the 
observed phenomenon. This index of exactness, however, must be rejected as itself too 
inexact for the purpose, for the oftener the observations are repeated, the farther we must 
expect the extremes to move from one another; and thus the most valuable series of 
observations will appear to possess the greatest range of discrepancy. 


2 
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Oil the other hand, if, in a table arranged according to the magnitude of the 
values, we select a* single middle value, preceded and followed b) nearly equal numbers of 
’Values, we shall get a quantity which is very well fitted to represent the whole series of 
repetitions. 

If, while we are thus counting the results arranged according to their magnitude, 
we also take note of these two values with which we respectively (a) leave the first sixth 
part of the total number, and (5) enter upon the last sixth part (more exactly we ought to 
say 16 per ct.), we may consider these two as indicating the limits between great and small 
deviations. If we state these two values along with the middle one above referred to, we 
give a serviceable expression for the law of errors, in a way which is very convenient, and 
although rough, is not to be despised. Why we ovght to select just the middle value and 
the two sixth-part values for this purpose, will appear from the following chapters. 


IV. CURVES OP ERRORS. 

§ 12. Curves of actual errors of repeated observations, each of which we must be 
able to express by one real number, are generally constructed as follows. On a straight 
line as the axis of abscissae, we mark off points corresponding to the observed numerical 
quantities, and at each of these points we draw an ordinate, proportional to the number 
of the repetitions which gave the result indicated by the abscissa. We then with a free 
hand draw the curve of errors through the ends of the ordinates, making it as smooth 
and regular as possible. For quantities and their corresponding abscissae which, from the 
nature of the case, might have appeared, but do not really appear, among the repetitions, 
the ordinate will be 0, or the point of the curve falls on the axis of abscissae. Where 
this case occurs very frequently, the form of the corves of errors becomes very tortuous, 
almost discontinuous. If the observation is essentially bound to discontinuous numbers, for 
instance to integers, this cannot be helped. 

§ 13. If the observation is either of necessity or arbitrarily, in spite of some in¬ 
evitable loss of accuracy, made'in round numbers, so that it gives a lower and a higher 
limit for each observation, a somewhat different construction of the curve of errors ought 
to be applied, viz. such a one, that the area included between the curve of error, the axis 
of abscissae, and the ordinates of the limits, is proportional to the frequency of repetition* 
within these limits* But in this way the curve of errors may depend very much on the 
degree of accuracy involved in the use of round numbers. This construction of areas 
can be made by laying down rectangles between the bounding ordinates, or still better, 
trapezoids with their free sides approximately parallel to the tangents of the curve. If the 
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limiting round numbers are equidistant, the mean neignts ot tne Uapezoids o: cetangits 
are directly proportional to the frequence of repetition In this case a preliminary con¬ 
struction of curve-points can be made as m § 12, and may often be used as sufficient. 

It is a very common custom, but one not to be recommended, to draw a broken 
line between the observed points instead of a curve. 

§ 14. There can be no doubt that the curve of errors, as a form for the law of 
errors, has the advantage of perspicuity, and were not the said uncertainty in so m ^ 
cases a critical drawback, this would perhaps be sufficient. Moreover, it is in pract vC 
quite possible, and not very difficult, to pass from the curve of actual errors to one whim 
may hold good for presumptive errors; though, certainly, this transition cannot be founded 
upon any positive theory, but depends on skill, which may be acquired by working at good 
examples, but must be practised judiciously. 

According to the law of large numbers we must expect that, when we draw curves 
of actual errors according to relative frequency, for a numerous series of repetitions, first 
based upon small numbers, afterwards redrawn every time as we get more and more repe¬ 
titions, the curves, which at first constantly changed their forms and were plentifully 
furnished with peaks and valleys, will gradually become more like each other, as also 
simpler and more smooth, so that at last, when we have a very large but finite number 
of observations, we cannot distinguish the successive figures we have drawn from one an¬ 
other. We may thus directly construct curves of errors, which may be approved as pictures 
of curves of presumptive errors, but in order to do so millions of repetitions, rather than 
thousands, are certainly required. 

If from curves of actual errors foi small numbers we are to- draw conclusions as 
to the curve of presumptive errors, we must guess, but at the same time support our guess, 
partly by an estimate of how great irregularities we may expect in a curve of actual errors 
for the given number, partly by developing our feeling for the form of regular curves ot 
that sort, as we must suppose that the corves of presumptive errors will be very regular. 
In both respects we must get some practice, but this is easy and interesting. 

Without feeling tied down to the particular points that determined the curve of 
actual errors, we shall nevertheless try to approach them, and especially not allow mai^ 
large deviations on the same side to come together. We can generally regard as laigt 
deviations (the reason why will be mentioned m the cnapter on the Theory oi Probabilities i 
those that canse greater errors, as coinpaied with the absolute freque ncy of the res'iu 
in question, than the square root of that number (more exactly » where k is the 

frequency of the result, n the number of all repetitions}. But even deviations two oi tbiu 
times as gi *at as this ought not always to be avoided, and we may be satisfied, if omy 
one third of the deviations of the determining points must be called large. We may isc 
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the word “adjustment” (graphical) to express the operation by which a curve of presumptive 
errors is determined. (Comp, § 64). The adjustment is called an over-adjustment, if we 
have approached too near to some imaginary ideal, but if we have kept too close to the 
curve of actual errors, then the curve is said to be under-adjusted. 

Our second guide, the regularity of the curve of errors, is as an aesthetics! notion 
of a somewhat vague kind. The continuity of the curve is an essential condition, but it 
is not sufficient. The regularity here is of a somewhat different kind from that seen in 
the examples of simple, continuous curves with which students more especially become 
acquainted. The curves of errors get a peculiar stamp, because we would never select the 
essential circumstances of the observation so absurdly that the deviations could become, 
indefinitely large. Nor would we without necessity retain a form of observation which 
might bring about discontinuity. It follows that to the abscissae which indicate very large 
deviations, must correspond rapidly decreasing ordinates. The curve of errors must have 
the axis of abscissae as an asymptote, both to the right and the left. AH frequency being 
positive, where the curve of errors deviates from the axis of abscissae, it must exclusively 
keep on the positive side of the latter. It must therefore more or less get the appearance 
of a bow, with the axis of abscissae for the string. In order to train the eye for the 
apprehension of this sort of regularity, we recommend the study of figs. 2 & 3, which 
represent curves of errors of typical forms, exponential and binomial (comp, the next chapter, 
p. 16, seqq.), and a comparison of them with figures which, like Nr. 1, are drawn fro'm 
actual observations without any adjustment. 

The best way to acquire practice in drawing curves of errors, which is so important 
that no student ought to neglect it, may be to select a series of observations, for which 
the law of presumptive errors may be considered as known, and which is before us in 
tabular form. 

We commence by drawing curves of actual errors for the whole series of observa¬ 
tions; then for tolerably large groups of the same, and lastly for small groups taken at 
random and each containing only a few observations. On each drawing we draw also, 
besides the curve of actual errors, another one of the presumptive errors, on the same 
soale, so that th*- abscissae are common, and the ordinates indicate relative frequencies in 
proportion to the same unit of length for the total number. The proportions ought to be 
chosen so that the whole part of the axis of abscissae which deviates sensibly from the 
curve, is between 2 and 5 times as long as the largest ordinate of the curve. 

Prepared by the study of the differences between the curves, we pass on at last 
to the construction of curves of presumptive errors immediately from the scattered points 
of the curve which correspond to the observed frequencies. In this construction we must 
not consider ourselves obliged to reproduce the curve of presumptive errors which we may 
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know beforehand; our task is to represent the observations as nearly as possible by means 
of a curve which is as smooth and regular as that curve. 

The following table of 500 results, got by a game of patience, may be treated in 
this way as an exercise. 
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The law of presumptive errors here given is not the direct result of free-hand con¬ 
struction; but the curve so got has been improved by interpolation of the logarithms of 
its statements of the relative frequencies, together with the formation of mean numbers 
for the deviations, a proceeding which very often will give good results, but which is not 
strictly necessary. By this we can also determine the functional law of errors (Comp, the 
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next chapter). The equation of the curve L. 

Logy <= 2 4 0228 -f 0'0030 (x —13)—0*6885 l) 2 -f- 0*01515 (x — 11) J u*u01 6 < b {x — 1 1) * 

§ 15. By the study of many curves of presumptive errors, and especially such as 
represent ideal functional laws of errors, we cannot fail to get the impression that there 
exists a typical form of curves of errors, which is particularly distinguished by symmetry. 
Familiarity with this form is useful for the construction of curves of presumptive errors. 
But we must not expect to get it realised in all cases. For this reason I have considered 
it important to give, alongside of the typical curves, an example taken from real observa¬ 
tions of a skew curve of errors, which in consequence of its marked want of symmetry 
deviates considerably from the typical form. Fig. 4 shows this last mentioned law of 
presumptive errors. 

Deviation from the typical form does not indicate that the observations are not 
good. But it may become so glaring that we are forced by it to this conclusion. If, for 
instance, between the extreme values of repetitions — abscissae — there are intervals which 
are as free from finite ordinates as the space beyond the extremes, so that the curve of 
errors is divided into two or several smaller curves of errors beside one another, there can 
scarcely be any doubt that we have not' a series of repetitions proper, but a combination 
of several; that is to say, different methods of observation have been used and the results 
mixed up together. In such cases we cannot expect that the law of large numbers will 
remain in force, and we had better, therefore, reject such observations, if we cannot retain 
them by tracing out the essential circumstances which distinguish the groups of the series, 
but have been overlooked. 

§ 16. When a curve of presumptive errors is drawn, we can measure the magnitude 
of the ordinate for any given abscissa; so far then we know the law of errors perfectly, by 
means of the curve of errors, but certainly in the tabular form _only, with all its copious¬ 
ness. Whether we can advance further depends on, whether we succeed in interpolating in 
the table so found, and. particularly on, whether we can, either from the table or direct from 
the curve of errors, by measurement obtain a comparatively small number of constants, by 
which to determine the special peculiarities of the curve. 

By interpolating, by means of Newton’s formula, the logarithms of the frequencies, 
or by drawing the curves of errors with the logarithms of the frequencies as ordinates, 
we often succeed, as above mentioned, in giving the curve the form of a parabola of low 
(and always even) degree. 

Still easier is* it to make use of the circumstance that fairly typical curves of errors 
show a single maximum ordinate, and an inflexion on each side of it, near which the 
curve for a short distance is almost rectilinear. By measuring the co-ordinates of the 
maximum point and of the points of inflexion, we shall get data sufficient to enable us to 
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draw a curve of errors which, as a rule, will deviate very little from the original. All this, 
however, holds good only of the curves of presumptive errors. With the actual ones we 
cannot operate in this way, and the transition from the latter to the former seems in the 
meantime to depend on the eye’s sense of beauty. 


V. FUNCTIONAL LAWS OF ERRORS. 

§ 17. Laws of errors may be represented in such a way that the frequency of 
the results of repetitions is stated as a mathematical function of the number, or numbers, 
expressing the lesults. This method only differs from that of curves of errors in the 
circumstance that the curve which represents the errors has been replaced by its mathema¬ 
tical formula; the relationship is so close that it is difficult, when we speak of these two 
methods, to maintain a strict distinction between them. 

In former works on the theory of observations the functional law of errors is the 
principal instrument. Its sonrce is mathematical speculation; we start from the properties 
which are considered essential m ideally good observations. From these the formula for 
the typical functional law of errors is deduced; and then it remains to determine how 
to make computations with observations in order to obtain the most favourable or most 
probable results. 

Such investigations have been carried through with a high degree of refinement; 
but it must be regretted that in this way the real state of things is constantly disregarded. 
The study of the curves of actual errors and the functional forms of laws of actual errors 
have consequently been too much neglected. 

The representation of functional laws of errors, whether laws of actual errors or laws 
of presumptive errors founded on these, must necessarily begin with a table of the results 
of repetitions, and be founded on interpolation of this table. We may here be content to 
study the cases in which the arguments (i. e. the results of the repetitions) proceed by 
constant differences, and the interpolated function, which gives the frequency of the 
argument, is considered as the functional law of errors. Here the only difficulty we en¬ 
counter is that we cannot directly employ the usual Newtonian formula of interpolation, 
as this supposes that the function is an integral algebraic one, and gives infinite values 
for infinite arguments, whether positive or negative, whereas here the frequency of these 
infinite arguments must be —* 0. We must therefore employ some artifice* and an obvious 
one is to interpolate, not the frequency itself, but its reciprocal, L. This, however, toms 
out to be inapplicable; for — will often become infinite for finite arguments, and will, at 
any rate, increase much faster than any integral function of low degree. 
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But, as we have already said, the interpolation generally succeeds, when we apply 
it to the logarithm of the frequency, assuming that 

Log y «* a + bx 4* cs s -j- • • • + 

where the function on the right side begins with the lowest powers of the aigument x, 
and ends with an even power whose coefficient g must be negative. Without this latter 
condition the computed frequency, 

y =» 10 “+**+«*+ ..+***% ( 1 ) 

would again become infinitely great for * *=* ±qo. That the observed frequency is often 
-= 0, and its logarithm — co like , does no harm. Of course we must leave out 
these frequencies of the interpolation, or replace them by very small finite frequencies, a 
few of which it may become necessary to select arbitrarily. As a rule it is possible to 
succeed by this means. In order to represent a given law of actual errors in this way, we 
must, according to the rule of interpolation, determine the coefficients a, c, ... </, whose 
number must be at least as large as that of the various results of repetitions with which 
we have to deal This determination, of course, is a troublesome business. 

Here also we may suppose that the law of presumptive errors is simpler than that 
of the actual errors. And though this, of course, does not imply that log y can be ex¬ 
pressed by a small number of terms containing the lowest powers of x, this supposition, 
nevertheless, is so obvious that it must, at any rate, be tried before any other. 

§ 18. Among these, the simplest case, namely that in which Log y is a function 
of x of the second degree 

Log y -= a -j- bx — ex*, 

gives us the typical form for the functional law of errors, and for the curve of errors, or 
with other constants 

y _ (2) 

whore 

•- 1 +T+ri+ri3+---“ 2 - 71828 - 

The function has therefore no other constants than those which may be interpieted 
as unit for the frequencies h , and as zero m and unit n for the observed values; the 
corresponding typical curve of errors has therefore in all essentials a fixed form. 

The functional form of the typical law of errors has applications in mathematics 
which are almost as important as those of the exponential, logarithmic, and trigonometrical 
functions. In the theory of observations its importance is so great that, though it has 
been over-estimated by some writers, and though many good observations show presumptive 
as well as actual laws of errors that are not typical, yet every student must make himself 
perfectly familiar with its properties. 
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Expanding the index we get 

— 1 / *—*» \* £» i / *\* 

e sl~/ «= e 7\«/-e*<6 *U/, 


(3) 


so that the general function resolves itself into a product of three factors, the first of which 
is constant, the second an ordinary exponential function, while the third remains a typical 
functional law of errors. Long usage reduces this form to <r*\ but this form cannot be 
recommended. In the majority of its purely mathematical applications e-*** is preferable, 
unless (as in the whole theory of observations) the factor ~ in the index is to be preferred 
on account of the resulting simplification of most of the derived formulae. 

The differential coefficients of e~ l(^) with regard to x are 

n- 4 (x*-~n*)e-?d)* 

— n~ e (x ii —3n s :r) e~T(ir) 
n - 8 (#* — 3m 2 • 2x* -f 1 • 3n 4 ) e~l{*) 

— n ~ 10 (a? 6 — 5n s • -{- 3 • 5 n 4 x) 

n- 18 (.c® — 5n 2 • 3x* -f- 3 • 5 n* • 3a; 2 —1 • 3 • 5n e ) 


De-m'.- 

* 

D<e-m* 

D*e- T©* * 


(4) 


The law of the numerical coefficients (products of odd numbers and binomial 
numbers) is obvious. The general expression of can be got from a comparison 

of the coefficients to (—?n)‘ of the two identical series for equation (3), one being the Taylor 
series, the other the product of e - Tfc) and the two exponential series with t»* and m as 
arguments. It tan also be induced from the differential equation 
n i D r+i <p 4 xD r + l <p -f- ( r 4-1) D'f — 0. 

Inversely, we obtain for the products of the typical law of errors by powers of x 


x<p = 


rrV = 

cr'ip =-s 
x u <p = 

? “ 


— n-Dip 
n A D 8 <p -j- ri*tp 

— n a D z <p — 3 n 4 Dtp 
«»2)V + 6» 6 DV4*3nV 

— n XQ D*<p — t0n 8 Z) 3 p — 15 n*D<p 

n x -D*<p 4- 15w l0 D 4 $c + 45« 8 D s p -f 15w 6 f> 


(5) 


the numerical coefficients being the same as above (4). This proposition can be demon¬ 
strated by the identical equation n-V'+y * — D{x r ip)’\-rxf~' x <p. 

By means of these formulae every product of any integral rational function by 

8 
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exponential functions and functional typical laws of errors can be reduced to the form 

+ (0) 


where j 

<p ■**• e 2 \ » /, 

and thus they can easily be differentiated and integrated. Every quadrature of (his form 
can be reduced to 


f l {x)e j( « ) -f f t (x) J e s( » )c?jt, 

where f^x) and f^x) are integral rational functions; thus a very large class of problems 
can be solved numerically by aid the following table of the typical or exponential 
functional law of errors, ^ together with the table of its integral ^ydz. 
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Here ^ are, each of them, the same for positive and negative values 

of z ; the other columns of the table change signs with z. 

The interpolations are easily worked oat by means of Taylor’s theorem: 

Vrfl -»+S-c+i3-r+*S-r+Ag.c i +... a) 

and 

i, 5 !* “ ^2 + 7 • f + c* + lijgJ?- CM—• (8) 

The typical form for the functional law of errors (2) shows that the frequency is 
always positive, and that it arranges itself s>mmetrically about the value x «= w, for which 
the frequency has its maximum value y *=* A. For * == m ^ n the frequency is y =» A • 0*60653. 
The corresponding points in the curve of errors are the points of inflexion. The area 
between the curve of errors and the axis of abscissae, reckoned from the middle to*— 
will be »A-0*85562; and as the whole area from one asymptote to the other is nhVUit 
•m nh • 2*50663, only nh • 0*39769 of it falls outside either of the inflexions, consequently 
not quite that sixth part (more exactly 16 per ct.) which is the foundation of the rule, 
given in § 11, as to the limit between the great and small errors. 

The above table shows how rapidly the function of the typical law of errors de¬ 
creases toward zero. In almost all practical applications of the theory of observations 

i 

e a * —* 0, if only z > 5. Theoretically this superior assymptotical character of the function 
is expressed in the important theorem that, for z oo, not only e~T* itself is **= G 
hut also all its differential coefficients; and that, furthermore, all products of this function 
by every algebraic integral function and by every exponential function, and all the differential 
quotients of these products, are equal to zero. 

*+• i _ 

In consequence of this theorem, the integral \e“T * dz V2iz can be computed 

as the sum of equidistant values of e~T* x multiplied by the interval of the arguments 
without any correction. This simple method of computation is not quite correct, the 
underlying series for conversion of a sum into an integral being only samiconvergent in 
this case; for very large intervals the error can be easily stated, but as far as intervals 
of one unit the numbers taken out of our table are not sufficient to show this error. 

If the curve of errors is to gi\e relative frequency directly* the total area must be 
1 _ nhV2) r; h consequently ought to be put — ^y=* 

Problem 1. Prove that every product of epical laws of errors in the functional 
_ i ( x ~ l * t V 

form *— he 1\ » ) , with the same independent variable as, is itself a typical law of errors. 
How do the constants h , tn, and n change in such a multiplication? 

8 * 
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2. How '.malt an* the tie*iuen< ies ot eu«rs exceeding 2 % 3, m t time*, 
tin i'iimii «ikoi, on the supposition of the typical law of errors? 

,» To find the values of the definite integrals 

4 , _ g.-iCtf** 

\n>wei: 4,3 ,^i — 0 and a*, « 1 ■ 3 • 5... (2* — 1) . 

v 1‘i. Nearly related to the typical or exponential law of errors in functional form 
.nf tin* binomial lun< twins, which are known from the coefficients of the terms of the /I th 
puttei of a binomial, regarded as a iunction ot the number x of the term. 


H 0 1 2 3 4 5 6 7 



I4 1 I 

2 i 1 2 1 

3 j 1 3 3 1 

4 j 1 4 6 4 1 

5 I 1 5 10 10 5 1 

6 I 1 6 15 20 15 6 1 

7 I 1 7 21 35 35 21 7 1 

8 j 1 82856 70 56 28 8 

9 j 1 9 36 84 126 126 U 36 

10 '« 1 10 45 120 210 252 210 120 

11 | 1 11 55 165 330 462 46L 330 

12 J 1 12 66 220 495 792 924 792 

13 1 13 78 28G 715 1287 1716 1716 

14 1 14 91 364 10t)l 2f m 3003 3432 


For integral values cf the argument the binomial function can be computed directly 
by the formula 

A , . 1.2*3...* rt , x \ 

n (» — 1)... (n ~ x 4* 1) ( ^ 

t * 2... x ’ 


When the binomial numbers for » are known, those for a + 1 are easily found 
by the formula 

£.+1 (*) — &• (x) 4- (-C — !)• (10) 

by substitution .according to (9) we easily demonstrate the proposition that, for 
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any integral values of w, r, and t 

mPnAr) - jMr).#^), (U, 

which means that, when the trinomial (a + b 4 - c) ft is developed, it is indifferent whether 
we consider it to be ((a-M)-M)* or (a + (6 4- c))\ 

For fractional values of the argument x, the binomial function /?„(£) can be taken 
in an infinity of different ways, for instance by 

sinjw; 

7TX 


M*) - 


This formula results from a direct application of Lagrange's method of interpolation, and 
leads by ( 10 ) to the more general formula 

1*2...» sins# 

TtX 


*(*) 


( 12 ) 


(1— a) (2 — a)..,(n — <&) 

This species of binomial function may be considered the simplest possible, and has 
some importance in pure mathematics; but as an expression of frequencies of observed 
values, or as a law of errors, it is inadmissible because, for x > n or x negative, it gives 
negative values alternating with positive values periodically. 

This, however, may be remedied. As (x) has no other values than 0 and 1 , 
when x is integral, we can put for instance 


a . . /sinjran 2 

-hr ) 5 


by ( 10 ) then 


0.1 

AW “ (i i + (i=4j» + (x-2)*)l?~ 


(13) 


Here the values of the binomial function are constantly positive or 0. But this 
form is,cumbersome; and although for x = 00 the function and its principal coefficients 
are * 0 , this property is lost here, when we multiply by integral algebraic or by exponen¬ 
tial functions. 

These unfavourable circumstances detract greatly from the merits of the binomial 
functions as expressions for continuous laws of errors. 

When, on the contrary, the observations correspond only to integral values of the 
argument, the original binomial functions are most valuable means for treating them. That 
— 0, if x>n or negative, is then of great importance. But this case must be referred 
to special investigations. 

§ 20. To represent non-typical laws of errors in functional form we have now 
the choice between ai least'three different plans: 
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1) the formula (1) or 

y « ea+^rH... 

2 ) the products of integral algebraic functions by a typical function or ((>) 

9 - Kr- jfy+Ttfi'r-T d> 9 + -' 

3) a sum of several typical functions 
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This account of the more prominent among the functional forms, which we have at our 
disposal for the representation of laws of errors, may prove that we certainly possess good 
instruments, by means of which we can even in more than one form find general series 
adapted for the representation of laws of errors. We do not want forms for the series, 
required in theoretical speculations upon laws of errors; nor is the exact representation of 
the actual frequencies more than reasonably difficult. If anything, we have too many forms 
and too few means of estimating their value correctly. 

As to the important transition from laws of actual errors to those of presumptive 
errors, the functional form of the law leaves us quite uncertain. The convergency of the 
series is too irregular, and cannot in the least be foreseen. 

We ask in vain for a fixed rule, by which we can select the most important and 
trustworthy forms with limited numbers of constants, to be used in predictions. And even 
if we should have decided to use only the typical form by the laws of presumptive errors, 
we still lack a method by which we can compute its constants. The answer, that the 
“adjustment” of the law of errors must be made by the “method of least squares”, may 
not be given till we have attained a satisfactory proof of that method; and the attempts 
that have been made to deduce it by speculations on the functional laws of errors must, 
I think, all be regarded as failures. 


VI. LAWS OP ERRORS 

EXPRESSED BY SYMMETRICAL FUNCTIONS. 

§ 21. All constants in a functional law of errors, every general property of a 
curve of errors or, generally, of a law of numerical errors, must be symmetrical functions 
of the several results of the repetitious, i. e. functions which are not altered by inter¬ 
changing two or more of the results. For, as all the values found by the repetitions 
correspond to the same essential circumstances, no interchanging whatever can have any 
influence on the law of errors. Conversely, any symmetrical function of the values of the 
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observations will represent/ some property or other of the law of errors. And we must be 
able to express the whole law of errors itself by every auch collection of symmetrical 
functions, by which every property of the law of errors can be expressed as unambiguously 
as by the very values found by the repetitions. 

We have such a collection in the coefficients of that equation of the w lh degree, 
whose roots are the n observed values. For if we know these coefficients, and solve the 
equation, we get an unambiguous determination of all the values resulting from the repe¬ 
titions, i, e. the law of errors. But other collections also fulfil the same requirements; the 
essential thing is that the n symmetrical functions are rational and integral, and that one 
of them has each of the degrees 1,2 ... and that none of them can be deduced from 
the others. 

The collection of this sort that is easiest to compute, is the sums of the powers. 
With the observed values 


0% i Oij , 0<j , ... On 

we have 

3o mm *? + (>;+.. -f *2 — « 

s i °\ 4" °j "I - • • 4" 
s j am o\ -f- 0 \ -J- . . -f~ 0» 


S r 4- 0^ -f* • • 


(15) 


and the fractions ~ may also be employed a9 an expression for the law of errors; it is 
only important to reduce the observations to a suitable zeio which must be an average 
value of o 1 ...o n ; for if the differences between the observations are small, as compared 
with their differences from the average, then 


.. VI-Vi 


may become practically identical, and therefore unable to express more than one property 
of the law of errors. 

From a well known theorem of the theory of symmetrical functions, the equations 

1 j- U x tO | ■{• ■ • • BS * (1 —0 4 <w)...( 1 — O tt to) 

M e £h>g(l-~o r m) 

mm *-(«!«*+ 1 *,»* 4 - + 

which are identical with regard to every value of oi, we learn that the sum of the powers 
$ r can be computed without ambiguity, if we know the coefficients n r of the equation, 

whose roots are the » observations; and vice versa, by differentiating the last equation 
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with regard to <u, and equating the coefficients we get 

0 =* «i + ^ 

0 — 2« 2 ■+■ a \ s i + *j 


(1C) 


0 *=« wrt B -J- i 4* • •. 4 a i *'*»—i 4 •**» 

from which the coefficients «* are unambiguously ami very easily computed, when the s* 
are directly calculated. 

§ 22. But from the sums of powers we can easily compute also another service¬ 
able collection of symmetrical functions, which for brevity we shall call the half-invariant*. 
Starting from the sums of powers # r , these can be defined as /j*, by the 

equation 

Ml «• _l_ M* ml _1_ Mi A A A 

(17) 


u ^ ^ ii 


» + ir T + 15' T +1a T + *•* 


which we suppose identical with regard to r. 
As s r mm 2'o r , this can be written 

Mi , Mt., Mi 


« 0 «lT r+ ¥ T ’ + ¥ I,+- " - «‘ ,lT +« 0 ’ T + ... e 


(18) 


By developing the first term of (17) as Sle r r r and equating the coefficients of each 

power of r, we get each ~ expressed as a function of fi x .. ./i r '- 
s 0 


*, ~ s * (/*» + (A) 

(/ij 4 f/<?) 

*< — * 0 (m* 4 4 f 4X) 


(19) 


Taking the logarithms of (17) we get 
< j,‘r+-^r s ~ log (I + 

P ~~ 

and hence 


£ , f* **_ , £» r 1 

*« n i *« i? 


4-..) 


( 20 ) 


/i, 

/*, — (*,«« — *!):< 

(*,*« — 3s, + 

fi % -» (s 4 s’ — 4#,*, 4 12 *,») «„ — 0#J): *£ 


( 21 ) 


The general law of the relation between the /* and « is more easily understood 
through the equations 






189 


#i -* fi \*o 

*2 “ + /io3 0 

h — /ii *s 4 2/ijS, 4 p # s 0 (22) 

3 4 ■*= ^ * a 4 %ti *a 4* ^a ,<f t "h/<4 ,<f o 


where the numerical coefficients are those of the binomial theorem. These equations can 
be demonstrated by differentiation of (17) with regard to r, the resulting equation 


l-TM-iM f «V+~ 


(“> +fr* T+ p”** + •••)(»« + J t4 "P I ‘ + - ") (28) 


being satisfied for all values of r by (22). 

These half-invariants possess several remarkable properties. From (18) we get 


A iT j f/fitax... 

« 0 e !5 H + : 


(*i ~Mi)r (flu,- 

f 4...+« 


/*»)*■ 


(24) 


consequently any transformation o' «*» o 4 <\ any change of the zero of all observations 
o, ...o ni affects only /z t in the same manner, but leaves ^ 2 , j« a , ... unaltered; any 
change of the unit, of all observations can be compensated by the reciprocal change of the 
unit of r, and becomes therefore indifferent to // s r s , //jt 3 , ... 

Not only the ratios 

81 Sn 

8 () R q R q 


but also the half-invariants have the property which is so important in a law of errors, 
ol remaining r.'^hanged when the whole series of repetitions is repeated unchanged. 

We have seen that the typical character of a law of errors reveals itself in the 
elegant functional form 

i 

<p(jr) w r S V n ) . 

Now we shall see that it is fully as easy to recognize the typical laws of errors by means 
of their half-invariants. Hero the criterion is that /i r «0 if r>3, while m and 
am w«. This remarkable proposition has originally led me to prefer the half-invariants 
to every other system of symmetrical functions; it is easily demonstrated by moans of (5), 
if no take m for the zero of the observations. 

Wo begin by forming the sums of powers s r of that law of errors where the fre- 
quoncy of an observed as is proportional to <p(x) e~*v?r) ; os this law is continuous 

wo get 

s r — 
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For every differential coefficient D m <p{x) we have 



D m ~ i <p( co) —- D m ~ 1 ip (— co) 


consequently we learn from (5) that #*.+1 — 0, but 

— 1 • w 2 .<? 0 
«» 1.3 

= 1 *3 *5*??% 


0, 


(compare problem 3, § 18). Now the half-invariants can be found by (22) or by (17). If 
we use (22) we remark that (2r —l)s».-. 2 ; then writing for (22) 


h * — H i*o — 0 

~ /Mo — /Ml — 0 

*8 — ■=/M« 4 /^a^o 1 0 

— 3/Ma *■* /Ms 4" 3*1 4* /M<> 0 

# 6 — 4p,s a «- /M 4 4* 6/M* 4- 4/^4.^+ ^ 6 s n — 0 

*0 — 5/M* — /M5 4 10*1,*, 4 %4*2 4” 4* /M« = 0 

we see that the solution is p* *■» w 2 and ^ “/-'a **/*4 °* ••****» 0. 

By (17) we get 


nV 
e * . 

Equating the coefficients of r r we get here also ^ =. 0 =?» *», /i 8 »*, /u r «= 0 

if r >3. 

If we wish to demonstrate this important proposition without change of the zero, 
and without the use of the equations (3) whose general demonstration is somewhat diffi¬ 
cult, we can commence by the lemma that, for each integral and positive value of r, and 
also for r — 0, we have for the typical law of errors 

Sr+i — m&r 4-rw s Sr„i. 

* JYx—wX* 

The function j>(x) u » / is equal to zero both for x — oo and for r — — x\ 

if we now between these limits integrate its differential equation 

( rn * a?r "“ 1 — (*—w)^) t(~S“), 

we get 


0 «• — tfr+i 4 - ms * 4 r » 2 V-1 
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where 



If we now from (22) subtract, term by term, the equations 
m 0 

s a =* ms x -f- » a s 0 
s 8 •=» tns, 4 2n 9 s x 
s 4 «— »w s 4 3 h*s 8 


it is obvious that p x —m~* 0, /* 8 » «*, **=...«* 0. 

By computation of ^ and p t we find consequently, in the simplest way, the 
constants of a typical law of errors. 

If the law of errors deviates only a little from the typical form, yu a i /t*» etc., will 
also, all of them, be relatively small numbers; and each of them may be either positive 
or negative. 

On the whole, a law of errors can be determined without ambiguity by the values 
p x% p^ r being the number of repetitions. From any such p's we can compute 

the sums of the powers s unambiguously, and from these again the coefficients of the 
equation whose roots are the observed values. 

But for real laws of errors it is a necessary condition that no imaginary root 
can be admitted. If an infinite number of repetitions is considered, the equation ceases 
to be algebraic, and then the convergency of the series necessary for its solution is & 
further condition. 

§ 2(5. The mean value p x — ^ mm °' is always greater than the 

least, ‘less than the greatest of the observed values o t1 6 S ,... o»; under typical circum¬ 
stances we shall find almost the same number of greater and less values of the observations. 
The majority of them lie rather near to p x ; only few very distant from it. The mean 
value is the simplest representative of what is common in a series of values found by 
repetition; its application as such is most likely exceedingly old, and marks in the history 
of science tho first trace of a theory of observations. 

The mean deviation , whose square is measures the magnitude of the devia¬ 

tions, the uncertainty of the repeated actual observations. The square of the mean deviation 
is the mean of the squares of the deviations of the several observations from their mean 
value. By addition of 


4 * 






(0, — /O’ — o\ — Vo x fX x +i±\ 


we get 

and as p x ***• — 
*0 


jtt,)’ — Oj — VOufr + ft) 

A'(o—-#,)* y, - *! 

i: "^r~ 


(25) 


The computation of fi t by this formula will often be easier than by the equation 
(21), because s t in the latter must frequently be computed with more figures. There is 
however a middle course, which is often to be preferred to either of these methods of com¬ 
putation. As a change in tke zero of the observations involves the same increase of every 
o and of it will, according to (24), have no influence at all on /i s . We select therefore 
as zero a convenient, round number, c, very near and by reference "to this zero the 
observed values are transformed to 


0, — c, 


o, — e, 


r 

On 


0^ — Cm 


we have //, — c + - 


When s\ and s' indicate the sums of the transformed observations, and p\ *»*/*, —c, then 
X{o~c) 

Hi)' 


• and 
M* 


(26) 


We have still to mention a theorem concerning the mean deviation, which, though 
not useful for computation, is useful for the comprehension and further development of the 
idea; The square of the mean deviation is equal to the sum of squares of the difference 
between each observed value and each of the others, divided by twice the square of ihe 
number. The said squares are: 

K - 0|)*t (0* - 0i) a i .... (On — Oi)*, 

(0;- «|)*» (0* — 0*)*.-(0«'-05i)*i 


{o t -o H )\ (o*~o„)*; .... ( 0 ,- 0 .)*; 

developing each of these by I he formula (o m — o ,) 3 «= o* —: 2o m o m -f o' H , and first adding each 
column separately, we find the sums 
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V>! 

v>; 4 * -s 


sX — 2.s,o w - Aj 

and Lhu sum of Uiqso 

V’a —* 2*,*, + 8 a U n *=» 2 ($ 0 6‘, — i‘,)i 

consequently, 

22(0r-<>>)' - 2«; /v (27) 

The mean deviation is greater than the least, less than the greatest of the deviations of 
the valuos of repetitions from the mean number, and less than V\ of the greatest deviation 
betweon two observed values. 

As to the higher half-invariants it may here be enough to state that they indicate 
various sorts of deviations from the typical form. Skew curves of error? are indicated by 
the / 4 jr +1 being different from zero, peaked or flattened (divided) forms respectively by 
positive or negative values of fMn and inversely by ^ r+2 . 

For these higher half-invariants we shall propose no special names. But we have 
already introduced double names “relative frequency” and “probability” in order to accen¬ 
tuate tho distinction between the laws of actual errors and those of presumptive errors, 
and the same wo ought to do for the half-invariants. In what follows we shall indicate 
the half-invariants in laws of presumptive errors by the signs X r instead of fi r which will 
be rcservod for law’s of actual errors, particularly when we shall treat of the transition 
from laws ot actual errors to those of presumptive ones. For special reasons, to he 
explained later on, the qame mean value can be used without confusion both for /*, and 
ij.dcv actual % veil jus for presumptive means; but instead of “mean deviation” we say 
•‘mean error”, when wo spoak of laws of presumptive errors. Thus, if 

X* Lim« ««(/i 3 ) 

is called I lie square el I he mean error. 

In speculations upon ideal laws of errors, when the laws are supposed to be con¬ 
tinuous or to relate to infinite numbers of observations, this distinction is of course 
in significant. 

Examples: 

1. Professor Jul. Thomson found for tho constant of a calorimeter, in experiments 
with pure water, in seven repetitions, the values 

2(549, *>047, 2(545, 2058, 2058, 2040, 2049. 

If we lake here 2(550 as zero, wo road the observations as 

- I, —3, —5, +8, + 3* — 4, -1 
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so that 
consequently 


s' « 7, .s' -8, and =- 70; 


= 2050 - 5 - = 2040 . 


The mean deviation is consequently -t 3. 

2. In an alternative experiment the rosult is oiiher “yes”, which counts 1, or 
“no”, which counts 0. Out of m + » repetitions the m have given “yes”, the n “no”. 
Whal then is the expression for the law of errors in half-invariants? 

. m tun mn(n—m) mn(m* ~~$inn 4- n 4 ) 

nswer. ^2 ^ 4 #)! * “ ( j » 4 . «) 8 1 (w -j- «) 4 


3. Determine the law of errors, in half-invariants, of a voting in which a voters 
have voted for a motion ( 41 ), c against (— 1), while b have not voted (0), and examine 
what values for «, b, and c give the nearest approximation to the typical form. 

a — c oh 4- 4ca4 *be _ (c — a) (a&4 Scathe — &*) 

o + 4 + o' i “ s “ (a+4+c)*"’ > l ‘~ (a4-4 + c)» 

_ ((a + c)(a+4+c) -4(a-o)«)(«+44 c) (2a - 4+2.) + 6(g-c)‘ 

(a + 4 + c)* 

Disregarding the case when the vote is unanimous, the double condition /*„ 

«=-0 is only satisfied when one sixth of the votes is for, another sixth against, while two 
thirds do not give their votes. It fi s is to be«=0, without a being — b (<*+«;) 

—8 uc must be«*0. But then i which does not disappear unless 

two of the numbers «, &, and c, and consequently are 0. 

4. Six repetitions give the quite symmetrical and almost typical law Of errors, 

// x *=* 0, /i a — £, /u s — 0, but /*„«« — }. What are the observed values? 

Answer: — 1, 0, 0, 0, 0, +1. 


VU. RELATIONS BETWEEN FUNCTIONAL LAWS OF ERRORS 
AND HALF-INVARIANTS. 

h 24. The multiplicity of forms of the laws ot eirors makes it impossible to write 
a Theory of Observations in a short manner. For though these foims are of vory different 
value, none of them can be considered as absolutely superior to tho others. The functional 
form which has been universally employed hitherto, and by the most prominent writers, has 
in my opinion proved insufficient. I shall here endeavour to replace it by the half-invariants. 
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But ovon if 1 should succeed In this endeavour, I am sure that not only the functional 
laws of errors, but even the curves of errors and the tables of frequency are too imjK>rtant 
and natural to be put completely aside without dolriment. 

Moreover, in proposing a now plan for this theory, I have felt it my duty to explain 
as precisely and completely as possible its relation io the old and commonly known methods. 
I therefore consider it a matter of great importance that oven the half-invariants, in their 
very definition, proaent a natural transition to the frequencies and to the functional law 
of errors. 

If in the equation (18) 


some of the o/s are exactly repeated, it is of course understood that the term «°« T must 
be counted not once but as often as o, is repeated. Consequently, this definition of the 
half-in variants may, without any change of sense, be .writ! on 


Up (».) • e“i T + 1' T l» • r " • 2V> (»<) <-"‘ T (2«) 

where the frequencies <p (o,) are given in the form of the functional law of errors. For 
continuous laws of errors the definition must be writton 

j» +0 ° /»+'* 

- 14 T + i* ‘ + 7T T + 1 • C / j- f .nr -j- teuw 


»*•+***►••■ 


J r* j, r* 4- . e +0 ° 

I? ^<p{o)do ^ ^<p{a)d* x do. 


Thus, if wo know the functional law of errors and if we can perform the integrations, the 
half invariants mav be found. If, inversely, we know the Xu then it may be possible also 
to determine the junctional law of errors <p (o). 

Example 1. Lot <p(o) ho a sum of typical functional laws of errors, 

<p (/>) "» ' , 

i •» 

then \ <r (e) do — l/2*r 2nJu and 




.•<' ,f + * i“fry 
27,,<-“' r h » T \ r“ "i( - ,, )rf«, 


and consequently 

» T< ?»’ T * + f« T ’ + • 2W"' T + ’/ T ' 
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By aid of the formulae (19) that express — as functions of the X (or fit) it is not 

s 0 

difficult to compute the principal half-invariants, The inverse problem, to compute the 
»**, a,, and h by means of given half-invariants is very difficult, as it results in equa¬ 
tions of a high degree, even if only a spin of two typical functional laws of errors is 
in question. 

Example 2. What are the half-invariants of a pure binomial law of errors? The 
observation r being repeated /9»{r) times, we write 

2*fl^^ r - | T T ’ + t T, + •• - MO) + &(l)* T + • • • + &(»)'*’■ - (1+«Y. 

consequently 

(/'I ~ \) * +^j§rr 2 r 3 -f... «* n log cos ^-2, 

Here the right hand side of the equation can be developed by the aid of Bernoullian 
numbers into a series containing only the even powers of r, consequently 

Pt ** — y and P*+ x *” °* ( r >°) 

further 

n n % 17 81 

P* ** 4 * P* g ’ P* X’ /^8 *= Yg w ’ ^io =" ~£ n > • • • 


Example 3. What are the half-invariants of a complete binomial law of errors 
(the complete terms of (p + q)*)? Here 

e£ r + f T ' + £ r,+ - (JL+Sf!)’. 

From this we obtain by differentiation with regard to r 


by further differentiation 


nqe T 
P + *e T ' 


p»+i 4 " + •• • 


g* ng* T 

_ _Lhiil 

dr* 


Pi 

P* 

Pi 


n P 

p-}-? 


»P1 

(P H)* 
»pq(p— Q) 
ip 


putting r — 0 we get 
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06 


npq 

ip+if 

J^L 

ip+ii 


if WpTv 


((: 


f p- ( iV 

‘jp+fly 


(i>+3)V 
8p?(/’-jA 
(p+'#7 


Example 4. A law of presumptive errors is given hy its half-invariants forming 
a geometrical progression, A r «= ba r . Determine the several observations and their frequencies. 
Here the left hand side of the equation (18) is 


s yf +s x +t T + - 




but this is «« v^l -h be ttT 4- e 3aT +^ and has also the form of the right 

side of (38). Thus the observed values aro~0, a , 2a, 3a, ... and the relative frequency of 
b r 

ra is <y $c(r). This law of errors is nearly related to the binomial law, which can be 
considered as a product of two factors of this kind, 


If d n ~ r 
|r ’ fn—r 


1_ 

!» 


P»(v)b r d»-', 


It is perhaps superior to the binomial law as a representative of some skew laws 
of errors. 

Example 5. A law of errors has the peculiarity that all half-invariants of odd 
order are -*■ 0, while all even half-invariants are equal to each other, X& — 2a. Show 
that all the observations must be integral numbers, and that for the relative frequencies 

HO)-^(i+(f) , +(|)‘ + ...) 

+ Trjr+1 + W+2 + •■•)• 

Kxamplo (>. Determine the half-invariants of the law of presumptive errors for the 
irrational values in the table of a function, in whose computation fractions under $ have 
beon rejected and those over $ replaced by X: 


B "° 0, Aa rao rVi A| 


• lioi A e *■* 


§ 2b. As a most general functional form of a continuous law of errors we have 
proposed (G) 

»(x) - *„p(x)-|z) f .(x)+| J D«y,W-^VW + -. 

1 /JS—m'k 1 

whore y(x )2 run . 


5 
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Now it is a very remarkable thing that we can express the halt-invariants without 
any ambiguity as functions of the coefficients and vice versa. 

By (29) we get 


> + i T ' + -, 




where s 0 *=nk 0 ]/2jr. By means of the lemma 

\e' x D' 9 (o)io - e” r {(i>->(o)-r^>(o) + ..4 (--r)<-V(o)> + (-tf 

which is easily demonstrated for any <p (o) by differentiating with regard to o only, we 
have in this particular case, where <p(o\ and every I><p(o) is = 0, if 

^nri-tf-rfdo = (-r y[e eT -?{ t ?fdo - (-:Y)iV2ne aT+ ^. 

tL* t — ao 


Consequently, the relation between the half-invariants on one side and the coefficients k 
of the general functional law of errors on the other, is 


T : . 

,r + T*** 


Ket T i» 




(30) 


If we write here X\ = k x —7n and i' 2 = - a 2 , the computation of one set of 
constants by the other can, according to (17), be made by the formulae (19) and (21). We 
substitute only in these the k t for the $*, and X or X for fj. 

It will be seen that the constants m and «, and the special typical law of errors 
to which they belong, are generally superfluous. This superfluity in our transformation 
may be useful in special cases for reasons of convergency, but in general it must be con¬ 
sidered a source of vagueness, and the constants must be fixed arbitrarily. 

It is easiest and most natural to put 

m ~ and # s ^ 2 . 

In this case we get k x =0, k t »*0, & a “Mai k 6 k 0 X^ and further 

^ - ^(A tt +io>i:) 

&7 “ ^0 (^T+^«^s) 


The law of the coefficients is explained by writing the right side of equation (30) 
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*(*) 


Expressed by halt-invariants in this manner the explicit form of equation (6) is 


__jS Q ^ 1 

V&3T/ 1 


1 + 61 ‘» + 

+ 2^3 + 3 « + 


(31) 


VIII. LAWS OF ERRORS OF FUNCTIONS OF OBSERVATIONS. 

§26. There is nothing inconsistent with our definitions in speaking of laws of errors 
relating to any group of quantities which, though not obtained by repeated observations, 
have the like property, namely, that repeated estimations of a single thing give rise, owing 
to errors of one kind or other, to multiple and slightly differing results which are prima 
fade equally valid. The various forms of laws of actual errors are indeed only summary 
expressions for such multiplicity; and the transition to the law of piesumptive errors 
requires, besides this, only that the multiplicity is caused by fixed but unknown circum¬ 
stances, and that the values must be mutually independent in that sense that none of the 
circumstances have connected some repetitions to others in a manner which cannot be 
common to all. Compare § 24, Example C. 

It is, consequently, not difficult to define the law of errors for a function of one 
single observation. Provided only that the function is univocal, we can from each of the 
observed values o v o ti ... o n determine the corresponding value of the function, and 

A°l)t ftO«)t ••• f(On) 

will then be the series of repetitions in the law of errors of the function, and can be 
treated quite like observations. 

With respect, however, to those forms of laws of errors which make use of the 
idea of frequency (probability) w T e must make one little reservation. Even though o< and 
o k are different, we can have f{o } ) — fM, and in this case the frequencies must evidently 
be addod iogether. Here, however, we need only just mention this, and remark that the 
laws of errors when expressed by half-invariants or other symmetrical functions are not 
influenced by it. 

Otherwise the frequency is the same for f(o t ) as for o,, and therefore also the 
probability. The ordinates of the curves of errors are not changed by observations with 
discontinuous values; but the abscissa o t is replaced by f{o,) t and likewise the argument 
in the functional law of errors. In continuous functions, on the other hand, it is the 
areas between corresponding ordinates which must remain unchanged. 


5 * 



200 


In the form of symmetrical functions the law of errors of functions of observations 
may be computed, and not only when we know all the several observed values, and can there¬ 
fore compute, for each of them, the corresponding value of the function, and at last the 
symmetrical functions of the latter. In many and important cafees it is sufficient if we 
know the symmetrical functions of the observations, as we can compute the symmetrical 
functions of the functions directly from these. For instance, if f(o) o 2 ; for then the 
sums of the powers s'* of the squares are also sums of the powers s m of the observations, 
if only constantly *' 0 =*s 0 , s\ *«s 8 , s' g = s«, etc. 

§ 27. The principal thing is here a proposition as to laws of errors of the linear 
functions by half-invariants. 

It is almost self-evident that if o 1 ao-\-b 

— «Pi+ b | 

p't - 

p's = ( (32) 

etc. 

fx'r = a r fXr {r > 1 ) 

For the linear functions can always be considered as produced by the change of 
both zero and unity of the observations (Compare (24)). 

However special the linear function ao-\-b may be. we always in practice manage 
to get on with the formula (32). That we can succeed in this is owing to a happy 
circumstance, the very same as, in numerical solutions of the problems of exact mathematics, 
brings it about that we are but rarely, in the neighbourhood of equal roots, compelled to 
employ the formulae for the solution of other equations than those of the first degree. 
Here we are favoured by the fact that we may suppose the errors in good observations 
to be small, so small — to speak more exactly — that we may generally in repetitions 
for each series of observations o lt o*, ... o* assign a number c, so near them all that 
the squares and products and higher powers of the differences 
Oj — C, Oj — c, ... o* c 

without any perceptible error may be left out of consideration in computing the function: 

. L e., these differences are treated like differentials. The differential calculus gives a definite 
method, in such circumstances, for transforming any function f(o) into a linear one 
f{o) » f(c) + r(f(o~c). 

The law of errors then becomes 

— f{c) + f‘(c){ Ml (o) — c) — fiptio)) 

Mr m - (T (<0)>(o) 
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But also by quite elementary means and easy artifices we may often transform 
functions into othors of linear form. If for instance f(o) = i-, then we write 

l 1 c —(o—c) , 

0 C (o — c) C® — ( 0 — c) 2 c c* 1 

and the law of errors is then 

'“•(4) ” F Ps(0) 



§ 28. With respect to functions of two or more observed quantities we may also, 
m case of repetitions, speak of laws of errors, only we must define more closely what we 
are to understand by repetitions. For then another consideration comes in, which was out 
of the question in tho simpler case. It is still necessary for the idea of the law of errors 
of /“(<>, o') that we should have, for each of the observed quantities o and o', a series of 
statements which severally may be looked upon as repetitions: 

On o 8 , . o m 

o\, o'*, . .. o H . 

But hero this is not sufficient. Now it makes a difference if, among the special 
circumstances by o and o', there are or are not such as are common to observations of the 
different series. We want a technical expression for this. Here it is not appropriate only 
to speak of observations which are, respectively, dependent on one another or independent; 
we are led to mistake the partial dependence of observations for the functional dependence 
of exact quantities. 1 shall propose to designate these particular interdependences of 
repetitions of different observations by the word “bond”, which presumably cannot cause 
any misunderstanding. 

Among the repetitions of a single observation, no other bonds must be found than 
such as oqually bind all the repetitions together, and consequently belong to the pecularities 
of the method. But while, for instance, several pieces cast in the same mould may be 
fair repetitions of one another, and likewise one dimension measured once on each piece, 
two or more dimensions measured on the same piece must generally be supposed to be 
bound together. And thus there may easily exist bonds which, by community in a cir¬ 
cumstance, as hero tho particularities in the several castings, bind some or all the repe¬ 
titions of a series each to its repetition of another observation; and if observations thus 
connected are to enter into the same calculation, we must generally take these bonds into 
account. This, as a rule, can only be done by proposing a theory or hypothesis as to the 
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mathematical dependence between the observed objects and their common circumstance, 
and whether the number which expresses this is known from observation or quite unknown, 
the right treatment falls under those methods of adjustment which will be mentioned 
later on. 

It is then in a few special cases only that we can determine laws of errors for 
functions of two or more observed quantities, in ways analogous to what holds good of a 
single observation and its functions. 

If the observations o, o', o" ..., which are to enter into the calculation of 
f(o , o', o", ...), are repeated in such a way that, in general, o*, o!, o[\ ... of the 
repetition are connected by a common circumstance, the same for each i, but otherwise 
without any other bonds, we can for each i compute a value of the function y< «*. 
f{oi , o t% o'!, ...), and laws of errors can be determined for this, in just the same way as 
for o separately. To do so we need no knowledge at all of the special nature of the bonds. 

§ 29. If, on the contrary, there is no bond at all between the repetitions of the 
observations o, o', o", ... — and this is the principal case to which we must try to reduce 
the others — then we must, in order to represent all the equally valid values of y 
f(o t o', o", ...), herein combine every observed value for o with every one for o', for o", 
etc., and all such values of y must be treated analogously to the simple repetitions of one 
single observed quantity. But while it may here easily become too great a task to com¬ 
pute y for each of the numerous combinations, we shall in this case be able to compute 
y’s law of errors by means of the laws of errors for o, o', o" ... 

Concerning this a number ot propositions might be laid down; but one of them 
is of special importance and will oe almost sufficient for us in what follows, viz., that 
which teaches us to determine the law of errors for the sum 0 of the observed quantities 
o and o'. 

If the law of errors is given in the form of relative frequencies or probabilities, 
?{o) for o and for o', then it is obvious that the product <p (o)^(o') must be the fre¬ 
quency of the special sum o-j-o'. 

In the calculus of probabilities we shall consider this form more closely, and there 
some cases of bound observations will find their solution; here we shall confine ourselves 
to the treatment of the said case with half-invariants. 

If o occurs with the observed values 

o„ .. .. o m 

and o' with 

then by the mn repetitions of the operation 0 — o-j-o' we get; 
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°I + o'.i 

°t + °3 1 * * 

* * • °\ + 

o.+o',, 

°t + °\ i • • 

... 0,+oJ, 

Om + °\ i 

On ~f- 0\ , . . 

... o„+ 0 ;. 


Indicating by M r the half-invariants of the sum 0***o-\-o\ we get by (18) 
i! ii r » 2’e< 0 +^ f — (e°i r -f ... e** T ) (e*'* 7 + ...e*'. 7 ) 


where m and n are the numbers of repetitions of o and o'. Consequently, if \i T represent 
the half-invariants of o, and fl r of o', we get 






and finally 


M x — + /*', 

Mr fir + (l' r 


(34) 


Employing the equation (17) instead of (18) we can also obtain fairly simple 
expressions for the sums of powers of (o + o') analogous to the binomial formula. But the 
extreme simplicity of (34) renders the half-invariants unrivalled as the most suitable sym¬ 
metrical functions and the most powerful instrument of the theory of observations. 

More generally, for every linear function of observations not connected by any bond, 

0 — a-f&o-j-cc/-]-... do"\ 


we obtain in the same manner and by (32) 

M t (o) * fl4- b/jt x 4“ C /A 4 * *• • 4 “ dp" 

mm - *v,+*v,+-‘*+<*k 


M r (o) «*■ b r fi r + (fu r + ... + <**>? 
r> 1 . 


(35] 


When the errors of observation are sufficiently small, we shall also here general^ 
be able to give the most different functions a linear form. In consequence of this, th< 
propositions (34) and (35) acquire an almost universal importance, and afford nearly th< 
whole necessary foundation for the theory of the laws of errors of functions. 

Example 1. Determine the square of the mean error for differences of the w' u 
order of equidistant tabular values, between which there is no bond, the square of th< 
mean error for every value being =» A s . 









BOA 


^ a (J l ) csa ^ 2 (O i 0 y) *» 2^ ? 

^2 (^ 3 ) “ ^2 (^8 ”}" 30 i — Oq ) !;:33, 20^2 

^a(^) ~ (^< ■*"4o 36 og —*4oj -j-Og) s** 70^j 


i /«_ i.I.W.M 4 ±Z?; 

" i 2 3 4’ n '■’ 


Example 2. By the observation of a meridional transit we observe two quantities, 
viz. the time, 2, when a star is covered behind, a thread, and the distance, f, from the 
meridian at that instant. But as it may be assumed that the time and the distance are 
not connected by a bond, and as the speed of the star is constant and proportional to the 
known value sin p (p =* polar distance), we always state the observation by the one quan¬ 
tity, the time when the very meridian is passed, which we compute by the formula o « 
t+fcmop. 

The mean error is 

iiW-iiW + oosec*^^). 

Example 3. A scale is constructed by making marks on it at regular intervals, 
in such a way that the square of the mean error on each interval is => l r 

To measure the distance between two objects, we determine the distance of each 
object from the nearest mark, the square of the mean error of this observation being « 
How great is the mean error in a measurement, by which there aie » intervals between 
the marks we use? 

(length) « nX t 4- 2/'. 

Example 4. Two points are supposed to be determined by bond-free and equally 
good (Jl 2 =* 1) measurements of their rectangular co-ordinates. The enors being small in 
proportion to the distance, how great is the mean error in the distance J? 

i.(4) - »■ 

Example 5. Under the same suppositions, what is the mean error in the inclina¬ 
tion to the 2 -axis? 


Example 6. Having three points in a plane deteimincd in the same manner by 
their rectangular co-ordinates (x v y x ), (x v y«), (x 8 ,y^), find the mean error of the angle 
at the point (x v y l ) 

3 (Ft @ X + ti+A 


A v Jj being the sides of the triangle; A x opposite to {x v y x ). 
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Examples 7 and 8. Find the mean errors in determinations of the areas of a 
triangle and a plane quadrangle. 

A, (triangle) - J (+ JJ + d \); (quadrangle) — J (d' + J'\. 

§30. Non-linear functions of more than one argument piesent very great diltieulties. 
Even for integral rational functions no general expression for the law ot errors can be found. 
Neveitheless, even in this case it is possible to indicate a method for computing the half¬ 
invariants of the function by means of those of the arguments. To do so it seems indis¬ 
pensable to transform the laws of errors into the form of systems of sums of powers. If 
0 « f(o, o\...o m ) be integral and rational, both it and its po.wers O r can be written as 
sums of terms of the standard form 2ko a - oK.. o<"^, and for every such term the sum 
resulting from the combination of all repetitions is hs a • 4... (including the cases 
where a or h or d may be 0), 4° being the sum of all c th powers of the repetitions of 
dW. Thus if S r indicates the sum of the r th powers of the function 0, we get 

S r « 2ks a • 4 • • • ffp. 

Of course, this operation is only practicable in the very simplest cases. 

Example 1. Determine the mean value and mean deviation of the product no' « 0 
of two observations without bonds. Here S Q s/ 0 and generally S r s r s' r , consequently 
the mean value *= /*,//, and 

“* /<,/<■ +/<./'!'+/.K- 

Jl/, already takes the cumbersome form 
“■/<>/> I (Vi f 

Example 2. Express exactly by the half-invariants of the co-ordinates the mean 
value and the mean deviation of the square of the distance r 2 if x and y are 

olwmed without bonds. Here 

*<>('■*) - 

M ,,! ) - *.(j-)*oW+ s oW* 8 W 

*«C S ) - •M''K(y) KCKW 

and 

/*i (r*) « (r) -|- (/i,(.**))* ! /*a (y) + (/i| ('/))* 

M' 4 ) 1- 4/i,(.r) -h (^»* + 4/i f (a;) (z*.^))* f 

h N (//) + M/i. (//) + 2(/i, 0/)) 2 ^ (y) (/i t «)*. 

§ 31. The most important application of proposition (35) is certainly the deter¬ 
mination of the law of errors of the mean value itself. The mean value 

lh — *~(°i +°s 
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is, we know, a linear function of the observed values, and wo may treat the law of errors 
for according to the said proposition, not only where wo look upon o n o* as per¬ 
fectly unconnected, but also where we assume that they result from repetitions made 
according to the same method, For, just like such repetitions, o p ... must not have 
any other circumstances in common as connecting bonds than such as bind them all and 
characterise the method. 

As the law of presumptive errors of o t is just the same as for o % ... 0 *, with the 
known half-invariants l t1 il„ ... k r ..., we get according to (35) 






and in general 


h(f*\) — jfW*+*** + ^ 2 ) ~ ~^2 




(37) 


While, consequently, the presumptive mean of a mean value for m repetitions is 
the presumptive mean itself, the mean error on the mean value p x is reduced to ~ of 
the mean error on the single observation. When the number m is large, the formation 
of mean values consequently reduces the uncertainty considerably; the reduction, however, 
is proportionally greater with small than with large numbers. While already 4 repetitions 
bring down the uncertainty to half of the original, 100 repetitions are necessary in order 
to add one significant figure, and a million to add 3 figures to those due to the single 
observation. 

The higher half-invariants of p x are reduced still more. If the k v A t , etc., of 
the single observation are so large that the law of errors cannot be called typical, no very 
great numbers of m will be necessary to realise the conditions k^p x ) ■» 0 — i 4 (/i,) with 
an approximation that is sufficient in practice. It ought to be observed that this reduction 
is not only absolute, but it holds good also in relation to the corresponding power of the 
mean error for (37) gives 

i i-Jl L 

MW?). 

which, for instance when m — 4, shows that the deviation of from the typical form 
which appears by means of only 4 repetitions, is halved; that of jl 4 is divided by 4, that 
of is divided by 8, etc. This shows clearly the reason why we attach great importance 
to (he typkai form for the law of errors and make arrangements to abide by it in practice. 
For it appears now that we possess in the formation of mean values a means of making 
the laws of errors typical, even where they were not so originally. Therefore the standard 
rule for all practical observations is this: Take care not to neglect any opportunities of 
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repeating absolutions and parlb oi observations, so that you can directly form the mean 
values which should be substituted for the observed results; and this is to be done espe¬ 
cially in the case of observations of a novel character, or with peculiarities which lead us 
to doubt whether the law of errors will bo typical 

This remarkable property is peculiar, however, not to the mean only, but also, 
though with less certainty, to any linear function of several observations, provided only 
the coefficient of any single term is not ho great relatively to the corresponding deviation 
from the typical form that it throws all the other terms into the shade. From (35) it is 

seen that, it the laws of errors of all the observations o, o', ... oW are typical, the law 

of errors lor any of their linear functions will be typical too. And if the laws of errors 
are not typical, then that of the linear function will deviate relatively less than any of the 
observations o, o', ... o m . 

To avoid unnecessary complication we represent two terms of the linear function 
simply by o and o'. The deviation from the typical zero, which appears in the half¬ 
invariants (/* > 2), measured by the corresponding power of the mean error, will be less 

for 0«o*fo' than for the most discrepant of the terms o and o'. 

The inequation 



says only that, if the laws of errors for o and o' deviate unequally from the typical form, 
il is the law of errors for o that deviates most. But this involves 



or more briefly 

r > r\ 

where T is positive, r > 2. 

When we introduce a positive quantity U % so that 


r - v l > r\ 


it is evident that (U-\ l) 2 '$ (R f 1)*, and it is easily demonstrated that (T-f l) r > 

Remembering that x + > 2, it x > 0, we get by the binomial formula 

(t/r 4 u~l] > i7+ir l + 2---2>(ir , + *r , ) ! - 

Consequently 

(T+1)'>(1/+1)’5 (* + !)’ 
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and 

» . (M -ty fam* 

k “ M r ’ 

but this is the proposition we have asserted, for the extension to any number of terms 
causes no difficulty. 

But if it thus becomes a general law that the law of errors of linear functions 
must more or less approach the typical form, the same must hold good also of all mode¬ 
rately complex observations, such as those whose errors arise from a considerable number 
of sources. The expression “source of errors” is employed to indicate circumstances which 
undeniably influence the result, but which we have been obliged to pass over as unessential. 
If we imagined these circumstances transferred to the class of essential circumstances, and 
substantiated by subordinate observations, that which is now counted an observation would 
occur as a function, into which the subordinate observations enter as independent variables; 
and as we may assume, in the case of good observations, that the influence of each single 
source of errors is small, this function may be regarded as linear. The approximation to 
typical form which its law of errors would thus show, if we knew the laws of errors of 
the sources of error, cannot be lost, simply because we, by passing them over as unessen¬ 
tial, must consider the sources of‘error in the compound observation as unknown. More¬ 
over, we may take it for granted that, in systematically arranged observations, every such 
source of error as might dominate the rest will be the object of special investigation and, 
if necessary, will be included among the essential circumstances or removed by corrective 
calculations. The result then is that great deviations from the typical form of the law of 
errors are rare in practice. 

§ 32. It is of interest, of course, also to acquire knowledge of the laws of errors 
for the determinations of (t % and the higher half-invariants as functions of a given number 
of repeated observations. 

Here the method indicated in § 30 must be applied. But though the symmetry 
of these functions and the identity of the laws of presumptive errors for o n o 2 , ... o m 
afford very essential simplifications, still that method is too difficult. Not even for /i a have 
I discovered the general law of errors. In my u Almndelig Iagttagekeslcere”, Kobenhavn 
1880, I have published tables up to the eighth degree of products of the sums of powers 
expressed by sums of terms of the form o\ o ,J , o"*; those are hero directly appli¬ 
cable. In W. Fiedler: “Elemente der neueren Geometrie md der Algebra Her biniiren 
Foment', Leipzig 1862, tables up to the 10 th degree will be found. Their use is moro 
difficult, because they require the preliminary transformation of the tt p to the coefficients 
a, of the rational equations § 21. There arc such tables also in the Algebra by Moyer 
Hirseh, and (Jayley has given others in the Philosophical Transactions 1857 (Vol. 147, 



509 


p. 4H0) I hiivft lonipultil tho tom pnnupal haU-invmiank ot fi t 
i«^l(/< 2 ) (w —l)^ 

' a (> n -l)^i + 8 m{w — 1)ij 

w'M/O ** (w- l)^ b 4 13»(m-1)-; 4 x. +4i>i(i»—1) (>« — 2)^J f 

+ but 2 (im— t)x] (38) 

w T J 4 (/0 — 0« l)% 4 24w (m - 1)%^ + 32 m (m - 1)t (m — y)/ 6 / d -f 

4 8m (m - 1) (4m 2 - 9m + 6)j; + 144m> (m - » 

+ 9(>m (m — 1) (m — 2)J]P * 4 48m 3 (w — 1) 

Here m is the numbei of lepehhons. 

Of /ij, and /i l only the mean vatueh and tho mean enors* havp been found 
w J *»W - («* — l)(t» — 2)ij f | 

- (»» — 1)* (*« — 9) s 4, + 9m (m —1) (m— 2)- (A 4 ij + 4|) + | < 39 > 

4 6tit 2 {wi *r— 1) (/it — 2)4j i 
.mil 

«» s 4i (/<,) — (in -1) (m- - 6»* + 6)21 — 6«t (i»— 1)4] 

»>ij (/i.) - (in — 1) 1 (ni' — fii» T 6)^4, + 

r 8m (m -1) (in 1 — Gw 4 6) (2»t' — 15m +15)4„4 2 -l 
i 1S»« (»» _ l) («t — 2) (,«—4) (i» s 6»* + 6)i a -l a 4 
\ 2in (in - 1) (17i«* - 204>» J 4- 852m 5 - 1404m 4- 828)4,’ 4- 
+ J liw (m- 1)(Siit 1 -88»»‘4- 150)w-138)4,4] +- 
4 144in- (in- l)(iii-2)(iii-4)(iii-5)4‘4 t 4- 
4 24 i.i»(w- l)(ut--hw+ 24)4) 

Furl In i 1 know only that 
iii'lAltJ - (in —1)(«/ —2){(in- — 12 i/i+ 12)4 —bOi«4.4,}« ( 41 ) 

w‘4,(/< e ) - (in -l)(ni‘ ~30m J | 150i«* — 240 ih+120)4„ — 

- 3Qii'(m -l)(7w J •Hull ( 5())4,4j ~ 

(iOiii(iii - l)(in 2)(}m 8)4] — 

• min (in l)(m— (t)4|, (42) 

nt‘4,(/!,) » (m -l)(iii~2)(w<-G0mH 420m ; —72(>m +300)4, - 
- <MOm(iit — 1)(m — 2)(i« — 8m + 8)4 4 4, — 

- 210m(in-1)(in-2)(7«»—48 iii+G0)4,4,- 

12(i0m J (m -1) (m - 2) (in - 10)4,4;, (4.4) 




(fa) - (m- 1) («■ - 126w 5 + 1806m 4 - 8400m J + IG800 m 2 - 15120m + 5040)1 - 

- 56m(m—1)(31 m* —540m 4 f 2340m 2 -3600m+1800)^* - 

- 1680m (m— 1) (w-2)(3m»-40m* + 120m-06)l fi l a - 

- 70m(w—l)(49m 4 - 720m» +3168m* -5400m+8240)1* - 

- 840m 2 (tn— 1) (7«»* -150m 2 + 576m -540)1,1; - 

- 10080m* (»-1) (m— S) (m 2 - 18m + 40)1*1, - 

- 840m 3 (m —1) (m* — 30m+00) 1J. (44) 


Some l^s of products of the p v fa , and fa present in general the same charac¬ 
teristics as the above formulae. The most prominent of these characteristics are: 

1) It is easily explained that l t is only to be found in the equation ^(ju t )*« V 
indeed no other half-invariant than the mean value can depend on the zero of the obser¬ 
vations. In my computations this characteristic property has afforded a system of multiple 
checks of the correctness of the above results. 

2) All mean 1 L (fa) are functions of the 0 th degree with regard to w, all squares 
of mean errors X t (fa) are of the (— l) 8t degree, and generally each A, (fa) is a function 
of the (1—a) ft degree, in perfect accordance with the law of large numbers. 

3) The factor w—1 appears universally as a neoessary factor of li(/u f ), if only 
»*>1. If r is an odd number, even the factor wi—2 appears, and, likewise, if r is an' 
even number, this factor is constantly found in every term that is multiplied by one or 
more I’s with odd indices. No obliquity of the law of errors can occur unless at least three 
repetitions are under consideration. 

4) Many particulars indicate these functions as compounds of factorials 
(m--1)(m— 2)...(w—r) and powers of m. 

If, supposing the presumed law of errors to.be typical, we put^ *... «0, 
then some further inductions can be made. In this case the law of errors of fa may be 


+£$«*+ 
el l* 



(45) 


As to the squares of mean errors of fa we get under th* same supposition; 

Wx) ™ 
h(fa) - £i! 

^(/ J a) “ 
h(Hi) — » 


( 46 ) 


W - k- 


indicating that generally 
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This proposition is of very great interest. If we have a number w of repetitions 
at our disposal for the computation of a law of actual errors, thpn it will be seen that 
the relative mean errors of ft v fi t , /i 3 .../ 4 r are by no means uniform, but increase with 
the index r. If in is large enough to give us /x l precisely and fu fairly well, then n 4 and 
j« 4 can be only approximately indicated; and the higher half-invariants are only to bo 
guessed, if the repetitions are not counted by thousands or millions. 

As all numerical coefficients in ^(p,) increase with r, almost in the same degree 
as the coefficients 1, 2, 0, and 24 of j;, we must presume that the law of increasing 
uncertainty of the half-invariants has a general character. 

We have hitherto boon justified in speaking of the principal half-invariants as the 
complete collection of the p r '\s or Vs with the lowest indices, considering a complete series 
of the first m half-invariants to be necessary to an unambiguous determination of a law of 
errors for m repetitions, 

We now accept that principle as a system of relative rank of the half-invariants 
with increasing uncertainty and consequently with a decreasing importance of the half- 
invariants with higher indices. 

We need scarcely say that (hero aro some special exceptions to this rule. For 
instance if jl 4 ~ —Aj, as in alternative experiments with equal chances for and against 
(pitch and toss), then ^ (/*,) is reduced to JIJ, which is only of the (-2) nd order. 

§ 33. Now we can undertake to solve the main problem of the theory of obser¬ 
vations, the transition from laws of actual errors to those of presumptive errors. Indeed 
this problem is not a mathematical one, bpt it is eminently practical. To reason from the 
actual state of a finite number of observations to the law governing infinitely numerous 
presumed repeuwons is an evident trespass; and it is a mere attempt at prophecy to 
predict, by moans of a law of presumptive errors, the results of future observations. 

The struggle for life, however, compels us to consult the oracles. But the modern 
oracles must be sdontific; particularly when they are asked about numbers and quantities, 
mathematical science does not renounce its right of criticism. We claim that confusion 
of ideas and every ambiguous upe of words must be carefully avoided; and the necessary 
act of will musi bo restrained to the acceptation of fixed principles, which must agree 
with the law of large numbers. 

It is hardly possible to propose more satisfactory principles than the following: 

The man value of all available repetitions can k taken directly, without any 
change, as an approximation to the presumptive mean . 

If only one observation without repetition is known, it must itself, consequently, 
be considered an approximation to the presumptive mean value. 

The solitary value of any symmetrical and univocal function ot repeated observations 
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©ust in ibe same way, as an isolated observation, be considered the presumptive mean of 
this function, for instance p T — ^ (/*«•)• 

Thus, from the equations 37—41, we get by m repetitions: 


h "• Pi 
m 

“ 5=1* 

, m ! 

3 " («i—1} (»»i—2)^ J 

** = (»-l)(«*-6»»+'6) (* _ *'i=I /t ’) 

” (»r-lj'(w-2j(m i -12t« + 12)(* + 5 = 1 **)’ 


(«) 


as to >l ai ig it is preferable to use the equations 42—44 themselves, putting only 

^i(Pb) — pet ^i(pi) — ftn and ^(p 8 ) = /i 8 . 

Inversely, if the presumptive law of errors is known in this way, or by adoption 
of any theory or hypothesis, we predict the future observations, or functions of observations, 
principally by cmputing their presumptive mean values. These predictions however, though 
nnivocal, are never to be considered as exact values, but only as the first and most impor¬ 
tant terms of laws of errors. 

If necessary, we complete our predictions with the mean errors and higher half¬ 
invariants, computed for the predicted functions of observations by the presumed law of 
errors, which itself belongs to the single observations. These supplements may often be 
useful, nay necessary, for the correct interpretation of the prediction. The ancient oracles 
did not release the questioner from thinking and from responsibility, nor do the modern 
ones; yet there is a difference in the manner. If the crossing of a desert is calculated to 
last 20 days, with a mean error of one day, then you would be very unwise, to be sure, 
if you provided for exactly 20 days; by so doing you incur as great a probability of dying 
as of living. Even with provisions for 21 days the journey is evidently dangerous. But 
if yon can tarry with you provisions for 28-25 days, the undertaking may be reasonable. 
Your life must be at stake to make you set out with provisions for only 17 days or less. 

In addition to the uncertainty provided against by the presumptive law of error, 
the prediction may be vitiated by the uncertainty of the data pf the presumptive law itself. 
When this law has resulted from purely theoretical speculation, it is always impossible to 
calculate its uncertainty. It may be quite exact, or partially or absolutely false, we are 
left to choose between its admission and its rejection, as long as no trial of the prediction 
by repeated observations lias given us a corresponding law of actual errors, by which it 
can be improved on. 



m 


If the law of presumptive errors has been computed by means of a law of actual 
errors, we can, according to (87), employ the values i s , X at ... and the number m of 
actual observations for the determination of X r (pi)> In this case the complete half-invari¬ 
ants of a predicted single observation are given analogously to the law of errors of the sum 
of two bondless observations by 

h + t-Ani) 


lr + 

Though we can in the same way compute the uncertainties of X tx and X it it 
is far more difficult, or rather impossible, to make use of these results for the improvement 
of general predictions. 

Of the higher half-invariants we can very seldom, if ever, get so much as a rough 
estimate by the method of laws of actual errors. The same reasons* that cause this 
difficulty, render it a matter of less importance to obtain any precise determination. 
Therefore the general rule of the formation of good laws of presumptive errors must be: 

1. In determining X x and ; g1 rely almost entirely upon the actual observed values. 

2. As to the half-invariants with high indices, say from upwards, rely as 
exclusively upon theoretical considerations. 

3. Employ the indications obtainable by actual observed values for the intermediate 
half-invariants as far as possible when you have the choice between the theories in (2). 

From what is said above of the properties of the typical law of errors , it is evident 
that, no other weory can fairly rival it in the multiplicity and importance of ‘applications. 
It is not only constantly applied when X v and X t are proved to be very small, but it 
is used almost universally as long as the deviations are not very conspicuous. In these 
cases also great efforts will be made to reduce the observations to the typical form by 
modifying the methods or by substituting means of many observed values instead of the 
non-typical single observations. The preference for the typical observations is intensified 
by the difficulty of establishing an entirely correct method of adjustment (see the following 
chapters) of observations which are not typical. 

In those particular cases where or X t or cannot be regarded as small, the 
theoretical considerations (proposition 2 above) as to X 6 and the higher half-invariants ought 
not io result in putting the latter — 0. As shown in “Videnskabenw Selskabs Oversigter ", 
1899, p, 140, such laws of errors correspond to divergent series or imply the existence of 
imaginary observations. The coefficients k r of the functional law of errors (equation (0)) 

7 
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have this merit in preference to the halt-invariants, that no term implies the existence 
of an> other. 

This series 

(x—ij)* 

where <p(x)=*e (the direct expression (31) is found p, 35), is therefore recommended 
as perhaps the best general expression for non-typical laws of errors. The functional form 
of the law of errors has here, and in every prediction of future results, the advantage of 
showing directly the probabilities of the different possible values. 

The skew and other non-typical laws of errors seem to have some very interesting 
applications to biological observations, especially to the variations of species. The scientific 
treatment of such variations seems altogether to require a methodical use of the notion of 
laws of errors. Mr. K, Pearson has given a series of skillful computations of biological and 
other similar laws of errors (Contributions to the Math. Theory of Evolution, Phil Trans . 
V. 186, p. 343). Here he makes very interesting efforts to develop the refractory binomial 
functions into a basis for the treatment of skew laws of errors. But there are evidently 
no natural links between these functions and the biological problems, and the above formulae 
(31) will prove to be easier and more powerful instruments. In cases of very abnormal 
or discontinuous laws of errors, more refined methods of adjustment are required. 

Example 1. From the 500 experiments given in § 14 are to be calculated the 
presumptive half-invariants up to ^ and by (31) the frequencies of the special events out 
of a number of s 0 *500 new repetitions. You will find X x = 11*86, k g «* 4*1647, -» 

4*708, — 3*895, and X 5 - 26*946. A comparison of the computed frequencies wjth 

the observed ones gives; 

Frequency 


Events 

computed 

obberved 

o~c 

4 

0*0 

0 

- 0*0 

5 

-0*1 

0 

+ 0*1 

6 

— 0*3 

0 

+ 0*3 

7 

1*6 

3 

+ 1*4 

8 

12*3 

7 

- 5*3 

9 

39*6 

85 

- 4*6 

10 

78*2 

101 

+ 22*8 

11 

104*1 

89 

—15*1 

12 

97*7 

94 

-* 3*7 

13 

69*4 

70 

+ 0*6 

14 

42*8 

46 

+ 3*2 
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Frequency 


Events 

computed 

observed 

o ~c 

15 

26*7 

30 

+ 3*3 

1G 

10-0 

15 

- 1*0 

17 

8*0 

4 

- 4*0 

18 

3*0 

5 

+ 2*0 

19 

0*8 

1 

+ 0*2 

20 

0*2 

0 

- 0*2 

21 

0*0 

0 

00 


Example 2. Determine the law of errors by experiments with alternative results* 
either “yes’ 1 observed m times and every time indicated by 1, or “no" observed w times 
and indicated by 0. What is the square of the mean error for the single experiment? 

mn _ # 

** (w+ «)(»»+» — 1) T 

for the probability determined by the whole series? 

} * _ m _, 

** (»»+«)* ’ 

and for the frequency of “yes" in the m + n experiments? 


^( 5 i) 


m 
— 1' 


§ 34. If observations are made and repeated, although their presumptive mean 
value is previously known, exactly or very accurately, the law of presumptive errors of 
the half-invariants /*„ /i a ... must be computed by reducing the zero of the observation 
to the known Putting thus 8 X « 0 apd -» 0 in the equations (Iff) and (21) we 
obtain in analogy to (38)—(41)' the following modified equations, the number of repetitions 
being « m 


KM m h 
KM * fit 

KM - 


K 

K 

m 1 *n * 


(48) 


Kfat) “ 


w —10, 

■■■ ..— aj 

m 0 


90 

m 


^8 K* 


From the first of these equations we deduce the very important principle, that 
every mean of the squares of differences between repeated bond-free observations and their 
presumptive mean value is approximately equal to the square of the mean error 

m ** 


m 


i* 
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Consequently, for any isolated observed value we must expect that 


(50) 


§ 35, In the following chapters, and in almost all practical applications, we shall 
work only with the typical law of errors as our constant supposition. This gives simplicity 
and clearness, and thus a -j- b may be recommended as a short statement of the law 4 
errors, ^ indicating a result of an observation found directly or indirectly by compu¬ 
tation with observations, and h =® expressing the mean error of the same result. 

By the “weights” of observations we understand numbers inversely proportional to 
the squares of the mean errors, consequently v *= The idea presents itself when we 
speak of the means of various numbers of observed values which have been obtained by 
the same method, as the latter numbers here, according to (37), represent the weights 
When v f is the weight of the partial mean value «i r , the total mean value m must be 
computed according to the formula 


t» 1 u 1 +m l v i + .•« + *Mr 


which is analogous to the formula for the abscissa of the centre of gravity, if is the 
abscissa of any single body, v r its weight. We speak also of the weights of single obser¬ 
vations, according to the above definition, and particularly in cases when we can only 
estimate the relative goodness of several observations in comparison to the trustworthiness 
of the means of various numbers of equally good observations. 

The phrase probable error , which we still find frequently employed by authors and 
observers, is for several reasons objectionable. It can be used only with typical or at any 
rate symmetrical laws of errors, and indicates then the magnitude of errors for which the 
probabilities of smaller and larger errors are both equal to \. The simultaneous use of 
the ideas “mean error* and ‘‘probable error* causes confusion, and it is evidently the latter 
that must be abandoned, as it is less commonly applicable, and as it can only be computed 
in the cases of the typical law of errors by the previously computed mean error as 
0*6745 M*, while on the other hand the computation of the mean error is quite 
independent of that of the probable error. As errors which are larger than the probable 
one, still frequently occur, this idea is not so well adapted as the mean error to serve as 
a limit between the frequent “stnall” errors and the rarer “large" ones. The use of the 
probable error tempts us constantly to overvalue the degree of accuracy we have attained. 

More dangerous still is another confusion which now and then occurs, when the 
very expression mean error is used in the sense of the average error of the observed values 
according to their numerical values without regard to the signs. This gives no sense, 
except when we are certain of a law of typical errors, and with such a one this „mean 
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error” is ]/* L >. Tho only reason which may be advanced m defence of the use of this 
idea is that we are spared some little computations, viz. some squarings and the extraction 
of a square root, which, however, we rarely need work out with more than three signi¬ 
ficant figures. 


IX, FREE FUNCTIONS, 

§ 3G. The foregoing propositions concerning the laws of errors of functions — 
especially of linear functions — form the basis of the theory of computation with observed 
values, a theory which in several important things differs from exact mathematics. The 

result, particularly, is not an exact quantity, but always a law of errors which can be 

represented by its mean value and its mean error, just like the single observation. More¬ 
over, the computation must be founded on a correct apprehension of what observations 
we may consider mutually unbound, another thing which is quite foreign to exact mathe¬ 
matics. For it is only upon the supposition that the result R = + — [ro] 

— observe the abbreviated notation — is a linear function of unbound observations only, 
o x that we have demonstrated the rules of computation (35) 

%i(R) 0=3 ^ 1 ^( 0 ^ 4" • • ■ 4" 30 [^(o)] (52) 

*.(*) - r'Mo x ) 4-... + fiiiM - [rHM- (53) 

While the results of computations with observed quantities, taken singly, have laws 
of errors in the same way as the observations, they also resemble the observations in the 
circumstances that there can be bonds between them, and, unfortunately, there can be 
bonds between ‘results 1 ’, even though they are derived from unbound observations. If 
only some observations have been employed in the computation of both E! — [Vo] and 
M” l/'oj, these results will generally be bound to each other. This, however, does not 

prevent us from computing a law of errors, for instance for aR 4- We can, at any 
rate, represent the function of the results directly as a function of the unbound observations, 

*. aff + bST -[(or‘+bi' , )o]. (54) 

This possibility is of some importance for the treatment of those cases in which 
tho single observations are bound. They must be treated then just like results, and we 
must try to represent them as functions of the circumstances which they have in common, 
and which must be given instead of them as original observations. This may be difficult 
to do, but as a principle it k must be possible, and functions of bound observations must 
therefore always have laws of errors as well as others; only, in general, it is not possible 
to compute these laws of errors correctly simply by means of the laws of errors ol the 
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obserot only, just as we cannot, in general, compute the law of errors for aE + 
by means of the laws of errors for E and E\ 

In example 5, § 29, we found the mean error in the determination of a direction B 
between two points, which were given by bond-free and equally good (J, 0*) 1=3 — *) 

measurements of their rectangular co-ordinates, viz.: 2 S (B)=^-^, and then, in example 6 , 
we determined the angle F in a triangle whose points were determined in the same way. 

It seems an obvious conclusion then that, as F ** B f —B\ we must have X 2 (F) 
oo ^ jt-L/U-i'* 

- - -ji + 7 * But b not c0rrect > the solution is X S (V)- - J ,—, 

where J, and f are the sides of the triangle. The cause of this is, of course, that 
the co-ordinates of the angular point enter into both directions and bind E and E 1 together. 
But it is remarkable then that, when F is a right angle, the solutions are identical 
With equally good unbound observations, o 0 , o v o„ and o 8 , we get 

^(Oj— 20 ^ 0 ®) «** 6 ^ s (o) 

^ 2(^8 20jj+0j) «=» 6ij(o), 

but 

^s(Oj—3o 3 3oj —— o®) » 20 A<j(o), 

although o 8 —(o 8 — 2 o t +o x ) — (o f — 2 o,-|- 0 o)i according to which we 
should expect to find 

^t(°a—3o f -f-30|—o 0 ) —2o 3 4-Ot) -j- ^(^2 2o 1 -f-o®) *= 12^j(o). 

But if, on the other hand, we combine the two functions 

E — Oo+foj—4o f and E' «= 20J+30*—o 8 , 

where ;,(!?) —53i t (o) and ^( 2 ?') — 14^*(o), and from this compute X f for any function 
afi' + fcB", then, curiously enough, we get as the correct result X % (aR'-{-bB' 1 ) mm 
(53a*+145*)A a (o) - a%{E) + b%(ir). 

Gauss's general prohibition against regarding results of computations — especially 
those of mean errors — from the same observations as analogous to unbound observations, 
has long hampered the development of the theory of observations. 

To Oppermann and, somewhat later, to Helmert is due the honour of having 
discovered that the prohibition is not absolute, but that wide exceptions enable us to 
simplify our calculations. We most therefore study thoroughly the conditions on which 
actually existing bonds may be harmless. 

Let Op.,. 0 , be mutually unbound observations with known laws of errors, 

J*(o<), of typical form. Let two general, linear functions of them be 

O] -1M + ...+M* 

[qo\ - 5 , 0 , + ... + £«* 



For these then we know the laws oi errors 

iiM “ i[K-o | 

i.u»l - TfiiWJ. i.lrf - lAWl- MH-0|' or,> - 

For a general (unction of these, F^ a\po]+b\qo], the correct computation of the law of 
errors by means of F m- \(ap+bq)o] will further give 

^i(^) **• + • • • + fafr+tyO**• \ .... 

1 () 

W') - («J>i+*2i)%(«iH • • • + («/>,+ij.> , 2 ! (o.) - \ m 
1{F) - 0 for r> 2. 

It appears then, both that the mean values can be computed unconditionally, as 
if [^o] and [<]o] were unbound observations, and that the law of errors remains typical 
Only in the square of the mean error there is a difference, as the term containing the 
factor 2ab in ^ (F) ought not to be found in the formula, if [po] and [go] were not 
bound to one another. 

‘ When consequently 

[pgijj(o)] + • • • "hjMdtM 0 (57) 

the functions [j>o] and [go] can indeed be treated in all respects like unbound observations, 
for the law of errors for every linear function of them is found correctly determined also 
upon this supposition. We call such functions mutually “free functions", and for Buch, 
consequently, the formula for the mean error 

Jiffrt• + M*) - (58) 

holds good. 

If this formula holds good for one set of Unite values of a and K ft holds good 

for all. 

If two functions are mutually free, each of them is said to be “free of the other", 
and inversely. 

Example 1. The sum and difference of two equally good, unbound observations 
are mutually fioc. 

Example 2, When the co-ordinates of a point are observed with equal accuracy 
and without any bonds, any itansformed rectangular co-ordinates for the same will be 
mutually free. 

Example 3, The sum or the mean value of equally good, unbound observations 
is fiee of every diflemieo between two of these, and generally also free of every (linear) 
function ol such differences. 





Example 4* The differences between one observation and two other arbitrary, un¬ 
bound observations cannot be mutually free. # 

Example 5. Linear functions of unbound observations, which are all different, are 
always free. 

Example 6. Functions with a constant proportion cannot be mutually free. 

§ 37. In accordance with what we have now seen of free functions, corresponding 
propositions must hold good also of observations which are influenced by the same circum¬ 
stances: it is not necessary to respect all connecting bonds; it is possible that actually 
bound observations may be regarded as free. The conditions on which this may be the 
case, must be sought, as in (57), by means of the mean errors caused by each circumstance 
and the coefficients by which the circumstance influences the several observations. — Note 
particularly: 

If two observations are supposed to be connected by one single circumstance which 
they have in common, such a bond must not be left out of consideration, but is to be 
respected: Likewise, if there are several bonds, each of which influences both observations 
in the same direction. 

If, on the other hand, some common circumstances influence the observations in the 
same direction, others in opposite directions, and if, moreover, one class must be supposed 
to work as forcibly as the other, the observations may possibly be free, and the danger of 
treating them as unbound is at any rate less than in the other cases. 

§ 38. Assuming “that the functions of which we shall speak in the Moving are 
linear, or at any rate may be regarded as linear when expanded by Taylor’s formula, 
because the errors are so small that we may reject squares and products of the deviations 
of the observations from fixed values; and assuming that the observations o p ... on 
which all the functions depend, are unbound, and that the values of ... L(o«) are 
given, we can now demonstrate a series of important propositions. 

Out of the total system of all functions 

[po] -ftOi + .-.+pifo 

of the given » observations we can arbitrarily select partial systems of functions, each 
partial system containing all those, which can be represented as functions of a number of 
w < n mutually independent functions, representative of the system, 

[ao] =*= + ... -f 


[do] «= 4*... 4* i 

of which no one can be expressed as a function of the others. We can then demonstrate 
the existence of other functions which are free of every function belonging to the partial 
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system represented liy \ao\ — \do\. Jt is sufficient »to prove that such a function 
M — g l o l +,.. f (j n On is free of («<>]... \tlo\ in consequence of the equations 
Ijfttial *»0 *.. Ij/Mg | -*0. For if so, \go\ must be free of every function of the partial 


system, 

because 


[(/a -L.., zd)o\ *=* f [m] - .,. - s [do], 

\y(sa f... ~*d)L\ - x\gn) t \ + z[<fdL] ~ 0. 


Any function of the total system [poj can now in one single way be resolved 
into a sum of two functions of the same observations, one of which is free of the partial 
system lepresenied by while the other belongs to this system. 

If we call the free addendum [p'o], this proposition may be written 

LH - OT + {-'N- L -- L *[rfo]}. (59) 

By means of the conditions of freedom, [p'cU 2 ] = ... « [p'dl^] — 0, all that 
concerns the unknown function [p'o\ can be eliminated. We find 


(CO) 

» a:[{jdf^ 2 ] -f • - • + 2[^ 2 ]i ) 

from which we determine the coefficients x ... z unambiguously. The number m of these 
equations is equal to the number of the unknown quantities, and they must be sufficient 
for the determination of the latter, because, according to a well known proposition from 
the theory of determinants, the determinant of the coefficients 


. I - 2 1.U(*)---J.w 

[od^jj, \d r ,...d,\ 

is positive, being a sum of squares, and cannot be =** 0, unless at least one of the func¬ 
tions jao|...[<to] could, contrary to our supposition, be represented as a function of 
the others. 

From the values of «... z thus found, we find likewise 

[p’o] - LH - - ... - z[do], (61) 


If (H belongs to the partial system represented by [ao ].... [do], the de¬ 
termination of x .... z expresses its coefficients in that system only, and then we get 
identically jj/e] « 0. 

8 
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But if we take [ po ] out of the partial system, then (61) gives ns [p'o] as different 
from zero and free of that partial system, If [po]—[go] belongs to the partial system of 
[ao]...[do], [go] must produce in this manner the very same free function as [po]. 


Let [po]...[ro] be « —m functions, independent of one another and of the m 
functions [ao]...[do]; if we then find [p’o] out of [po] and [/o] out of [ro] as the free 
functional parts in respect to [ao]... [do], the n functions [ao] ... [do] and [p'o].,. [r'o] 
may be the representative functions of the total system of the functions of because 
no relation a[p’o]+ ... + <?[r'o] = 0 is possible; for by (61) it might result in a relation 
a [H + * • • + d[ro] -f * M ■+ • • •+9 [&] " 0 in contradiction to the presumed represen¬ 
tative character of [po]... [ro] and [ao].. .'[do]. 

If we employ [p'o],.. [/o] or other n—m mutually independent functions 

[H—M i 

all free of the partial set [ao]... [do], as representative functions of another partial system 
of then every function of this system must be free of every function of the partial 
system [ao] ... [do] (Compare the introduction to this §). No other function of o t .. .o„ 
can be free of [ao]... [do] than those belonging to the system [go] ... [&>]; otherwise we 
should have more than n independent functions of the n variables o l ... o„. 


Thus selecting arbitrarily a partial system of functions of the observations o { ...o, 
we can — with reference to given squares of mean errors 4 (o^... (o.) — distribute 
the linear homogeneous functions of these observations into three divisions: 

1) the given partial system [ao ]... [do], 

2) the partial system of functions [go]... [ko], which are free of the former, and 

3) all the rest, of which it is proved that every such function is always in only one way 
compounded by addition of one function of the first partial system to one of the second. 


The freedom of functions is a reciprocal property. Jf the second partial system 
[go]...[jfco] were selected arbitrarily instead of the first [ao]...[do], then only this latter 
would be found as the free functions in 2); the composition of every function in 3) ifould 
remain the same. 

Example. Determine the parts of o x + o v o a + o v o t + o 4 , and o t -f o a , which 
are free of o { -j- o a and o 2 -}- o 4 , on the supposition that all 4 observations are equally 
exact and unbound. 


Answer: * (o, + o. - o 3 — o 4 ), etc. 
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g30. Like all olho fund ions ol the obspn alien* <> x . ..o„, *a<h of those observed 
values, for instance o u is the sum ol two quantifies, on* <>* beloncring to the system of 
[ao]...fcfo], the other o\ to the partial system of \go\...\ko\< which is free of this. But 
from Oi n= o[ -j- o t follows, generally, that f/></], and f po“\ evidently belongs 

to the system of fao]... \do\ | pd] to the system which is free of this. Accordingly there must 
between the n functions o\...d n exist »i relations \ad] = ..,[<?</] 0; likewise m 

relations \gd'] «= ...ffco"] = 0, between o[, .. o n . 

§ 40. That the functions of observations (an be split up, in an analogous way, 
into three or more free quantities, is of no consequence for the following, except when me 
imagine this operation to be earned through to the utmost, It is easy enough to see, 
however, that also the partial systems of functions can be split up. We could, for instance, 
among the representatives [no] ... |r/o] of one partial system select a smaller number 
[ao],.. [&<?], and from the others fco]... \do\ according to (37), separate the functions 
[do] ... \d'o] which were free of [ao]... [6o]. fcVJ... ( (Vo] would then represent the sub-» 
system of functions, free of [no].. .[bo], within the partial system [«o] ... \do]\ and in 
this way we may continue till all representative functions are mutually free, every single 
one of all the rest. Such a collection of representative functions we call a complete set 
of free functions. Their number is sufficient to enable us to express all the observations 
and all functions of these observations, as functions of them; and their mutual freedom 
has the effect that they can be treated, by all computations of laws of errors, quite like 
unbound observations, and thus wholly replace the original observations. 

g 41. The mathematical theory of the transformations of observations into free func¬ 
tions is analogous to the theory of the transformation of rectangular co-ordinates (comp, 
g 30, example 2), and is treated in several text-books of the higher algebra and determinants 
under the name of the theory of the orthogonal substitutions. I shall here enter into 
those propositions only, which we are to use in what follows. 

When we have transformed the unbound observations into the complete 

set of free functions [ao]. [i'o]... [r/ v o], it is often important to be able to undertake the 
opposite transformation back to the observations. This is very easily done, for we have 

which is demonstrated by substitution in the equations for the direct transformation 
| ao] a i o l -j- • • • 


because |«Mj| — *» 0. 


9 * 


( 62 ) 




As the original observations, considered as functions of the transformed observations 
fflo]... [<2 v o], must be mutually free, just as well as the latter are free functions of the 
former, we find by computing the squares of the mean errors X t (o t ) and the equation that 
expresses the formal condition that d is free of o k) two of the most remarkable properties 
of the orthogonal substitutions: 


1 .. «? , , ^ 

2 S (0() [aalj] 1 ’ [W,] 

(63) 

Q _ fl,0 ‘ I | 

NJ [<w,]‘ 

(64) 


If all observations and functions are stated with their respective mean error as 
unity, or are divided by their mean error, a reduction which gives also a more elegant 
form to all the preceding equations, the sum of the squares of the thus reduced observations 
is not changed by any (orthogonal) transformation into a complete set of free functions. 

"We have 


M* » . 1ffo]* o ! , , ol 

M T X, [d v o] ~ h {o i) ^ r A* (o,) ’ 


(65) 


which, pursuant to the equations (63) and (64), is easily demonstrated by working out the 
sums of the squares in the numerators on the left side of the equation. As this equation 
is identical, the same proposition holds good also, for instance, of the differences between 
Oi***a* and n arbitrarily selected variables corresponding to them and of the 

corresponding differences between the values of the functions. Also here is 


i | ([^o] - [<?»])« _ [a(o~g)]« mo-v)]* 

[i'o] ~ [««*,] + '" i " 

■ T I , (o»— 

Aa(°t) T ‘" 1 ‘ -1,(0.) • 
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§ 42. For the practical computation of a complete set of free fnnctions it will be 
the easiest way to bring forward the fractions of such a set one Hy one. In this case we 
most select a sufficient number of functions and fix the order in which these are to be 
taken into consideration. For a moment we can imagine this order to be arbitrary. 

He function [as], which is the first in this list, is now, unchanged, taken into the 
transformed set By mnltiplying the selected function by suitable constants of the form 
subtracting the products from the remaining functions [Jo] in the list we can, 
accor&ng to §38, from each of those separate the addendum which is free of the selected 
function. Of these then the one which is founded on function Nr. 2 on the list is taken 
into the transformed set. This function is multiplied in the same way and subtracted from 



the still remaining functions, so that they give up the addenda which are free of both the 
selected functions, and so on. The following schedule shows the course of the operation 
for the case n *** 4. 


to! Coefficients 

[ «o] o, a, a, a, 

[ 4, 4. 4, 4, 

[ «ol «, c. 0. C, 

[ do] <2, < 2 , rfj < 2 , 

r 4'0] b \ 4 ; 4 ; 4; 

[< 20 ] c\ c\ c\ c\ 

[d'o] d[ d\ d\ d\ 

[d'd\ < < 0 : 

[<2" £>1 d![ d" d 1 ; d'[ 

[«To] d"; d"' d': <27 


Sums of the Products 

[ao2j [a42] [ do2] [ «(22] 
[4a2] [442] [ 4 c 2] [ 4(22] 
[co2] [c42] [ oc2] f f(22] 
[dab] [(24 2] [ (2c2] [ ddb] 

[4'4'2] [4V2] [ b’d'b] 
[c’4’2] [c'c’2] [ cV’2] 
[<2'4'2] [(2V 2] [d'd'l] 

[c"e"2] [c"(2"2] 
[(2"c"2] [<2"(2"2] 

[rf'V’2] 


Rule of Computation 
f aoj is selected. 

f &o]~OH aak] - f b'o\ 

f co] — f ao] -f aak] = [ dn\ 

f dak] : [ aak] - f d'o] 

[ Vo] is selected, is free of [H 
t do]~[b'o]>[ c'6';]:[m] - f d'o] 
[d'o\-r-[Vo}.[d'b'k]:[VVk] - [dTo] 

[c"o] is selected, is free of [Vo] and (V. 
[d ,, o]-[d , o]^[dYk]:[c , 'c ,, k] - \d'"o\ 

[d"'o] is free of [c"o], [Vo], and [ao\. 


The computations of the sums of the products (in which for the sake of brevity 
we have written k for k« (o)) could he made all through by means of the single coef¬ 
ficients in the transformed functions, as it must be done in the beginning by means 
of the coeffhionts in the original functions, it is much easier, however, (particularly if 
for some reason or other we might otherwise do without the computation of the coeffi¬ 
cients of the transformed functions), to make use, for this purpose, of the following remark¬ 
able property of these sums of the products. We have, for instance, 


[4V2] 




MW 

M ) 


M-Wg-Nlg+wggfj 

[bck]-[(tck\>[bak]:[Mk]. 


m 


Consequently, the same general rule of computation as, according to the schedule, holds 
good of the functions and their coefficients, holds good also of the sums of the products 
and of the squares. The schedule gets the following appendix: 
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i[aal ]«[//«], HM : M-TO [MiJ-Mi]-[Wl:f(waj-p'<M] 

[cW] -[«M].[c«i]: ffifli] * TO faa]-r«ftc].[afl:[flaa] = TO : M * FA 

M-[aW]*[rfa;]:[aol]=[TO ~TO [®]~[^].[daaj:H]-[^a] 

[cva]^f^a].[^]:[m] - [mj. 

[M]-[Wi3^w]: [m] - [<fwj, Ffl^Lwaj^wjsp'W] - [mi 

• [rf'W]: [cV'Jl] 


As will be seen, there is a check by means of double computation for each of 
the sums of the products properly so called. The sums of the squares are of special 
importance as they are the squares of the mean errors of the transformed functions, 
2|M«TO yftJ-TO and JJWJ-[«"# 

Example, Five equally good, unbound observations o v o s , o 3 , o 4 ,and o 5 represent 
values of a table with equidistant arguments. The function tabulated is known to be an 
integral algebraic one, not exceeding the 3 rd degree. The transformation into free functions 
is to be carried out, in such a way that the higher differences are selected before the lower 
ones, (Because J 4 , certainly, J 3 etc., possibly, represent equations of condition). With symbols 
for the differences, and with 1, we have then: 


Function 



Coefficients 


1 Slum 

of the Pioducta 


Factors 

Os 

Ooj 

; +0o 

2 +l*t 

l+0°4 

- 0o 6 

i 

l -2 

3 

a 

3 

VJo, 

0 

0 

-1 

1 

0 


> 3 

-6 - 

-10 

t 

A 

0 

1 

-2 

1 

0 

> 

j 6 

-10- 

-20 

f 

FA 

0 

-1 

3 

-3 

1 

3 -{ 

3-10 

20 

35 

-* 

A 

1 

-4 

6 

-4 

1 

, 6 -10 -20 

1 

35 

70 

is selected 


3 

35 

i? 

46 

IT 

36 

12 

46 

8 

■“3 5 

17 

1 3 6 \ 

\ -? 

0 


0 

FiSj-f'M'Oj 

* 



? 

\ 

-} 4 

f i 

-1 


* 

A+fA 

? 

-* 



f 

-f < 

* ? 

0 


0 

FA~i A 

-i 

1 

0 

-1 

i 

0 -] 

1 0 

{ 


is selected 


3 

“"36 

12 

36 

IT 

36 

12 

86 

36 

17 

86 

f -f 



1 

FJo,-riFA-nA 

2 

86 

S 

46 

"t 

l 

36 

12 

J* 

1 .1 X J 
‘ 86 



-i 

A+?A 

? 




i j 

-f . ’ 

\ ? 



1 is selected 

' Oj+A+tA 

! * 

i 

* 

i 

* 

i < 

) 



are free 

Fjoj —^ 1F4*0, —$4*o 8 

i-i 

1 

”io 

0 

X 

To 

* 

o t 

l 

0 



are both selected* 
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The complete set of free observations and the squares of their mean errors 
are thus; 

(0) » ^j(0) 838 i 

(1) - VAo,-\A\+UVffio s ~M%) - A(-8o l -o l +o 4 +&»). J f (l) - r \ 

( 2 ) - J 2 o a +fJ 4 o 3 — 4(2©^o 2 —20^—o 4 +2o 6 ) t ^(2) «■ f 

(3) - Vj\-{#o 4 - J*ff> - 5 

(4) *=» J 4 o s ** 0|—4o^-j-COjj — 4 o 4 +o 6 , ^a(4) *" a 70 

Through this and the preceding chapter we have got a basis which will generally 
be sufficient for computations with observations and, in a wider sense, for computations 
with numerical values which are not given in exact form, but only by their laws of errors. 
We can, in the first place, compute the law of errors for a given, linear function of reci¬ 
procally free observations whose laws of presumptive errors we know. By this we can 
solve all problems in which there is not given a greater number of observations, and other 
more or less exact data, than of the reciprocally independent unknown values of the 
problem. When we, in such cases, by the means of the exact mathematics, have expressed 
each of the unknown numbers as a function of the given observations, and when we have 
succeeded in bringing these functions into a linear form, then we can, by (35), compute 
the laws of errors for each of the unknown numbers. 

Such a solution of a problem may be looked upon as a transformation, by which 
n observed or in other ways given values are transformed into n functions, each corre¬ 
sponding to its particular value among the independent, unknown values of the problem. 
It lies often near thus to look upon the solution of a problem as a transformation, when 
the solution of the problem is not the end but only the means of determining other un¬ 
known quantities, perhaps many other, which are all explicit functions of the independent 
unknowns of the problem. Thus, for instance, we compute the 6 elements of the orbit of 
a planet by the rectascensions and declinations corresponding to 3 times, not precisely as 
our end, but in order thereby to be able to compute ephemerides of the future places of 
the planet. But while the validity of this view is absolute in exact mathematics, it 
is only limited when we want to determine the presumptive laws of errors qf sought 
functions by the given laws of errors for the observations. Only the mean values, sought 
as well as given, can be treated just as exact quantities, and with these the general linear 
transformation of n given into n sought numbers, with altogether n* arbitrary constants, 
remains valid, as also the employment of the found mean numbers as independent variables 
in'the mean value of the explicit functions. 

If we want also correctly to determine the mean errors, we may employ no other 
transformation than that into free functions. And if, to some extent, we may choose the 
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independent unknowns of the problem as we please, we may often succeed in carrying 
through the treatment of a problem by transformation into free function^; for an unknown 
number may be chosen quite arbitrarily in all its n coefficients, and each of the following 
unknowns looses, as a function of the observations, only an arbitrary coefficient in com¬ 
parison to the preceding one; even the unknown can still get an arbitrary factor. 
Altogether are \n(n+l) of the «• coefficients of these transformations arbitrary. 

But if the problem does not admit of any solution through a transformation into 

free functions, the mean errors for the several unknowns, no matter how many there 

may be, can be computed only in such a way that each of the sought numbers are directly 

expressed as a linear function of the observations. The same holds good also when thp 

laws of errors of the observations are not typical, and we are to examine how it is with 
^ and the higher half-invariants in the laws of errors of the sought functions. 

Still greater importance, nay a privileged position, as the only legitimate proceeding, 
gets the transformation into a complete set of free functions in the over-determined problems, 
which are rejected as self-contradictory in exact mathematics. When we have a collection 
of observations whose number is. greater than the number of the independent unknowns 
of the problem, then the question will be to determine laws of actual errors from the 
standpoint of the observations. We must mediate between the observations that contradict 
one another, in order to determine their mean numbers, and the discrepancies themselves 
must be employed to determine their mean deviations, etc. But as we have not to do with 
repetitions, the discrepancies conceal themselves behind the changes of the circumstances 
and require transformations for their detection. All the functions of the observations 
which, as the problem is over-determined, have theoretically necessary values, as, for 
instance, the sum of the angles of a plane triangle, must be selected for special use. 
Besides, those of the unknowns of the problem, to the determination of which the theory 
does not contribute, must come forth by the transformation by which the problem is to 
be solved. 

As we shall see in the following chapters on Adjustment, it becomes of essential 
moment here that we transform into a system of free functions. The transformation begins 
with mutually free observations, and must not itself introduce any bond, because the trans¬ 
formed functions in various ways must come forth as observations which determine laws 
of actual errors. 


X. ADJUSTMENT. 

§ 43. Pursuing the plan indicated in § 5 we now proceed to treat the determina¬ 
tion of laws of errors in some of the cases of observations made under varying or different 
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essential circumstances. But here we must be content with very small results. The 
general problem will hardly ever be solved. The necessary equations must be taken from 
the totality of the hypotheses or theories which express all the terms of each law of error 
— say their half-invariants — as functions of the varying or wholly different circumstances 
of the observations. Without great regret, however, the multiplicity of these theoretical 
equations can be reduced considerably, if we suppose all the laws of errors to be exclusively 
of the typical form. 

For each observation we need then only two theoretical equations, one representing 
its presumptive mean value the other the square of its mean error as func¬ 
tions of the essential circumstances. But the theoretical equations will generally contain 
other unknown quantities, the arbitrary constants of the theory, and these must be elimi¬ 
nated or determined together with the laws of errors. The complexity is still great enough 
to require a further reduction. 

We must, preliminarily at all events, suppose the mean errors to be given directly 
by theory, or at least their mutual ratios, the weights. If not, the problems require a 
solution by the indirect proceeding. Hypothetical assumptions concerning the jl s (o,) are 
used in the first approximation and checked and corrected by special operations which, as 
for as possible, we shah try to expose beside the several solutions, using for brevity the 
word “criticism” for these and other operations connected v^ith them. 

But even if we confine our theoretical equations to the presumptive means l^Oi) 
and the arbitrary unknown quantities of the theory, the solutions will only be possible if 
we further suppose the theoretical equations to be linear or reducible to this form. 
Moreover, it will generally be necessary to regard as exactly given many quantities really 
found by obseiution, on the supposition only that the corresponding mean errors will be 
small enough to render such irregularity inoffensive. 

In the solution of such problems we must rely on the found propositions about 
functions of observations with exaotly given coefficients. In the theoretical equations of 
each problem sets of such functions will present themselves, some functions appearing as 
given, others as required. The observations, as independent variables of these functions, 
are, w the given observed values o*, now the presumptive means the latter are, 
for instance, among the unknown quantities required for the exact satisfaction of the 
theoretical equations. 

What is said here provisionally about the problems that will be treated in the 
following, can be illustrated by the simplest case (discussed above) of n repetitions of the 
same observation, resulting in the observed values o„ ... o*. If we here write the theo¬ 
retical equations without introducing any unnecessary unknown quantities, they will show 
the forms 0 — ^(o { ) — ^(o*) or, generally, 0 — But these equations are 

9 
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evidently not sufficient for the dererminatio*' of any ^(o,), which they only give if another 
is found beforehand. The sought common mean cannot be formed by the introduc¬ 
tion of the observed values into any function [a(o<**-o*)], these erroneous values of the 
functions being useful only to check (o») by our criticism. But we must remember what 
we know about free functions: that the whole system of these functions [a(o<—o*)] is only 
a partial system* with 1 differences 0 ,- 0 * as representatives. The only n th functions 
which can be free of this partial system, must evidently be proportional to the sum 
+ '*- + 0m and by this we find the sought determination by 

“ ”'(0i + *-- + 0»)i 

the presumptive mean being equal to the actual mean of the observed values. 

If we thus consider a general senes of unbound observations, o lt ... o«, it is of 
the greatest importance to notice first that two sorts of special cases may occur, in which 
our problem may be solved immediately. It may be that the theoretical equations concern¬ 
ing the observations leave some of the observations, for instance o v quite untouched; it 
may be also that the theory fully determines certain others of the observations, for 
instance o*. 

In the former case, that is when none of all the theories in any way concern the 
observation o v it is evident that the observed value must be approved unconditionally. 
Even though this observation does not represent any mean value found by repetitions, but 
stands quite isolated, it must be accepted as the mean i j (0 x ) in its law of presumptive 
errors, and the corresponding square of the mean error must then be taken, 
unchanged, from the assumed investigations of the method of observation. 

If, in the latter case, o, is an observation which directly ^ncems a quantity that 
can be determined theoretically (for instance the sum of the angi^ of a rectilinear triangle), 
then it is, as such, quite superfluous as long as the theory is maintained, and then it 
must in all further computations be replaced by the theoretically given value; and in 
the same way must be replaced by zero, as the square of the mean error on the 

errorless theoretical value. 

The only possible meaning of such superfluous observations must be to test the 
correctness of the taeory for approbation or rejection (a third result is impossible when 
we are dealing with any real theory or hypothesis), or to be used in the criticism. 

In such a test it must be assumed that the theoretical value corresponding to 0 *, 
which we will call i* g1 is identical with the mean value in the law of presumptive errors 
for 0 ,, consequently, that u,*= ^(o,), and the condition of an affirmative result must be 
obtained from the square of the deviation, (o»—it*)* in comparison with ^(o.). The 
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equation (o„ — w#) 2 =» ^ 3 (o„) need not be exactly satisfied, but the approximation must 
at any rate be so close that we may expect to find i 2 (o w ) coming out as the mean of 
numerous observed values of ( o n — «„)*. Compare § 34. 

§ 44. If then all the observations . o» fall under one or the other of these two 
cases, the matter is simple enough. But generally the observations o, will be connected 
by theoretical equations of condition which, separately, are insufficient for the determination 
of the single ones. Then the question is whether wo can transform the series of observations 
in such a way that a clear separation between the two opposite relations to the theory 
can be made, so that some of the transformed functions of the observations, which must 
be mutually free in order to be treated as unbound observations, become quite independent 
of the theory, while the rest are entirely dependent on it. This can be done, and the 
computation with observations in consequence of these principles, is what wo mean by 
the word “adjustment" 

For as every theory can be fully expressed by a certain number, m-m, of theoretical 
equations which give the exact values of the same number of mutually independent linear 
functions, and as we are able, as we have seen, from every observation or linear function 
of the observations, in one single way, to separate a function which is free and independent 
of these just named theoretically given functions, and which must thus enter into another 
system, represented by m functions, this system must include all those functions of the ob¬ 
servations which are independent of the theory and cannot be determined by it. Each of the 
thus mutually separated systoms can bo imagined to be represented, the theoretical system by 
w—m, the non-theoretical or empirical system by w mutually free functions, which together 
represent all observations and all linear functions of the same, and which may be looked 
upon as a complete, transformed system of free functions, consequently as unbound obser- 
valiona. The two systems can be separated in a singly way only, although the represen¬ 
tation of each partial system, by free functions, can occur in many ways. 

It is the idea of the adjustment , by means of this transformation, to give the 
theory its due and tho observations theirs, in such a way that every function of the theo¬ 
retical system, apd particularly the n—m fr<?e representatives of tho same, are exchanged, 
each with its theoretically given value, which, pursuant to tho theory, is free of error. On 
the other hand, evory function of the empiric system and, particularly, its m free representa¬ 
tives remain unchanged as the observations determine them. Every general function of 
the n observations f do] and, particularly, the observations themselves are during the adjust¬ 
ment split into two univocally determined addenda: the theoretical function \d*o\ which 
should have a fixed value D\ and the non-thqoretical one fcTo]. The former [d'o] is by 
the adjustment changed into D' and made errorless, the latter is not changed at all The 
result of ifie adjustment, D'-f [<ro], is called the adjusted value of the function, and may 
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be indicated as [At], the adjusted valie» ui the observations themselves being written 
u r ..u n . The forms of the functions are not broken, as the distributive principle f(x+y) 
— holds good of ever; homogeneous linear function. 

The determination of the a^usfced values is analogous to the formation of the 
mean values of laws of errors by repetitions. For theoretically determined functions the 
adjusted value is the mean value on the very law of presumptive errors; for the functions 
that are free of the whole theory, we have the extreme opposite limiting case, mean values 
represented by an isolated, single observation. In general the adjusted values [da] are ana¬ 
logous to actual mean values by a more or less numerous series of repetitions. For while 
!,({*>]) - we have 2 f [<b] - 4,(4 7)+l % [fu] ~ 4,[A], consequently 

smite than i t [do]. The ratio is analogous to the number of the repetitions or 
the weight of the mean value. 

§ 45. By “criticim” we mean the trial of the — hypothetical or theoretical — 
suppositions, which have been made in the adjustment, with respect to the mean errors of 
the observations; new determinations of the mean errors, analogous to the determinations 
by the square of the mean deviations, will, eventually also fall under this. The basis of 
the criticism must be taken from a comparison of the observed and the adjusted values, 
for instance the differences [do]—[As]. According to the principle of §34 we must expect 
the square of such a difference, on an average, to agree with the squire of the correspon¬ 


ding mean error, ([do] -[<&]), but as jdo] - [da] - [d'o] - D\ and IJd'o] « 
l.[dol—l.[du], we get 

a. <[*]-WD- i, [*]—J,[*], (68) 


which, by way of parenthesis, shows that the observed and the adjusted values of the same 
function or observation cannot in general be mutually free. We ought then to have 



on the avenge; and for a sum of terms of this form we must expect the mean to approach 
the nnmber of the terms, noto bene, if there are no bonds between the functions [do]-[<fu]; 
but in general such bonds will be present, produoed by the adjustment or by the selec¬ 
tion of the functions. 


It is no help if we select the original and unbound observations themselvee, and 
consequently form sums such as 

f (*-«)’ I 

ur<«) 


tor after the adjustment and its change of the mean errors, «,... u, are not generally 
fractions suoh as o k ...o,. Only one single choice to immediately tab, via., to stick 
to the system of the mutually free functions which, in the adjustment, hart themselves 
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represented the observations: the theoretically given functions and the m which 
the adjustment determines by the observations. Only of these we know that they are free 
both before and after the adjustment. And as the differences of the last-mentioned m 
functions identically vanish, the criticism must be based upon the m terms corresponding 
to the theoretically free functions [cm] - J f ... [6'o]« B of the series 


(K-4 1 i 4 . (M-J?) 1 
h H - hM 1 '" r it [b'o] - x t iM 


~w+-+ 


m-w 

~ww 


. (70) 


the sura of which must be expected to be*n— m. 

Of course we must not expect this equation to be strictly satisfied; according to 
the second equation (46) the square of the mean error on 1, as the expected valup of each 
term of the series, ought to be put down = 2; for the whold series, consequently, we can 
put down the expected value as »- 1/2 (a—«). 

But now we can make use of the proposition (66) concerning the free functions. 
It otters us the advantage that we can base the criticism on the deviations of the several 
observations from their adjusted values, the latter, we know, being such a special set of 
values as may be compared to the observations like v x loc. cit.; u t ...w* are only 
distinguished from ...e* by giving the functions which are free of the theory the same 
values as lhe observations. We have consequently 


:m -ip, , m-w 

'[in),] [mj 


(0-tt) s 


h(o) 


(71) 


If we compare the sum on the right side in this expression with the above men¬ 


tioned 


(«-«)! 
h(°) - ^(«) 


at the smaller value » — m only, while 


, which we dare not approve on account oi the bonds produced by 

I f(o —tt) 8 

adjustment, then there is no decided contradiction between putting down 1 

(o-«0* J 
(o) — >l s (m) 

nators, can get the value n; only we can get no certainty for it. 

The ratios between the corresponding terms in these two sums of squares, conse¬ 


nt*) 

, by the diminution of the denomi- 


quontly 




.1 


JiM 


, we call “scales 11 , viz. scales for measuring the influence 


LAo) " LA°)' 

of the adjustment on the single observation. More generally we call 


1 — the scale for the function [rfo]. (72) 

If the scale for a function or observation has its greatest possible value, viz. 1, 
Ij, [du] = 0. The theory has then entirely decided the result of the adjustment. But if 
the scale sinks to its lowest limit we get just the reverse [du] — i. e. the 
theory has had no influence at all; the whole determination is based on the accidental 
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value of the observation, and for observations in this case we 


(o—«)* 


,1,(0)-AM 0 

Even though the scale has a finite, but very small value it will be inadmissible to de¬ 
pend on the value of such a term becoming = 1. We understand now, therefore, the 


superiority of the sum of the squares 


AW 


(Q -tt) 1 1 

- AM I 


(o-h ) 1 


AW 


n — m to the sum of the squares 


n as a bearer of the summary criticism. 


We may also very well, on principle, sharpen the demand for adjustment on the 


(o-u,) 1 

ACT 


must 


part of the criticism, so that not only the whole sum of the squares 

approach the value »—«, but also partial sums, extracted from the same, or even its 
several terms, must approach certain values. Only, they are not to be added up as 
numbers of units, but must be sums of the scales of the corresponding terms. So much 


we may trust to the sum of the squares 


(o w) 2 


riously applied,* may be considered as fully 
f (o-«) 2 


A t (°) ~ 
ustified. 


that this principle, when judi- 


The sum of the squares 


2.M 


possesses an interesting property which all 


other authors have used as the basis of the adjustment, under the name of “the method of 
the least squares”. The above sum of the squares gets by the adjustment the least possible 

K— 


value that 


A*(o) 


can get for values t>, ...0* which satisfy the conditions of the theory. 


The proposition (66) concerning the free functions shows that the condition of this minimum 
is that [c"o] — ... [d"‘u] [d"'u] for all the free functions which are determined by 

the observations, consequently just by putting for each v the corresponding adjusted 
value u. 


§ 46. The carrying out of adjustments depends of course to a high degree on the 
form in which the theory is given.. The theoretical equations will generally include some 
observations and, beside these, some unknown quantities, elements, in smaller number than 
those of the equation?, which we just want to determine through the adjustment. This 
general form, however, is unpractical, and may also easily be transformed through the 
usual mathematical processes of elimination. We always go back to one or the other of 
two eitreme forms which it is easy to handle: either ^ we assume that all the elements 
are eliminated, so that the theory is given as above assumed by »—m linear equations 
of condition with theoretically given coefficients and values, adjustment by correlates; or, 
we manage to get an equation for each observation, consequently no equations of condition 
between several observations. This is easily attained by making the number of the elements 
88 large (— m) as may be necessary: we may for instance give some values of observations 
the name of elements. This sort of adjustment is called adjustment by elements . We 
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shall discuss these two forms in the following chapters XI and XII, first the adjustment by 
correlates whose rules it is easiest to deduce. In practice we prefer adjustment by correlates 
when m is nearly as large as m, adjustment by elements when in is small. 


XI. ADJUSTMENT BY CORRELATES. 


§ 47. We suppose we have ascertained that the whole theory is expressed in the 
equations [awj «■ X,... j>«]«<?, where the adjusted values u of the n observations 
are tho only unknown quantities? we prefer in doubtful cases to have too many equations 
rather than too few, and occasionally a supernumerary equation to check the computation. 
The first thing the adjustment by correlates then requires is that the functions [ao]... [poj, 
corresponding to these equations, are made free of one another by the schedule in jj 42. 

Let [ao], ... |c"oJ indicate the m mutually free functions which we have got 
by this operation, and let us, beside these, imagine the system of free functions completed 
by m other arbitrarily selected functions, jrroj,... (yoj, representatives of the empiric 
functions; the adjustment is then principally made by introducing the theoretical values 
into this system of free functions. It is finally accomplished by transforming back from 
the free modified functions to the adjusted observations. For this inverse transformation, 
according to (62), the u equations are: 
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As tho adjustment influence only the i\ —w first terms of each of these equations, 
wo lw\<\ because |w/| ** A % and «...** J|[c"«] *= 0, 
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and 


= i,W jo, f • • ■ ■+ «r } 

itW-W - w([sS s ]+-- + pwJ ~ Wo, ~’ 4 


(77) 

(78) 


Thus for the computation of all the differences between the observed and adjusted values 
of the several observations and the squares of their mean errors, and thereby indirectly for 
the whole adjustment, we need but use the values and the mean errors of the several 
observations, the coefficients in the theoretically given functions, and the two values ot 
each of these, namely, the theoretical value, and the value which the observations would 
give them. 

The factors in the expression for o,—it,, 


[ao\-A v [c"oJ- 

i».r. cw ~ 'vm 


which are common to all the observations, are called correlates , and have given the method 
its name. The adjusted, improved values of the observations are computed in the easiest 
way by the formula 

«, = 0, - k,(o,){a,K. -f... f *:%»}. (79) 


By writing the equation (78) 






^2 (^*) 


(80) 


and summing up for all values of i from 1 to w, we demonstrate the proposition concerning 
fhe sum of the scales discussed in the preceding chapter, viz. 



[ggjtl | | [M%1 


w — m. 


(81) 


§ 48* It deserve to be noticed that all these equations are homogeneous with 
respect to the symbol ji 8 . Therefore it makes no change at all in the results of the 
adjustment or the computation of the scales, if our assumed knowledge of the mean errors 
in the several observations has failed by a wrong estimate of the unity of the mean errgt* 
if only the proportionality is preserved; we can adjust correctly if we know only t - 
relative weights of the observations. The homogeneousness is not broken till we reach the 
equations of the criticism: 
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l(aK u + • * • + c%") 2 i 2 (o)] = « *-« i l/§T»—)») 


It follows that criticism in this foim, the “summary criticism”, can only be used to try 
the correctness of the hypothetical unity of the mean errors, or to determine this if it 
has originally beon quite unknown, The special criticism, on the other hand, can, where 
the series of observations is divided into groups, give fuller information through the sums 
of squares 



taken for each group. We may, for instance, test or determine the unities of the mean 
errors for one group by means of observations of angles, for another by measurements of 
distances, etc. 

The criticism has also other means at its disposal. Thus the differences (o — u) 
ought to be small, particularly those whose mean errors have been small, and they ought 
to change their signs in such a way that approximately 


(84) 

h \°t) 

for natural or accidentally selected groups, especially for such series of observations as are 
nearly repetitions, the essential circumstances having varied very little. 

If, ultimately, the observations can be arranged systematically, either according to 
essential circumstances or to such as are considered inessential, we must expect frequent 
and irregular changes of the signs of o - u, If not, we are to suspect the observations of 
systematical errors, the theory proving to be insufficient. 

§ 40. It will not be superfluous to present in the form of a schedule of the 
adjustment by correlates what has been said here, also as to the working out of the free 
functions. Wo suppose then that, among 4 unbound observations o v o s , o 3 , and o 4 , with 
the squares on their mean errors ^(oj, ^(o*), jl t (o 8 ), and A,(o 4 ), there exist relations 
which can be expressod by the three theoretical equations 

[<z«] — ^Wj + a,i * 2 -f a 3 w i + a i u * ■“ A 

M - - C. 

The schedule is then as follows; 

10 
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The free functions are computed by means of: 


B 1 - B-£4 
i’i “ ii—fioi 

?'«3 - M-f»M 

C - C- r 4 
cj = c,- r a, 

[*] “ M-rM 

0" ~ 

m - M-r'M 

[e'W] = [cM]—)9[e4d] 

[e'e^] « [cd]— rlcak] 

[c'W] - [cW]- r T<Mj 


By the adjustment properly so called ire compute 


Oi—u, =» (atK,-\-b‘iKi -\-<i‘K c ii) 



djW Aj{0|) — ^(0i—«i), 
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3 i ve¬ 


in order to got a chock ire ought farther to compute [on] — it, [in] «* B, ana 
M-C, with the Tslues ire hare found for it,, and u r Moreover it is useAil to 
add a superfluous theoretical equation, for instance [(cr+i+ c)u] «= 4-f-jB+C, through the 
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computation of the free functions, which is correct only if such a superfluity leads to 
identical results. 

§ 50. It is a deficiency in the adjustment by correlates that it cannot well be 
employed as an intermediate link in a computation that goes beyond it. The method is 
good as far as the determination of the adjusted values of the several observations and 
the criticism on the same, but no farther. We are often in want of the adjusted values 
with determinations of the mean errors of certain functions of the observations; in order 
to solve such problems the adjustment by correlates must be made in a modified form. 
The simplest course is, I think, immediately after drawing up the theoretical equations of 
condition to annex the whole series of the functions that are to be examined, for instance 
[do],... [eo], and include them in the computation of the free functions. In doing so we 
must take care not to mix up the theoretically and the empirically determined functions, 
so that the order of the operation must unconditionally give the precedence to the 
theoretical functions; the others are not made free till the treatment of these is quite 
finished. The functions [<To], ... [e^J, which are separated from these — it scarcely 
necessary to mention it — remain unchanged by the adjustment both in value and in 
mean error. And at last the adjusted functions [du], ... few], by retrograde transformation, 
are determined as linear functions of i, B, C'\ [<To], ... [#o\ 

Example 1. In a plane triangle each angle has been measured several times, all 
measurements being made aceoiding to the same method, bondfree and with the same 
(unknown) mean error: 

for angle A has been found 70° O' 5" as the mean number of 6 measurements 

. « B . i » 50° O' 3" >•! * .10 

■ ■ 0 » • » 60°0'2" . . » i »15 

The adjusted values for tjie angles are then 70°, 50°, and 60°, the mean error for angle 
measurement « V'SOO 17"3, the scales 0*5, 0*3, and 0*2- 

Example 2. (Comp, example § 42.) Five equidistant tabular values, 12, 19, 29, 
41, 55, have been obtained by taking approximate round values from an exact table, from 
which reason their mean errors are all *= \/Cl. The adjustment is performed under the 
successive hypotheses that the table belongs to a function of the 3*, 2**, and 1“ degree, 
and the hypothesis of the second degree is varied by the special hypothesis that the 2^ 
difference is exactly « 2, in the following schedule markod (or). The same echedule may 

be used for all four modifications of the problem, so that in the sums to the right in the 

schedule, the first term corresponds to the first modification only, and the sum of tfie 
two first terms to the second modification: 
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For the summary criticism: 



A* 

„ 1 
TO 

1 7T^'”" 

+A* 

8(or1) 


f(0~«) 5 ] 

[’+(«) J 

- i+ 42 + 

35 + 35 + 

7680 (or 120) 

35 


The hypothesis of (he third degree , J 4 *»0, where the values of 70 Ui and their 
differences are: 

839 1334 2024 2874' 3849 

495 690 850 975 

195 160 125 

-35 -35, 

agrees too well with the observations, and must he suspected of being underadjusted, for 
the sum of the squares of the summary criticism is only 

where we might expect l±kf. 

The hypothesis of the second degree , 4 k «= 0, V4 B « 0, gives for 70m, and 
differences: » 

832 134? 2024 2860 3856 

516 676 836 996 

160 160 160. 

The adjustment is here good, the sum of the squares is 

£§, and we might expect 2±]/i. 

The hypothesis of the first degree , 4* — 0, Vtf - 0, 4' « 0, gives for the adjusted 
nines and their differences: 


9*6 20*4 31*2 42-0 52*8 
10*8 10*8 10*8 10 * 8 . 






The deviations are evidently too large (o-k is +2*4, —1*4, -2*2, -1*0, +2*2) 
to bo due to the use of round numbers; the sum of the squares is also 
220*8 instead of 3 + ^6, 
consequently, no doubt, an over-adjustment. 

The special adjustment of the second degree , J* = 0, VJ 8 0, and J* ** 2, gives 
for Ui and its differences: 

11*6 19*4 29*2 41*0 54*8 
7*8 9*8 11*8 18*8 

The deviations o-w — *0*4, -0*4, -0*2; 0*0, +0*2 

nowhere reach £, and may consequently be due to the use of round numbers; the sum oi 
the squares 

4*8 instead of 3 + 1/6 

aho agrees very well. Indeed, a constant subtraction of 0*04 from % would lead to 
(3*4) 4 , (4*4)*, (5*4)*, (6*4) 4 , and (7*4) 2 , from which the example is taken. 

Example 8. Between 4 points on a straight line the 6 distances 

0 isp o u 
°u 

are measured with equal exactness without bonds. By adjustment we find for instance 
“is » io 12 + {(o l8 -o sa ) + {(o M -o S4 ); 

we notice that every scale ** It is recommended actually to work the example by a 
millimeter srsle, which is displaced after the measurement of each distance in order to 
avoid bonds. 


XII. ADJUSTMENT BY ELEMENTS. 

§ 51. Though every problem* in adjustment pay be solved m both ways, by 
correlates as well as by elements, the difficulty in so doing is often very different. The 
most frequent cases, where the number of equations of condition is large, are best suited 
for adjustment by elements, and this is therefore employed far oftener than adjustment 
by correlates. 

The adjustment by elements requires the theory in such a form that each observa¬ 
tion is represented by one equation which expresses the mean value + (o) explicitely as 
linear functions of unknown values, the “ elements '", y, ... z\ 



(85) 
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M 0 *) — + * J r r \ z u \ 


hM - P*x + <JniJ + •. • + >' n z « IU 


where the p, q, ... r are'theoretically given. All observations w suppose^ to be 
unbound. 

The problem is then first to determine the adjusted values of these elements 
x, y, ... *, after which each of these equations (85), which we <?all “ equation$ for the 
observations'', gives the adjusted value a of the observation. 

Constantly assuming that ^(o) is known for each observation* we can from the 
system (85) deduce the following normal equations: 
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( 86 ) 



the rule of formation being apparent from the left hand terms. Of these normal equations 
we can prove, first that they, m in number, are suited for the determination of the m 
elements, so far as these, on the whole, can be determined by the equations (85), and 
then that the functions of the observations, which form their left hand terms are free of 
all the theoretical conditions of the problem, so that, as indicated by the last sign of 
equality in the normal equations, they can and must be determined by the directly 
observed values o 1 ... o*. 

For if we assume, as to the first proposition, that any of the normal equations 
can be deduced from the others, so that all the elements cannot be determined by these 
equations, then there must be m coefficients h, k, ... I, so that 
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everywhere used for Jl 4 (o)); but if we multiply these again respectively by h % k, ...l and 
add, wo get 

Uhp^kq+.. +hf] 

.... r *.« i • 

that is 

+ ..+&V-* 0, 

so that not only the normal equations, but the very equations for the observations can, 
consequently, all be written with w*—1 or a smaller number of elements. 

But further, the system of functions represented by the normal equations is free 
of every one of the conditions of the theory. The latter we can get by eliminating the 
elements a, y, ... z from the equations of the observations (85). But elimination of an 
element, say for instance a, leads to the functions jUJo*) — 2*^(0*), and among the 
linear functions of these must be found the functions from which not only x but all the 
other elements are eliminated, and consequently the conditional equations of the theoiy. 
But it is easily seen that the functions 

MW-MW and pjjjjl] 

are mutually fiee. The latter is the left hand side of the normal equation which is parti¬ 
cularly aimed at the element x; it is formed by multiplying the equations (85) by the 

coefficient of a in each, and has the sum of the squares ~ as the coefficient of this 

element; it has thus been proved to be free of all the conditions of the theory, and must 
therefore in the adjustment be computed by the directly observed values, for which reason 

we have been able in the equations (86) to rewrite the function as . In the same 

way we prove that all the other normal equations are free of the theory, each through 
the elimination from (85) of its particularly prominent element. While, in the adjustment 
by correlates, we exolushely made use of the equations and functions of the theory, we 
put all these aside in the adjustment by elements, in order to work only with the empiri¬ 
cally determined functions which the normal equations represent. 

The coefficients of the elements in the normal equations are, as it will be seen, 
arranged in a remarkably symmetrical manner, and each of them has a significance for 
the problem which it is easy to state. 

The coefficients in the diagonal line, which are respectively multiplied by the 
element to which the equation particularly refers, are as sums of squares all positive, and 
each of them is the square of the mean error for that function of the observations in 
whose equation it occurs. We have for instance 
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The coefficients outside the diagonal line are identical in pairs, the coefficient of a, 


^ in y’s particular equation, is the same as the coefficient of y, 

, r™i r™i 

equation. They show immediately if some of the functions 

to be mutually free? if for instance afs function 


we must have 




b a’s particular 
ro ^ should happon 


is to be free of y’s function 


§ 52. If now the elements have been selected in such a convenient way that all 
these sums of the products vanish, and the normal equations consequently appear in the 
special form 
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then they offer us directly the solution of the problem of adjustment. The adjusted values 
for the elements are 


and the squares of the mean errors 

4(SS) = |sj ‘ i,(y) - k,(z) 
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and from these we can then compute both the adjusted value and its X t for every linear 
function of the elements, because these are mutually free functions. In particular from 
the equations (85), 

••■+**** 


we can compute the adjusted values u x of the observations, then from (35) the squares of 
the mean errors X x [u { ), and also the law of errors for every function of observations and 
elements. 


§ 53. In ordinary cases a transformation of the system of elements is required. 
It is required for the solution of the normal equations in order to find the values of the 
elements; but we must remember that we have here a double problem, as it is also our 
object to free the transformed elements so that they may be used for determinations of 
the mean errors. The transformation therefore cannot be selected so arbitrarily as in 
analogous problems of pure mathematics; yet there is a multiplicity of possibilities, and 
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in man) special cases radical changes can lead to \ery beautiful solutions (see § 62). The 
first thing, however, is to secure a method which may be always applied; and this must 
be selected in such a way that the elements are eliminated one by one, so that the later 
computation ot them is prepared, and moreover, constantly, in such a way that freedom 
is attained. 

This can, if we commence for instance by eliminating the element a?, be attained 
in the following way. The normal equation which particularly refers to x, 
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and which will be put aside to be used later on for the computation of a?, is multiplied 


by such factors, viz. <p 
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, that x vanishes when the 


products are respectively subtracted from the other normal equations; but it must be 
remembered that we are not allowed to multiply the latter by any factor. The equation 
for x can then be written 


£»« #-j ~ <py ot z 

where J,(£) . 

The functions in the other equations 
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become, by this means, noi only independent of x but also free of 

* 0, etc. 


or of £, for 


fT-w 


The equations which in a double sense have been freed from x, get exactly the 
same characteristic functional form as the normal equations had. If we write 
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so that the equations for the observations become 

p,s f </,y+ 

we not only get, as we see at once, 
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Hence we proceed exactly in the same way from this first stage of the transformation of 
the normal equations 
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using, for instance, the first of them for the elimination of the element y. If 


y is replaced by 
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which is free of the element f, and for which we have 
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By means of m and corresponding coefficients we have, analogously to (93) and (94), 
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which are independent of any special computation of the coefficients r". 

Continuing in this way, till we have obtained a set consisting only of free func¬ 
tions, we find, consequently, just a system of elements, f, j?, f, which possess the above-¬ 
mentioned desired property, its normal equations being ot the same form as (87), viz.: 
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With these elements the equations for the adjusted values of the several observations 
become 

Pj+ ( lS/i ••• +>*!'{' - «,» (99) 

and for the squares of their mean errors 
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If we want to compute adjusted values and mean errors for (he original elements or func¬ 
tions of the same, the means of so doing is given by the equations of transformation 
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or by (90), the first equation (95) and the last of 198), being identical with (101). For not 
only the original elements x, y, ... z aro easily computed by these, but also the coef¬ 
ficients in the inverse transformation 


y- 7+••■+*! (102) 

0- f. I 

Now, if F is a given linear function of at,y, ... a, then by obvious numerical 
operations we get an expression for it, 

F « ... + df, 

and for the «quare of its mean error we get 
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If for special criticism we want the computation of /!,(«*) for many observations, 
we may take advantage of transforming the equations of observations, computing their 
coefficients by p)2), or 

i “ ••• t-r-aip, 

r" «. 


but wo remember that q \.. r" are quite superfluous for the coefficients of (95). 


§ 54. In the theory oi the adjustment by elements we must not overlook the 
proposition concerning the computation of the minimum sum of squares for the benefit of 
the summary criticism as well as for checking our computation. We are able to compute 
w> , which is to approach the value m — w, as soon as we have found* 

elements, without being obliged to know the adjusted values for the separate 

a* 


llie sum 
only ihe 
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observations. And this computation can be performed, not only for the legitimate adjust¬ 
ment, but for any values whatever of the elements. It is easiest to show this for trans¬ 
formed elements, The values for the observations corresponding to these 

must be computed by (99) 

jP.ci + s!?i + +*?Ci — V 

From this we get 
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If we here substitue for £! , y i • • • -y their values in terms of the elements f, 
5 , ... C* of the legitimate adjustment, we find from the equations (98) 


x + f Ff m • +[—]((c-o 2 -c 2 ).(io4) 


It is evident from this that the condition of minimum is £ — i Cif- The 

minimum sum of squares is therefore obtained only by the determination of the functions 
that are free of the theory, by means of their directly observed values. And for this 
minimum 



It deserves to be noticed that the middle one of these expressions holds good, in unchanged 
form, also of the original, not transformed elements and coefficients. We have 



which is easily proved by substituting in (106) the values obtained from (101). The 
^nation is particularly valuable as a check on the accuracy of our computation. 


§ 55. In going through the theory of adjustment by elements here developed, it 
will be seen that a very essential part of the work, viz. the computation of the trans- 
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formed values of the coefficients in the equations for the several observations, may nearly 
always be dispensed with. The sums of the squares, M, and the sums of the products, 


| must be transformed; but they are in themselves sufficient for the determination of 

the transformations, and by their help we find values and mean errors for the elements, 
first the transformed ones, but indirectly also the original ones. The adjusted values 
u x ... u n of the observations can, consequently, also be computed without any knowledge! 
of q[ . . . r K Only for the computation of X i [u t ) ... jl 2 (w»), consequently for a 
special criticism, we cannot escape the often considerable work which is necessary for 
the purpose. 

For the summary criticism by - ^|- j = »—(#-«), we can even, as 
we have seen, dispense with the after-computation of the several observations by means 
of the elements. We ought, however, to restrict the work of adjustment so far only, when 
the case is either very difficult or of slight importance, for this minimum sum of squares 
is generally computed much more sharply, and always with much greater certainty, directly 
by o M it,, and Jl 2 (o), than by the formulae (105), (106), and (107). 

Add to this, that the special criticism does not exclusively rest on i 2 (w,) and the 

scales 1 — ttti kut that the very deviations o t -u n when they are arranged according 

m (0) 

to the more or less essential circumstances of the observations, are even a main point in 
the criticism. Systematical errors, especially inaccuracies or defects in hypotheses and 
theories, will betray themselves in the surest and easiest way by the progression of the 
errors; regular variation in o-m as a function of some circumstance, or mere absence of 
frequent changes ot signs, will disclose errors which might remain hidden by the check 

according to = ^(l ^ such progression in the errors may, we 

know, even be used to indicate how we ought to try to improve the defective theory. 


§ 56. By series of adjustment (compare Dr. J. P. Gram, Udjevningsrakker, Kjeben- 
havn 1879, and Crelle’s Journal vol. 94), i. e. where the theory gives the observations in 
the form of a series with an indeterminate (infinite) number of terms, each term being 
multiplied by an unknown factor, an element, and where consequently adjustment by 
elements must be employed, the criticism gets the special task of indicating how many 
(or which) terms of the series we are to include in the adjustment. Formula (107) fur¬ 
nishes us with the means of doing this. 


. h(o) 



#—j/2 (n—m). 



z %0 

For the m terms in the series, which is here indicated by 2 1 , correspond, each of them, to 
an element, consequently to one of the terms of the series of adjustment. For each term 
we take into this, the right side of the equation of criticism is diminished by about a 
unity; the result of the criticism, consequently, becomes more favourable if we leave out 

all the terms for which y • — <1. If we retain any terms which essentially fall 
under this rule, the adjustment becomes an under-adjustment; if, on the other hand, we 
leave out terms for which -yM— > 1 , we make ourselves guilty of an over- 
adjustment. 

Example 1 . The five-place logarithms in a table are looked upon as mutually 
unbound observations for which the mean erior is constantly of the fifth decimal 
place. The “observations”, log 795, log 796, log 797, log 798, log 799, log 800, log 801, 
log 802, log 803, log 804, and log 805, are to be adjusted as an integral function of the 
second degree 

log (800— 2 * -{- y't + fit*. 

In order to reckon with small integral numbers, we subtract before the adjustment 
2*90309 + 0*00054 1, both from the observations and from the formulae. Taking 0*00001 as 
our unity, we have then the equations for the observations: 

— 2 — 2 — 5y + 25 2 

— 2 a- x — 4y + 16s 

— 1 — 2 — 3y + 9z 

— 1 — 3 —2y + 4 z 
0 — ® —ly+ 1 z 
0 — x 

0 — 2 + ly + 1 z 
0 — 2 + 2 y + 4a? 

1 — 2 + 3y+ 9 z 
1 * 2 + 4y+ I 62 
1 » 2 + 5y + 25s. 

From this we get yj —156, and the normal equations: 

- 36 - 1322+ Oy + 13202 
420 - 0®+1320y+ 0 z 

-540 - 13202 -+- 0y + 234962 . 

The element y is consequently immediately free of 2 and 2 , but the latter must be made 
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free of one another, which is done by multiplying the first equation by 10 and subtracting 
it from the third. The transformation into free functions then only requires £~«+lQ z 
substituted foi and we have: 


— 36 ** 138 f, 

420 - 1320 y, 

— 180 - 10296^, 

consequently, 

£ — 0*2727, 1, (£) - 1: 132 - 390:51480 - *007576 

y _ 0*3182, — 1: 1880 — 39 : 51480 « *000758 

2 - —0*0175, 1,(1)- 1:10296 - 5 : 51480 — *000097. 


The mean error of y is consequently ±0*0275, and that of z ±0*0099. The element % 
is found by x — £—102 —0*0977, to which corresponds !,($) — l,(£) + 1001 f (2) 

— 0*0173 — (0*1315)*. For log 800 we find thus 2*9030890 ± 0*0000013, and the 
corresponding difference of the table is 54*318 ± 0*028. 

For the sum of the squares of the deviations we have, according to (105)—(107), 


. J.(o) 


156 - 9*82-133*64 - 3*15 -9*39, 


which shows that the term of the second degree contributes somewhat to the goodness of 

the adjustment. This sum of squares ought, according to the number of the observations 

and the elements, to be 11 — 3 — 8, with a mean uncertainty of ±4. 

The best formula for computing the adjusted values of the several observations 

and their mean errors is — £+y*+ 2 (**- 10 ), which gives: 


u 

o— u, 

(«-*)* 


^i(tf) Seale 

log 795 - 2*9003688 

+ *12 

•0144 

390 + 39 • 25 + 5 • 225 2490 

*0484 

•419 

log 796 - 2*9009136 

-•36 

•1296 

390 f 39-16 + 5 . 36 - 1194 

*0232 

•722 

log 797 - 2*9014580 

+ •20 

•0400 

390 + 39 - 9 + 5- 1 - 746 

•0145 

■826 

log 798 - 2*9020019 

-•19 

•0361 

390 + 39 - 4 + 5 - 36 - 726 

*0141 

*831 

log 799 - 2*9025457 

+ •43 

•1849 

390 + 39- 1 + 5 - 81 - 834 

•0162 

*806 

log 800 - 2*9030890 

+ •10 

■0100 

390 + 39 - 0 + 5-100 - 890 

•0173 

*792 

log 801 - 2*9036321 

-•21 

•0441 

390 + 39- 1 + 5 - 81 - 834 

*0162 

*806 

log 802 - 2*9041747 

— *47 

•2209 

390 + 39- 4 + 5- 36 - 726 

*0141 

•831 

log 803 - 2*9047170 

+ *30 

•0900 

390 + 39- 9 + 5- 1 - 746 

•0145 

*826 

log 804 - 2*9052590 

+ *10 

■0100 

390 + 39-16 + 5 - 36 - 1194 

*0232 

*722 

log 805 - 2*9058006 

-*06 

•0036 

390 + 39-25 + 5-225 - 2490 

•0484 

*419 



*7836 

12870 


8*000 
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Both the cheeks agree: the sum of squares is 12 x 0*7836 ■» 9*40, and the sum 
of the scales is 11—3. 

It ought to be noticed that the adjustment gives very accurate results throughout 
the greater part of the interval, with the exception of the beginning and the end. The 
exactness, however, is not greatest in the middle, but near the l #t and the 3 rd quarter. 

Example 2. A finite, periodic function of one single essential circumstance, an angle F, 
is supposed to be the object of observation. The theory, consequently, has the form: 

o t *** c 0 -f c x cosF+Sj sin F+c, cos2F+s 2 sin2F+ ... 

We assume that there are n unbound, equally exact observations for a series of values of V, 
whose difference is constant and — for instance for J r **0,G0 o , 120°, 180 p , 240°, 300°. 
Show that the normal equations are here originally free, and that they admit of an exceedingly 
simple computation of each isolated term of the periodic* series. 

Example 3. Determine the abscissa for 4 points on a straight line whose mutual 
distances are measured equally exactly, and are unbound. (Cmp. Adjustment by (’orrelaies, 
Example 3, and § 60). 

Example 4. Three unbound observations must, according to theory, depend on two 
elements, so that 

o, « xy , LM = i 
°s ” y s i A(°3) — 

The theory, therefore, does not give us equations of the linear form. This may be produced 
in several ways, most simply by the common method of presupposing approximate values 
of both elements, the known a for x and b for y, and considering the corrections ? and; tj 
to be the dements of the adjustment. We therefore put x = a + f, and y ** i + 
Rejecting terms of the 2* d degree, we get the equations of the observations: 

o 2 — ab —- b £-f ay 
o^-h* «= 2 by , 

where the middle equation has still double weight. The normal equations are: 
2a{o l ^a i ) + 2b{o i ^-ab) - (4a*-f -f 2aby 
2 fl(Oj — rib) -j" 26 (Og—b 2 ) =* 2ab$ •d”(41!>*-j-2fl*)jyj 


f is consequently not free of rj, but we find 


2 ax = Oj+a* — 


£5 —2a6o* -f-a 2 o 3 ) 

(a*+i 2 ) 2 


4W 


a 2 +2b 2 

4 (a 2 + fc 2 ) 2 


% o s + 6* — 


a f (b l o , -~2abo i -{-a i o i ) 
(a 2 +i 2 ) 2 




2 a *+& 2 
4(a 2 + $ 2 )*‘ 



253 


For the adjusted value v* of the middle observation we have 

- «W», +(» 4 +4‘)«>, + « J K, - y 

If we had transformed the elements (comp. § 62) by putting 
$- of-io 

7 

or 

* « a (l+0 —&e> 

y - &(i+C)+w» 

we should have obtained free normal equations 

2(fl*o 1 +2«io 1 + 6 8 o 8 )-2(o 2 +^) s * 4(a*+fc’)*C 

2 (-aiOi + (a s -ft*)Oi+aJO|) * 2(a 1 + 6*)*o. 

If we had placed absolute confidence in the adjusting principle of the sum of 
squares as a minimum, a solution might have been founded on 

K - «*)* + 2(o s - abf + (o 3 - 6 1 ) 8 - min. 

The conditions of minimum are: 

“ (o,-i»*)o+(o,-«i)i - 0 

TT “ (°«-° i ) a + (0s- i *) i - 0. 

The solution with respect to a and b is not very difficult. We see for instance 
immediately that 

(••-*) « (o t —ab)* 
or 

OjOg— o\ — h\ — 2abo i -\-a i o y 

Still better is it to introduce a 8 ** by which the equations become 

(Oj—a 8 ) o + — 0 

M + (o a -s 8 )& " °» 

consequently, 

* 4 -**(«i-K)+«i««-®5 -o 

If the errors in o v o v and o 8 are not large, OjO*—oj must be small; one of the 
two values of s*must then be small, the other nearly equal to Oj+Ogj only the latter can 

be used* 

19 
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Further, we get: 


a f 


a o t Oj—s- 

~~T “ Oj—s* o t 

(*\* o 8 -s* 

w ^ 

(Os-S*)*' (0,-8*)** 

Oi+Og-S^ 1 0i+«3— &*' 


In this way we avoid guessing at approximate values (for which otherwise we 
should perhaps have taken a t ^o l and & 2 «o a ). The values which we have here found 
for a* and b\ and to which may be added 


, M 5 

are really exact; and if we substitute them in the above normal equations, we get f — 0 
and ij — 0. 

Even when, as in this case, the theory is not linear, it is not unusual for the 
sum of the squares to be a minimum. Caution, however, is necessary; particularly, it 
may happen that the sum of the squares becomes a maximum for the found elements, or 
for some of them* 

We may also in another way make the equations of this example linear, namely, 
by considering the logarithms of o 2 , o 8 as the observed quantities, and finding the 
logarithms of the elements from the equations which will then be linear. 

log o x — 2 log x 
logo, — log X rf logy 
log — 2 logy. 

In this way we throw the difficulty over upon the squares of the mean errors* As 


lo %(z+dz) — log* + j , 

we may approximately take 

^8 ( 1 °£ Z ) ^8 ( Z )' 


If a and b also here indicate approximate values of x and y. the weights of the 
3 equations, respectively, become proportional to a\ 2 a*b\ and b\ Thus we find the 
normal equations 

gaMogOj-f 2a*&* logo, — (4a*+2a l 6 J ) log x + 2a*6* log y 
2 a*&* log o, + 2 ¥ log o 8 — 2a*i* log a? + (45*+2«*M) log y, 
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which give the simple results 
2 log X «= logOj — 




2 log y — log Oj, 


.( 


V 


W+F>) log 


v 2 

¥a 

*2 


a* (log«/) 


a J +26 8 

4 oV +$*) 2 
2aH& 8 
4> («*+>)*' 


This solution agrees only approximately with the preceding one. It might seem 
for a moment that, in this way, we might do without the supposition of approximate values 
for the elements, but this is far from being the case. For the sake of the weights we 
must, with the same care, demand that a and x< as also £ and y, agree, and we must 
repeat the adjustment till the squares of the mean errors get the theoretically correct 
values. And then it is only a necessary, but not a sufficient condition, that x—a and 
y — b are small. Unless the exactness of the observations is also so great that the mean 
errors of o, are small in proportion to o { itself, the laws of errors of the logarithms cannot 
be considered typical at the same time as those of the observations themselves. 

Example 5. The co-ordinates of four points in a circle are observed with equal 
mean errors and without bonds: x x *=20, y x = 10; x 2 “ 16% y 8 *=*18; * # = 3, y s «*17; 
and x t *=*2, y 4 «=®4. In the adjustment for the co-ordinates a and b of the centre and 
the radius r, we cannot use the common form of the equations 
(fl?-a)* + (y -£) 2 — r 5 , 

because it embraces more than one observed quantity besides the elements. In order to 
obtain the separation of the observations necessary for adjustment by elements, we must 
add a supplementary element, or parameter, F, for each point, writing for instance 
x t » a -|- r cos F,, y t — b + r sin F,. 

As the equations are not linear we must work by successive corrections A a, A £, 
Ar, AF, of the elements, of which the first approximate system can be obtained by 
ordinary computation from 3 points. For the theoretical corrections A a?, and A y, of the 
co-ordinates we get by differentiation of the above equations 

Axt — Ao -f A r • cos F< — A Fi »r sinF, 

Ay, =» Ai + Ar*sin F< + A V x -r cosF t . 

% 

These equations for the observations lead us to a system of seven normal equations. 
By the “method of partial elimination 1 ' (§ 61) these are not difficult to solve, but here the 
simplicity of the problem makes it possible for us immediately to discover the artifice. 
We know that every transformation of equally well observed rectangular co-ordinates results 
in free functions. The radial and the tangential corrections 

A3iC0sF,+ Ay,sin F, — An, 

and 

Aa;,sin Ff —Ay,cos FiAf, 


12* 
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can, consequently, here be taken directly for the mean values of corrections of observed 
quantities, and as only the four equations 

Ati — AosinFf—-AAcosF,— r AF, 

contain the four corrections A F< of the parameters, they can be legitimately reserved for 
the successive corrections of the elements. In this way 

Aiu — AocosF< + A5sinF,+ Ar 

with equal mean errors, >l 2 {») * I 8 (z) «- ^(y), are the “equations for the observations” 
of this adjustment, and give the three normal equations : 

[A»cosF] » Ao[cos*F] + AJ[cosFsinF]-f Aif*[cosF] 

[AnsinF] — A a [cos F sin F] + A b fsin* F] -f Ar[sinF] 

[A»] =* Ao[cosF] + A&[sinF] -)-*Ar*4. 

In the special case under consideration, we easily see that the first, second, and 
fourth point lie on the circle with r -»10, whose centre has the co-ordinates a 10 and 
$ — 10; the parameters are consequently: 

7 X - 0°0 r 0, F, - 53°7'8, F a - 135°0'0, and F 4 « 216°52'2. 

For the third point the computed co-ordmates are: » 3 —.2*9290 and —17*0710, 
consequently, Aac a =* +0-0710 and Ay 8 “ —0-0710, At a = 0, and A n 8 =* —0*1005; 
all other differences Asf = 0 and Ay<«*0; The “equations for the observations” are: 

l*OOOOAa + 0*OOOOAHl , OOOOAr - *0-0000 

0*6000 A a + 0*8000 A& +1*0000 Ar =» 0*0000 

-0*7071 A a + 0*7071 A b +1*0000 A r - - 0*1005 
-0*8000 A a - 0*6000 A b +1*0000 A r = 0*0000. 

The normal equations are: 

2*5000Afl+ 0*4600A 5 + 0-0929Ar - +0-0710 

0*4600 A a + 1*5000 A b + 0*9071 Ar-0*0710 

B - 0*0929 A a + 0*9071 A & + 4*0000 A r - -0*1005. 

By elimination of A r we get 

2*4978 A a + 0*4390 A b - + 0*0733 

B - 0*4390 A a +1*2943 Ab -0-0482; 

and by eliminating A b 

A - +2*3490 A a - +0*0896. 

From jR, B, and A we compute 

Aa- +0*0381, Ab -0*0501, and Ar«-0*01465. 

The checks are found by substitntion of these in the several equations. The 4 equations 
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for the observations give the following adjusted values of 

A#i - +0*0234, A», - -0*0319, A n z - -0*0770, and Aw 4 - -00151: 

the sum of squares —y 1 * — (here « (8—7)Jt s ) is consequently 

- (0-0234)* + (0-0319) 2 + (0*0235)* + (0*0151)* * 0*00235. 

For this, by the equation (108), we get 

0*01010 - 0-00271 - 0*00356 - 0*00147 - 0*00236 
as the final check of the adjustment. 

The 4 equations for A t % give us 

AFj - + 17'2, AF S - +20'8, AF a « -2'9, and AF 4 - -21'6. 

Thus, by addition of the found corrections to the approximate values, 

r- 9*98535, a «• 10*0381, b - 9*9499, 

7 X « 0°17'2, F 2 - 53°28'6, F 8 - 134°57'1, and F 4 - 216°3<y6, 

we have the whole system of elements for the next approximation, if they are not the 
definitive values. In both cases we must compute by them the adjusted values of the co¬ 
ordinates, according to the exact formula ; the resulting differences, obs.—comp., are: 

Point A a Ay An A t 

1 -0*0232 + 0*0002 - 0*0232 + 0*0002 

2 + 0*0191 +0*0257 + 0*0320 0*0000 

3 +0*0166 -0*0166 -0*0234 -0*0001 

4 _ 0*0123 - 0*0090 + 00152 0*0000. 

The sum of the squares, [(Aa) 2 +(Ay) 2 ]««0*00236, agrees with the above value, 
which indicates that the approximation of this first hypothesis may have been sufficient. 
Indeed, the students who will try the next approximation by means of our final differences, 
will, in this case, find only small corrections. 

From the equations A , B , and 1?, which express the free elements by the original 
bound elements, A a, A b, A r, we easily compute the equations for the inverse trans¬ 
formation: 

Afl- 0*4257 • A 

Ab _ -0*1444*i + 0*7726 -B 

Ar- 0*0228 ■ A — 0*1752 • B + 0*25 * A 

By these, any function of the elements for a given parameter can be expressed as a linear 
function of the free functions i, J?, and R; and by ^(A) = 2*3490/+ l t (B) —1*2943 X v 



and 4 s (j&)»4i s , the mean error is easily found. Thus the squares of the mean errors of 
the co-ordinates x and y are 

i s (r)»{2-3490( 0-4257+0-0228 cos F)* 4-1 -2943(—0*1752 cos F)* +4(0-25 cos F)*}*, 

i,(y) — {2*8490(—0-1444+0-0228sinF) s +1-2943( 0*7726 —0-1752sinF) s 4-4(0-25smF)*}^ 

Only the value yl s =* 0*00286, found by the summary criticism, is here very 
uncertain. 


nil. SPECIAL AUXILIARY METHODS. 

§ 57. We have often occasion to use the method of least squares, particularly 
adjustment by elements; and this sometimes requires so much work that we must try to 
shorten it as much as possible, even by means which are not quite lawful. Several temp¬ 
tations lie near enough to tempt the many who are soon tired by a somewhat lengthened 
computation, but not so much by looking for subtleties and short cuts. And as, moreover, 
the method was formerly considered the best solution — among other more or less good — 
not the only one that was justified under the given supposition, it is no wonder that it 
has come to be used in many modifications which must be regarded as unsafe or wrong. 
After what we have seen of the* difference between free and bound functions, it will be 
understood that the consequences of transgressions against the method of least squares 
stand out much more clearly in the mean errors of the results than in their adjusted 
values. And as —to some extent justly — more importance is attached to getting tolerably 
correct values computed for the elements, than to getting a correct idea of the uncertainty, 
the lax morals with respect to adjustments have taken the form of an assertion to the 
effect that we can, within this domain, do almost as we like, without any great harm, 
especially if we take care that a sum of squares, either the correct one or another, becomes a 
minimum. This, of course, is wrong. In a text-book we should do more harm than good 
by stating all the artifices which even experienced computers have allowed themselves to 
employ, under special circumstances and in face of particularly great difficulties. Only 
a few auxiliary methods will be mentioned here, which are either quite correct or nearly 
so, when simple caution is observed. 

§ 58. When methodic adjustment was first employed, large numbers of figures 
were used in the computations (logarithms with 7 decimal places), and people often com¬ 
plained of the great labour this caused; but it was regarded as an unavoidable evil, when 
the elements were to be determined with tolerable exactness. We can very often manage, 
however, to get on by means of a much simpler apparatus, if we do not seek something 
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which cannot be determined. During the adjustment properly so called, we ought to be 
able to work with three figures. But this ideal presupposes that two conditions are satis¬ 
fied: the elements we seek must be small and free of one another, or nearly so; and in 
both respects it can be difficult enough to protect oneself in time by appropriate trans¬ 
formation. Often it is only through the adjustment itself that we learn to know the 
artifices which would have made the work easy. This applies particularly to the mutual 
freedom of the elements. The condition of their smallness is satisfied, if we everywhere use 
the same preparatory computation as is necessary when the theory is not of linear form. 

By such means as are used in the exact mathematics, or by a provisional, more 
or less allowable adjustment, we get, corresponding to the several observations o, .. 
a set of values v x ... t n which are computed by means of the values x 0 ...z 0 of the 
several elements x ... z, and which, while they satisfy all the conditions of the theory with 
perfect or at any rate considerable exactness, nowhere show any great deviation from the 
corresponding observed value. It is then these deviations —i? t and a? — £r 0 ... which are 

made the object of the adjustment, instead of the observations and elements themselves 
with which, we know, they have mean error in common. When in a non-linear theory 
the equations between the adjusted observation and the elements are of the general form 

Ui = z )), 

they are changed into 

(109) 

bv means of the terms of the first degree in Taylor’s series, or by some other method ol 
approximation. If the equations are linear 

«» «= p -fr,a, 

we have, without any change, for the deviations: 

% - * — p t (x - aj 0 ) + ... + n(z -z 0 ). (110) 

No special luck is necessary to find sets of values, t8 fl ,... *r 0 , whose devia¬ 
tions o t - t x show only two significant figures; and then computation by 3 figures is, as 
far as that goes, sufficient for the needs of the adjustment. 

The method certainly requires a considerable extra-work in the preparatory com¬ 
putation, and it must not be overlooked that computations with an exactness of many 
decimal places will often be necessary in this part; especially v t ought to be computed with 
the utmost care as a function of s 0 ... z Q , lest any uncertainty in this computation should 
increase the mean errors, so that we dare not put ^(o— 1 >) = Aj(o). 

This additional work, however, is not quite wasted, even when the theory is linear. 
The list of the deviations o, — v, will, by easy estimates, graphic construction, or diiectly 
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by the eye, with tolerable certainty lead to the discovery of gross errors m the series of 
observations, slips of the pen, etc., which must not be allowed to get into the adjust¬ 
ment. The preliminary rejection of such observations may save a whole adjustment; the 
ultimate rejection, however, falls under the criticism after the adjustment. 

In computing the adjusted values, particularly w,, after the solution of the normal 
equations, we ought not to rely too confidently on the transformation of the equations into 
linear form or into equations of deviations for Oi—v t . Where it is possible, the actual 
equations ui — F(x, ...z) ought to be employed, and with the same degree of accuracy 
as in the computation of In this way only can we see whether the approximate system 
of elements and values has been so near to the final result as to justify the rejection of 
the higher terms in Taylor’s series. If not, the adjustment may only be regarded as 
provisional, and must be repeated until the values of got by direct computation, 
agree with the values through u,— V{ in the linear equations of adjustment. 

On the whole the adjustment ought to be repeated frequently till we get a sufficient 
approximation. This, for instance, is the rule where the observations represent probabilities, 
for which jl t (o») is generally known only as functions of the unknown quantities which 
the adjustment itself is to give us. 

§ 59. The form of the theory, and in particular the selection of its system of 
elements, is as a rule determined by purely mathematical considerations as to the 
elegance of the formula, and only exceptionally by that freedom between the elements 
which is wanted for the adjustment On the other hand it will generally be impossible 
to arrange the adjustment in such a way that the free elements with which it ends, can 
all be of direct, theoretical interest. A middle course, however, is always desirable, for the 
reasons mentioned in the foregoing paragraph, and very frequently it is also possible, if 
only the theory pays so much respect to the adjustments that it avoids setting up, in the 
same system, elements between which we may expect beforehand that strong bonds will 
exist* Thus, in systems of elements of the orbits of planets, the length of the nodes and 
the distance of the perihelion from the node ought not both to be introduced as elements; 
for a positive change in the former will, in consequence of the frequent, small angles of 
inclination, nearly always entail an almost equally large negative change in the latter. If 
a theory says that the observation is a linear function of a single parameter, t , the formula 
ought not to be written unless all the t's are small, some positive, and others 

negative, but where ^ is an average of the parameters corresponding to 

the observations. If we succeed, in this way, in avoiding all strongly operating bonds, 
and this can be known by the coefficients of all the normal equations outside the diagonal 
line becoming numerically small in comparison with the mean proportional between the 
two corresponding coefficients in the diagonal line, then we have at any rate attained so 
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much that we need not use in the calculations for the adjustment many more decimal 
places than about the 3, which will always be sufficient when the elements are originally 
mutually free, and not during the adjustment are first to be transformed into freedom 
with painful accuracy in the transformation operations, 

If, by careful selection of the elements, we even get so far that no sum of the 
products [pg] 1 ) in numerical value exceeds about i of the mean proportional between the 
corresponding sums of squares K[#p] [qq [, or in many cases only ^ of these amounts, 
then we may consider the bonds between the elements insignificant. The normal equations 
themselves may then be used to determine the law of error for the elements; we compute 
provisionally a first approximation by putting all the small sums of products — 0, and in 
the second approximation we correct the [po]'s by substituting the sums of the products 
and the values of the elements as found in the first approximation. For instance: 


o 

1 

g 

1 

1 

. 

- tel*. 

(in) 



(112) 

-MS- 

-#}• 

(113) 


As the errors in these determinations are of the second order, it will not, if the o’s 
themselves are small deviations from a provisional computation, be necessary to make any 
further approximations. 

Even if the bonds between the elements, which are stated in terms of the sums 
of the products, are stronger, we can sometimes get them untied without any transforma¬ 
tion. If we can get new observations, which are just such functions of the elements that 
the sums of the products will vanish if they are also taken into consideration, we will of 
course put off the adjustment until, by introducing them into it, we cannot only facilitate 
the computation but also increase the theoretical value and clearness of the result. And 
if we can attain freedom of the elements by rejecting from a long series of observations 
some single ones, we do not hesitate to use this means; especially as such unused observa¬ 
tions may very well be employed in the criticism. If, for instance, an arctic expedition 
has made meteorological observations at some fixed station for a little more than a com¬ 
plete year, we shall not hesitate in the adjustment, by means of periodical functions, to 
leave out the overlapping observations, or to make nse of the means of the double valnei, 
giving them the weight of single observations. 

») In what follows we write, for the sake of brevity, [p$] for [y]. 
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§ 60. Though of course the fabrication of observations is, in general, the greatest 
sin which an applied science can commit, there exists, nevertheless, a rather numerous and 
important class of cases, in which we both can and ought to use a method which just 
depends on the fabrication of such observations as might bring about the freedom of the 
theoretical elements. As a warning, however, against misuse I give it a harsh name: the 
method of fabricated observations. 

If, for instance, we consider the problem which has served us as an example in the 
adjustment, both by correlates and by elements, viz. the determination of the abscissae for 
4 points whose 6 mutual distances have been measured by equally good, bondfree observa¬ 
tions, we can scarcely after the now given indications look at the normal equations, 

Oj j-j-Oj g-|-o t 4 *** 1®2 lajj — lfl/4 

Oj 2 Oj S -{-o S 4 = *— lajj -j- 3aJ 2 — lar 3 l<r 4 

— 0 |# — 0J<i"l“ O 84 — 1®! ^**4 

0J4 0*4 084 ^ l^J 1*®3 *^41 

without immediately feeling the want of a further observation: 

0 = 1®! -{- la; 2 laj a lrr 4 , 

which, if we imagine it to have the same weight — 1 as each of the measurements of 
distance ^( 0 *) = x r —x„ will give by addition to the others, but without specifying the 
value of 0, 

0 + °i? + °13 +°14 * 

+ °24 8=9 
^ — °IS °S84*084 *“ 

0 °14 °24““°J4 

and consequently determine all 4 abscissae as mutually free and with fourfold weight 

What in this and other cases entitles us to fabricate observations is indeter¬ 
minateness in the original problem of adjustment — here, the impossibility of determining 
any of the abscissae by means of the distances between the points. When we treat 
such problems in exact mathematics we get simpler, more symmetrical, and easier solu¬ 
tions by introducing values which can only be determined arbitrarily; 'ind t,j o it is also in 
the theory of observation. But the arbitrariness gets here a greater extent, because not 
only mean values, but also mean errors must be introduced for greater convenience. And 
while we can always make use of a fabricated observation in indeterminate problems for 
the complete or partial liberation of the elements, we must here carefully demonstrate, 
by criticism in each case, that the fabrication we have used has not changed anything 
which was really determined without it. 
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In the abo\e example, this is seen m the first place by 0 disappearing irom all 
the adjusted values for the distances ar r — x, t and then by Ob own adjusted value, 
determined as the sum *!+»*+arg+a*, hnd leading only to the identity 0*~0. The 
adjustment will consequently neither determine 0 nor let it get any influence on the 
other determinations, The mean errors show the same and, moreover, in such a way that 
the criterion becomes independent of whether 0 has been brought into the computation 
as an indeterminate number or with an arbitrary value, for, after the adjustment as well 
as before, we have for O i A a (0) « 1. The scale for 0 is consequently «= 0, and this is 
also generally a sufficient proof of our right to use the method of fabricated observations. 

§ 61. The method of partial eliminations. "When the number of elements is 
large, it becomes a very considerable task to transform the normal equations and eliminate 
the elements. The difficulty is nearly proportional to the square of that number. Long 
before the elements would become so numerous that adjustment by correlates could be 
indicated, a correct adjustment by elements can become practically impossible. The special 
criticism is quite out of the question, the summary criticism can scarcely be suggested, and 
the very elimination must be made easier at any price. If it then happens that some of 
the elements enter into the expressions for some of the observations only, and not at all in 
the others, then there can be no doubt that the expedient which ought first to be employed 
is the partial elimination (before we form the normal equations) of such elements from the 
observations concerning them. These observations will by this means be replaced by certain 
functions of two observations or more, which mil generally he bound ; and they will be 
so in a higher and more dangerous degreo the fewer elements we have eliminated. By 
this proceeding we may, consequently, imperil the whole ensuing adjustment, the foundation 
of which, we know, is unbound or free observations as functions of its elements. 

If now it must be granted that the difficulties can become so great that we cannot 
insist on an absolute prohibition against illegitimate elimination , we must on the other 
hand emphatically warn against every elimination which is not performed through free 
functions, and much the more so, as it is quite possible, in a great many cases m which 
abuses have taken place, to remain within the strictly legitimate limits of the free functions, 
by the use of “the method of partial elimination”. 

This is connected with the cases, in which some of the observations, for instance 
a x ... o my according to the theory, depend on certain elements, for instance a,... y, which 
do not occur m the theoretical expression for any other of the observations. Our object is 
then, by the formation of the normal equations to separate o l ...o m jas a special series of 
observations. We begin by forming the partial normal equations for this, and then immor 
diately perform the elimination of a;,... y irom them, without taking into consideration 
whether these equations alone would be sufficient for a determination of the other elements. 
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As soon as x ... y are eliminated, the process of elimination is suspended. The trans¬ 
formed equations containing these elements (which now represent functions that are free of 
all observations, and functions which depend only on the remaining elements z,... u), are 
put aside till we come back to the determination of x ... y. The other partially transformed 
normal equations, originating in the group o t ... o mi are on the other hand to be added, 
term by term, to the normal equations for the elements z,... w, formed out of the remain¬ 
ing observations, before the process of elimination is continued for these elements. 

That this proceeding is quite legitimate becomes evident if we imagine the 
elements x ... y transformed into the elements at ... which are free of z... w, and then 
imagine at ... 1 / inserted instead of x ... y in the original equations for the observations. 
For then all the sums of products with the coefficients of at . . y 1 will identically become 
«= 0, and the sums of squares and sums of products for the separated part of the observa¬ 
tions will, as addenda in the coefficients of the normal equations (compare (57)), come out, 
immediately, with the same values as now the transformed normal equations. 

As an example we may treat the following series of measurements of the position 
of 3 points on a straight line. The mode of observation is as follows. We apply a millimeter 
scale several times along the straight line, and then each time read off by inspection with 
the unaided eye either the places of all the points against the scale or the places of two 
of them. The readings for each point are found in its separate column, and those on the 
same row belong to the same position of the scale. (Considered as absolute abscissa- 
observations such observations are bound by the position, of the zero by every laying 
down of the scale; but these bonds are evidently loosened by our -taking up the position 
against the scale of an arbitrarily selected fixed origin y r as an element beside the abscissae 
x v z s , x z of the three* points). All mean errors are supposed to be equal. 


Position 


Point 


of 

the Scale 

I 

n 

m 

1 

6~9 

27*54 


2 

8*35 


54*95 

3 

7*9 

* 

54*5 

4 


21*16 

47*2 

5 


10*74 

36*7 

6 


4*06 

30*1 

7 

31*45 

51*98 

78*06 

8 

32*9 

53*5 

79*5 

9 

9*6 

30*3 

56*22 

10 

20*16 

40*78 

66*8 

11 

18-9 

39*5 

65*56 


Eliminated free Elements 

1748-* +i(*i + »,) 

31*65 = + i foi 4* x a) 33 

31*20 «= y 3 + i (#i 4* x s) °g. 

34-18 - y 4 +i(*, + » 8 ) 

23*72 — y. +*(*. + »,) l 

17*08 - y t +i(a>, + s 8 ) _ 

53*83 — y 7 + i (®i + x i + ^ 

55*30 — y 8 4" i (®i 4" 4" ® 8 ) JB. 

32*04 « y 9 4- i(*i + ®t + ®s) 1 
42*58 - yio+J(*i + *,4-*i) I 
41.32 — y x 1 + i (»i 4 " ** + *») ® 
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As the theoretical equation for the i* observation in the s* column has the foim 

Out ~ Vi + Xti 

and every observation, therefore, is a function of only two elements, there is every reason 
to use the method of partial elimination. If we choose first to eliminate the y\ we have 
consequently to form normal equations for each of the 11 rows. Where only two points 
are observed these normal equations get the form 

Of “j” o t 2y, + -Zf + 

Or« tfi + Xr 

Oi — 2 U + *»i 

for three points the form of the normal equations is 

°i"t" “■ 4* ®i 4* ®i "I" 

Oi ~ yt + x i 

*** y* 4* ** 

°a “= y« 4-* r a* 

Of these equations those referring to the y i have given the eliminated free elements 
stated above to the right of the observations after the perpendicular. 

By subtracting these equations from the corresponding other equations we get, 
in the cases where there are 2 points: 

Or — !(0r4*0*) 

0# i (Or 4" Oi) =** t 

and in cases where there are 3 points: 

*i-M«i4-*i4-«i) - 

o*“M°t + d 8+ 0 3) - — i*i4-t*»—4** 

0 a -i(«i4-*2+o#)-i»i-i*t 4-1*1- 

By forming the sum of these differences for each column, and counting, on the 
right side of the equations, how often each element occurs with one other or with two 
others, we consequently get the ultimate normal equations: 

-16*98= _‘ix, 

- 37-71 — —x*i+**,— “*» 

+ 206-69 = 

The case is here simple enough to be solved by a fabricated observation. How is 
its most advantageous form found, when its existence is given? 


Answer: 
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after which we get the normal equations: 

ro- 168*98 ■ 


o — 37*71 - 
^-o + 206*69 - 


jm®i 


8 

#8 1 


x x mm o — 25*38, jjj = 0 — 4-77, and j? 3 — 0 + 21*24. 

Prom these we now compute the y's: 

Vi 
Vi 

y* 
y 5 
y« 

We need not here state the adjusted values for the several observations, nor their 
differences, of which it is enough to say that their sum vanishes both for each row and 
for each column; their squares, on the other hand, will be found to be: 


32*295 — o, 

t/ 7 — 56*80 -o, 

33*72 -o, 

y B - 58*27 — 0 , 

33*27 -o, 

y 9 — 35*01 — o , 

25*945 — o , 

y l0 — 45*55-o, 

15*485 — o , 

Jfn *=* 44*29-0. 

8*845 — o , 



I 

n 

III 

1 Total. 

•0002 

•0002 


1 *0004 

1 


•0001 | 

2 

1 


1 

2 


2 

2 

4 


6 

! 

6 

12 


2 

2 

4 

9 

25 

4 

38 

1 

0 

1 

2 

9 

36 

9 

54 

1 

0 

1 

2 

1 

4 

9 

14 

Total: -0025 

■0077 

*0036 

•0138 



For the summary criticism we notice that the number of observations is 27, the 
number of the element® is 3+11—1 — 13, divisor consequently —14 (one element being 
wholly engaged by the fabricated observation o). The unit of the mean error is therefore 

mm 

determined by $* — 0*0010, and the mean error on single reading ±0*032, which agrees 
well with what we may expect to attain by practice in estimates of tenth parts. 
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As to special criticism it is here, where the weights of the eliminated free 
functions are respectively 2 and 3 times the weight of the single observation, while the 
weights of x l , x v and a 8 after the adjustment become respectively and very 

easy to compute the scales 


1 - 


i*M 


l - 


l 


Weight after the adjustment * 


With 759 as common denominator we find lor the several scales and the sums of their 
most natural groups: 



I 

XI 

III 


1 

327 

327 


054 

2 

331*5 


331*5 

003 

3 

331*5 


3hi*5 

003 

4 


336 

330 

672 

5 


330 

336 

672 

6 


330 

330 

072 

7 

436 

442 

448 

1320 

8 

43G 

442 

448 

1326 

9 

430 

442 

448 

1 1326 

10 

430 

442 

448 

1320 

11 

436 

442 

448 

1326 


3170 

3545 

3911 

10626 


The comparison with the sums of squares in the groups, divided by #*, shows then for 
point I 2*5 instead of — — 4*2 ± 1/8*4, for point II 7*7 instead of 4*7 ±1/9*4, for 
point III 3*6 instead of 5*1 ±1/10*2, for all positions of the scale with two readings 
2*8 instead of 5*3 iVKHT, and for positions with 3 readings 11*0 instead of 8*7 ±V / lT4. 
The limit of the mean error is consequently reached only in the group of point II, where 
( 7-7 — 4 - 7 )* « 9*0 < 9*4, and it is nowhere exceeded. We have a check by summing 
the scales: 

^ _ 14-27-11-3 + 1. 


§ 62. In such cases in which the circumstances and weights of the observations 
are distributed in some regular way, this will often facilitate the treatment of the normal 
equations. The elimination of the elements and the transformation of the normal equations 
into such whose left hand sides can be regarded as unbound observations, as they are free 
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/auctions of the original observations, need not always be so firmly connected with one anothei 
as in the ordinary method. If we, in a suitable way, take advantage ot regularity m the obser¬ 
vations, and thereby are able, to find a transformation which sets the normal equations free, 
then the determination of the several elements will scarcely throw any material obstacles 
in our way. But in order to find out any special transformations, we must know the 
general form of the changes of the normal equations resulting from transformation of the 
original elements into such as are any homogeneous linear funtions of them whatever. 

If the equations for the unbound observations in terms of the original elements 
hare been 

+>■,*< 

the normal equations will be: 

[po] - [pp]z + [p?]y + [jw]* 

[jo] - [jp]*+[jj]y+[rl* 

[ro\ - [ii\x-r[r ?]y + [rr]«. 

And if we wish to substitute new elements, f, 37 , and f t for the old ones, we make use of 
substitutions in which the original dements are represented as functions of the new owes, 
therefore 

+ ) 

2 *=* + / 3 f. ] 

The equations for the observations then have the form 

Oi — + + ( 115 ) 

The new normal equations may be formed from these, but the form becomes very cumbrous, 
the equation which specially refers to f being 

HA+flfrf+^iM - [(A+?**+ r *a) 2 ] ? + l(l>K+<lK+ rh s) Ai+^i+^a)] ? + 

+ l(Ph+$2+rh) A +& + **,)] C 

The computation ought not to he performed according to the expressions for the coefficients 
which come out when we get rid of the round brackets under the signs of summation [ ]. 
But it is easy to give the rule of the computation with full clearness. The old normal 
equations are first treated exactly as if they were equations for unbound observations, for 
y, and z, respectively; expressed by the new elements, consequently by multiplication, 
by columns\ by h v h v and h t and addition; by multiplication by k v iand k M and 
addition; and by multiplication by l v l v and / 3 and succeeding addition. Thereby, certainly, 
we get the new normal equations, but still with preservation of the old elements; 
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[(A+$*+rA a )o] " ltP^i+5** - r ^i)p]*+[(j^i+^*+^a)9]!f+[(Mi+S*i+^,)r]? ] 

[(pJi+a** - [(p^+ait+^Uple+to^+j^+rfaMy^Kp^+j^+ryr^ 1 

The second part of the operation must therefore consist in the substitution of the 
new elements for the original ones in the right hand sides of these equations. In order 
to find the coefficients of f, tj , and £, we must therefore here again multiply the sums of 
the products, now by rows, by 

h ji 

ifcp ij, ig 

Zj, fg, / jj 

and add them up, 

Example. It happens pretty often, for instance in investigations of scales for 
linear measures, that there is symmetry between the elements, two and two, x r and as*.* 
so that for instance the normal equation which specially refers to x n has the same coeffi¬ 
cients, only ip inverted order, as the normal equation corresponding to jr M _ f ; of course, 
irrespective of the two observed terms [po] on the left hand sides of the equations. 
Already P. A. Hansen pointed out that this indicates a transformation of the elements 
into the mean values 4 . — and their half differences d r — 4 (av—In 

this case therefore the equations for the old elements by the new ones have the form 

Xr ^Sr + dr 
Xm-r = $ r — d r , 

and the transformation of the normal equations is, consequently, performed just by forming 
gums and differences of the original coefficients. If the normal equations are 

[ao] = 4# *4* 3y -J- 2z -j- 1 m 
[bo] «* 3a + 6y+ 43 + 2# 

[co] — 2a: + 4y + 6^ + 3M 

[rfo] — la? + 2y + 33-|-4tf, 

the procedure is as follows: 

M + [do) — 5» + 5y 4- 5* + 5u - 10?±^ + 10£±i 
[6o]4-[eo] - 5* + 10jf+10« + 5# - 10^ + 20^ 

- 3*+ ly- la —3« - 6^+2^ 

[4«]—{coj -»1*+ 2y — 2z— lw ~ 2^p— 
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4s in this example, we always succeed in separating the mean values from the halt 
differences, as two mutually free systems of functions of the observations* 

§ 63. The great simplification that results when the observations are mere repe¬ 
titions, in contradistinction to the general case when there are varying circumstances in 
the observations, is owing the fact that the whole adjustment is then reduced to the 
determination of the mean values and the mean errors of the observations. Before an adjust* 
ment, therefore, we not only take the means of any observations, which are strictly speaking 
repetitions, but we also save a good deal of work in the cases which only approximate to 
repetitions, viz. those where the variations of circumstances have been small enough to allow 
us to neglect their products and squares. It has not been necessary to await the systematic 
development of the theory of observations to know how to act* in such cases. 

When astronomers have observed the place of a planet or a comet several times 
in the same night, they form a mean time of observation t, a mean right ascension a, 
and a mean declination 3, and consider a and d the spherical co-ordinates of the star at 
the time t. 

With the obvious extensions this is what is called the normal place method, the 
moat important device in practical adjustment. Such observations whose essential circum¬ 
stances have “small” variations, are, before the adjustment, brought into a normal place, by 
forming mean values both for the observed values themselves and for each of their essential 
circumstances, and on the supposition that the law which connects t\a observations and 
circumstances, bolds good also, without any change, with respect to their mean values. 

Much trouble may be spared by employing the normal place method. The question 
is, whether we lose thereby in exactness, and then how much, 

We shall first consider the case where the unbound observations o are linear 
functions of the varying essential circumstances x % .... z, the equation for the observa¬ 
tions being. 1 

jl,(o) — a+bx+ .... 

With the weights v we form the normal equations: 


[w ] — a[t?] + 4[ < ®]+ +rf[tw] 

(117) 

[tu»] — a[m] + + ... + d[vxz] \ 

(118) 

[vzo] — a[vz] +• l[vzx] + ... -f d [«>$*]. J 



If the whole series of observations is gathered into a single normal place, 0, 
corresponding to the circumstance v A and with the weight F, we shall have: 
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V -[,] 
VO = [w>j 

vx - [«*] 


VZ _ [vz \, 

and as 

0 - u + U r . \-d2> (i 17a) 

this normal place'will exhaust the normal equation (117) eoirespondmg to the constant 
term, both with respect to mean value and mean error. But if we make the other normal 
equations free of (117), we get, by the comet method of least squares: 

[t?(o-0)(z-I)] - b[v(x-X)']+.. +d[v(z-X)(z~Zj\ ] 

. 018a) 

[v(o~0)(z-Z)] - b[v(x~X)(z-Z)l+...+d[v(z~Z)*] i 

for the determination of the elements b, </, and these determinations are lost complete!} 
if the whole series is gathered into a single normal place. Certainly, the coefficients of these 
equations (118a) are small quantities of the second order, if the s -X and Z are 
small of the first order. 

If, on the other hand, we split up the series, forming for each part a normal 
place, and adjusting these normal places instead of the observations according to the 
method of the least squares, then the normal equation corresponding to the constant 
term is still exhausted by the normal place method; and besides this determination of 
a^bX^ ... -\-d,Z the normal place method now also affords a determination of the other 
dements b.. .<?, in such a way, however, that we suffer a loss of the weights for their 
determination. This loss can become great, nay total, if the normal places are selected in 
a way that does not suit the purpose: but it can be made rather insignificant by a 
suitable selection of normal places in not too small a number. 

Let us suppose, in order to simplify matters, that the observations have onfy one 
variable essential circumstance z, of which their mean values are linear functions, con¬ 
sequently 

^(o) a+fcz, 

and that tbcofsare uniformly distributed within the utmost limits, x Q and a;,; we then let each 
normal place encompass an equally large part of this interval, and we shall find then, this 
being the most favourable case, with w normal places, that the weight on the adjusted value of 
the element b becomes 1 — | *•)*, if by a correct adjustment by elements the corresponding 
weight is taken as unity. The loss is thus, at any rate, not yery great. And it can be 
made still smaller, if the distribution of the essential circumstance of the observations is 

14 * 
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uneven, and if we can get a normal place everywhere where the observations become 
particularly frequent, while empty spaces separate the normal places from each other. 

The case is analogous also when the observations are still functions of a single 
or a few essential circumstances, but the function is of a higher degree, or transcendental. 
For it is possible also to form normal places in these cases; and we can do so not only 
when the variations of the circumstances can be directly treated as infinitely small within 
each normal place, which case by Taylor’s theorem falls within the given rule. For if we 
have at our disposal a provisional approximate formula, y *=> f(x), and have calculated the 
deviation from this, o — y, of every observation (considering the deviations as observations 
with the essential circumstances and mean errors of the original observations), then we 
can use mean numbers of deviations for reciprocally adjacent circumstances as corrections 
which, added to the corresponding values from the approximate formula, give the normal 
values. Further, it is required here only that no normal place is made so comprehensive 
that the deviations within its limits do not remain linear functions of the essential 
circumstances. 

Also here part of the correctness is lost, and it is difficult to say how much. The 
loss is, under equal circumstances, smaller, the more normal places we form. With twice 
(or three times) as many normal places as the number of the unknown elements of the 
problem, it will rarely become perceptible, With due regard to the essential circumstances 
and the distribution of the weights we can reduce it, using empty spaces as boundaries 
between the normal places. 

A suitable distribution of the normal places also depends on what function the 
observations are of tfieir essential circumstances. As to this, however, it is, as a rule, 
sufficient to know the behaviour of the integral algebraic functions, as we generally, when 
we have to do with ftmcfcions which are essentially different from these, will try through 
transformations of the variables to get back to them and to certain functions which 
resemble them in, this respect 

We need only consider the cases in which we have only one variable essential 
circumstance, of which the mean value of the observation is an algebraic function of the 
degree. We are able then, on any supposition as to the distribution of the observations, 
o, and their essential circumstances, 2 , and weights, c, to determine r+1 substitutive 
observations, 0, together with the essential circumstances, J, and weights, T, belonging 
to them, in such a way that they treated according to the method of the least squares 
will give the same results as the larger number of actual observations. The conditions are: 

[oe] Oi Fij -f-... -f O r V r 

% 


( 119 ) 
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and 


W -F.+ ... + F, 


( 120 ) 


These 3r+2 equations are not quite sufficient for the determination of the 3r4-3 
unknowns. We remove'the difficulty in the beet way by adding the equation: 

[*™*]-2l? H V 9 +...+2p i r r . 

The elimination of the V's (and O's) then leads to an equation of the r+1 degree, whose 
roots X 0 ,... X r are all real quantities, if the given have been real and the v's 
positive. When the roots are found, W8 can compute, first V 0 , ... V r and afterwards 
O 0 ,... O r , by means of two systems of r+1 linear equations with r + 1 unknowns. 

If, for instance, the essential circumstances of the actual observations are contained 
in the interval from —1 to +1, and if the observations are so numerous and so equally 
distributed that they may be looked upon as continuous with constant mean error every¬ 
where in this interval; if, further, the sum of the weights =~ 2; then the distribution oi 
the substitutee observations will be symmetrical around 0, and, for functions of the lowest 
tiegretc, n 


j.Y -= -000 

i r- 2-ooo 1 

p - -577, 

+ •577 




V- 1-000, 

1-000 ; 




\X - -775, 

•000, 

+ •775 



| V — -556, 

•889, 

•556 ; 



fX — —-861, 

-•340, 

+ •340, 

+ *861 


\F= -348, 

•652, 

•652, 

•348 : 


- *906, 

-•538, 

•000, 

+ ■538, 

+ •906 

i 7 _ -237, 

•479, 

•569, 

•479, 

•237 1 

\X * — -932, 

-•661, 

-•239, 

+ •239, 

+ •661, --932 

| V - -171, 

•361, 

•468, 

•468, 

•361, -171 ! 

(X - -949, 

- -742, 

-•406, 

•000, 

+ •406, +-742, +-949 

\ V - -129, 

•280, 

•382, 

•418, 

•382, -280, -129 


If, in another example, the distribution of the observations is, likewise, continuous, 
but the weights within the element dx proportional to e~K consequently symmetrical with 
maximum by x — 0, then the distribution for the lowest degrees, the only ones of any 
practical interest, will be 
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•{?: 

*000 






2-000 ; 






■(?: 

-1*000, 

4 " 1*000 





1 *000, 

1*000 ; 






-1*732, 

•000, 

+1-732 




v= 

*333, 

1*333, 

•333 ! 





-2*334, 

- *742, 

+ -742, 

+2-334 



*092, 

*908, 

•908, 

•092 ; 




-2*857, 

-1*356, 

•000, 

+1-350, 

4-2*857 


V- 

*023, 

•444, 

1-067, 

•444, 

*023 ; 



—3*324, 

-1*889, 

- '617, 

+ -617, 

4*1*889, 

+3*324 

V- 

■005, 

*177, 

•818, 

•818, 

*177, 

*005 ; 


-3*750, 

—2*367, 

—H54, 

•000, 

.+1-154, 

+2* 307, 

6 \p- = 

*001, 

*062, 

•480, 

•914, 

*480, 

•002, 


If we were able now to represent these substitutive observations as normal places, 

then we should be able also, by the use of such tables in analogous cases, to prevent any 

loss of exactness. It would be possible entirely to evade the application of the method of 

the least squares; we had but to form such qualified normal places in just the same 

number as the adjustment formula contains elements that are to be determined. This, 
however, is not possible. Certainly, we can obtain normal places corresponding to the 
required values of the essential circumstance, but we cannot by a simple formation of 
•mean numbers give them the weight which each of them ought to have, without employing 
some of the observations twice, others not at all. By taking into consideration how much 
the extreme normal places from this reason must lose in weight, compared to tho sub¬ 
stitutive observations, we can estimate how many per cent the loss, in the worst case, 
can amount to. In the first of our examples we find the loss to be 0, for r 0 and 
r — I; but for r = 2 we lose 15, for r 3 we lose 19, for r ** 4 we lose 20, and 
for greater values of r 21 p. c. 

Example. Eighteen unbound observations, equally good, ^(o) — £, correspond 
to an essential circumstance whose values are distributed as the prime numbers p from 
1049 to 1171. Taking (jp—1105): 100 — x as the essential circumstance of the observa¬ 
tion o, we have; 
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X 

o 1 

X 

0 

X 

0 

- -pli 

-•41 

-•14 

-•15 

4- *18 

-•24 

— *54 

+ ’50 

-•12 

-•32 1 

1 +-24 

+ •09 

-•44 

— •03 

-•08 

+ •33 

+ *4G 

+ *39 

-■42 

-15 

j 

-•21 l 

+ •48 

+ •32 

-•30 

+ •48 

+ •04 

+ •21 

! + *58 

-•24 

-•18 

+ •38 

h-12 

+ •40 

1 t-« 

-•39 


Dividing these observations into "roups indicated by the horizontal lines, we get 
the G normal places: 

x o wenjlit 


-•550 

| -045 

2 

-•407 

+ •100 

3 

-•108 

-•034 

5 

+ •145 

+ •115 

4 

+ •470 

+ •255 

2 

! *020 

-•315 

2 


If we suppose the mean values of the observations to be a function of the third, 
eventually second, degree of a*, A t (o)^n j-hr+c^+djc*, we have by ordinary application 
of the adjustment by elements the normal equations: 

Cy 72 « 216‘00 a — 1-206 + 29'98c + l*04rf 

— 3-07 «■ - l*20a +29*986 + W4«f8'Hd 

— 1-08 — 29*98rt + 1-946+ Wlc + md 

i— 1*44 «» M)4a + 8*116+ l-21c + 2*5Gd. 

By the Iron equal ions: 


<1-72 ~ 

210*00 « 

- 1-SOi + 29-98/* + l-94rf 

— :V03 **■ 


29-97 i + 2-11 c + 812<i 

- 1*79 - 


3-80 <• + -37 d 

- *54 - 


■305 rf 


</■*« + 

•09, o’->+'10, 


6 + 

■40, 4' - —-07, 


C mn — 

•30, c' --47, 


tf - -1*77, 

where a\ b\ c' are the coefficients in the functions of second degree, obtained by pre* 
supposing d «« 0. 
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Now, by application of the normal places instead of the original observations, we 
obtain on the same suppositions the normal equations: 

6-72 - 216*00 a - 120 6 + 29*45 c +1*87 d 
—2*84 - -1.20a + 29*456+ 1*87c + 7*93 d 

- *54- 29*45o + 1*875+ 7*93 c + 1*14 d 

-1*57 - 1*87 a J- 7*93 5 + 1*14 c + 2*45 d. 

By the free equations: 

6*72 - 216-00a- 1*20 b + 29*45 e +1*87 d 
-2*80 - 29*44 5+ 2*03 c + 7*94 d 

-1*26 - 3*77 c+ *34 d 

- *76 - *263d, 

we get: 

a - + *07, a' - +*08, 

5 - + *69, 5' * - -07, 

c — *07, d =* — *33, 

d - -2*88. 

A comparison between these two calculations, particularly between the leading 
coefficients in the free equations, shows that the loss of weight amounts to 1 — or 
14 per cent. But it is only m the equation for d that the loso is so great? in the equa¬ 
tions for 5 and c, respectively, it is only two and one per cent. 

Our normal places are very good if the function is only of the first or second 
degree; for the function of third degree they can be admitted even though the values of 
the elements a, 5, c, d have changed considerably. Foi functions of 4 th or higher degrees 
these normal places would prove insufficient. 

§ 64. That graphical adjustment is a means which can carry us through gieat 
difficulties, we have shown already in practice by applying it to the drawing of curves of 
errors. The remarkable powers of the eye and the hand must, like a deus ex raachma, 
help us where all other means fail. 

Adjustment by drawing is restricted only by one single condition: if we are to 
represent a relation between quantities by a plane curve, there must be only two quantities; 
one of these, represented by the ordinate, is, or is considered io he, the observed value; 
and the other, represented by the abscissa, is considered the only essential circumstance 
on’ which the observed value depends. 

Examples of graphical adjustment with two essential circumstances do occur, 
however, for instance in weather-charts. In periodic phenomena polar co-ordinates are 
preferred. But otherwise each observation is represented by a point whose ordinate and 
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abscissa are, respectively, the observed value and its essential circumstance; and the adjust¬ 
ment is performed by free-hand drawing of a curve which satisfies the two conditions 
of being free from irregularities and going as near as possible to the several points of 
observation. The smoothness of the eurve in this process plays the part of the theory, 
and it is a matter of course that we succeed relatively best when the theory is unknown 
or extremely intricate; when, for instance, we must confine ourselves to requiring that the 
phenomenon must be continuous within the observed region, or be a single valued function. 
But also such a theoretical condition as, for instance, the one that the law of dependence 
must be of an integral, rational form, may be successfully represented by graphical adjust¬ 
ment, if the operator has had practice in the drawing of parabolas of higher degrees. And 
we have seen that also such functional forms as have the rapid approximation to an asymptote 
which the curves of error demand, lie within the province of the graphical adjustment. 

As for the approximation to the several observed points, the idea of the adjust¬ 
ment implies that a perfect identity is not necessary; only, the curve must intersect the 
ordinates so near the points as is required by the several mean errors or laws of errors, 
if, after all, we know anything as to the exactness of the several observations before we 
make the adjustment, this ought to be indicated visibly on the drawing-paper and used 
in the graphical adjustment. We cannot pay much regard, of course, to the presupposed 
typical form and other properties of the law of errors, but something may be attained, 
particularly with regard to the number of similar deviations. 

If we know nothing whatever as to the exactness of the several observations, or 
only that they are all to be considered equally good, there can be only a single point in 
pur figure for each observation. In a graphical adjustment, however, we can and ought 
to take care that the curve we draw has the same number of observed points on each 
side of it, not only in its whole extent, but also as far as possible for arbitrary divisions. 
If we know the weights of the observations, they may be indicated on the drawing, and 
observations with the weight n count w-fold. 

In contradistinction to this it is worth while to remark that, with the exception 
only of bonds between observations, represented by different points, it is possible to lay 
down on the paper of adjustment almost all desirable information about the several laws of 
errors. Around each point whose co-ordinates represent the mean values of an observation 
and of its essential circumstance, a curve, the curve of mean errors, may be drawn in 
such a way that a real intersection of it with any curve of adjustment indicates a devia¬ 
tion less than the mean error resulting from the combination of the mean errors of the 
observed value and that of its essential circumstance, if this is also found by observation, 
while a passing over or under indicates a deviation exceeding the mean error. Evidently, 
drawings furnished with such indications enable us to make very good adjustments. 

lft 
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If the laws of errors both for the observation and for its circumstance are typical, 
then the curve of mean errors is an ellipse with the observed points in its centre. 

If, further, there are no bonds between the observation and its circumstance, then 
the ellipse of mean errors has its axes parallel to the ordinate and the abscissa, and their 
lengths are double the respective mean errors. 

If the essential circumstance of the observation, the abscissa, is known to b$ free 
of errors, the ellipse of the mean errors is reduced to the two points on the ordinate, 
distant by the mean error of the observation from the central point of observation. In 
special cases other means of illustrating the laws of errors may be used. If, for instance, 
the mean errors as well as the mean values are continuous functions of the essential 
circumstance of the observation, continuous curves for the mean errors may be drawn on 
the adjustment paper. 

The principal advantages of the graphical adjustment are its indication of gross 
errors and its independence of a definitely formulated theory. By measuring the ordinates 
of the adjusted curve we can get improved observations corresponding to as many values 
of the circumstance or abscissa as we wish, and we can select them as we please within 
the limits of the drawing. But these adjusted observations are Strongly bound together, 
and we have no indication whatever of their mean errors. Consequently, no other adjust¬ 
ment can be based immediately upon the results of a graphical adjustment. 

On the other hand, graphical adjustment can be very advantageously combined 
with interpolations, both preceding and following, and we shall see later on that by this 
means we can remedy its defects, particularly its limited accui *) and its tendency to 
place too much confide the observations, and too little in the theory, i. e. to give 
an under-adjustmen T . 

By drawing we ar.un an exactness of only 3 or 4 significant figures, and that is 
frequently insufficient. The scale of the drawing must be chosen in such a way that the 
errors of observations are visible; but then the dimensions may easily become so large that 
no paper can contain the drawing. In order to give the eye a full grasp of the figure, 
the latter must in its whole course show only small deviations from the straight line, which 
is taken as the axis of abscissae. This is a practical hint, founded upon experience. The 
eye can judge of the imoothness of other curves also, but not bj far so well as of that 
of a straight line. And if the line forms a large angle with the axis of the abscissae, 
then the exactness is lost by the fiat intersections with the ordinates. Therefore, as a rule, 
it is not the original observations that are marked on the paper when we make a graphical 
adjustment, but only their differences from values found by a preceding interpolation. 

In order to avoid an under-adjustment, we must allow $ of the deviations of the 
curve from the observation-points to surpass the mean errors. It is further essential that 
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the said interpolation is based on a minimum number of observed data: and after the 
graphical adjustment has been made, it is safe to trj another interpolation using a smaller 
number of the adjusted values as the base of a new interpolation and a repeated graphical 
adjustment. 

If the results of a graphical adjustment are required only in the form of a fable 
representing the adjusted observations as a function of the circumstance as argument, this 
table also ought to be based on an interpolation between relatively few measured values, 
the interpolated values being checked by comparison with the corresponding measured 
values. A table of exclusively measured values will show too irregular differences. 

When we have corrected these values by measuring the ordinates in a curve of 
graphical adjustment, they may be employed instead of the observations as a sort of normal 
places. It has been said, however, and it deserves to be repeated, that they must not be 
adjusted by means of the method of the least squares, like the normal places properly so 
called. But we can very well use both' sorts of normal places, in a just sufficient number , 
for the computation of the unknown elements of the problem, according to the rules of 
exact mathematics. 

That we do not know their weights, and that there are bonds between them, will not 
here injure the graphically determined normal places. The very circumstance that even distant 
observations by the construction of the curve are made to -influence each normal place, is an 
advantage. It is not necessary here to suffer any loss of exactness, as by the other normal 
places, which, as they are to be represented as mean numbers, cannot at the same time be 
put in the most advantageous places and obtain the due weight. As to the rest, however, what 
has been said p. 108-410 about the necessity of putting the substitutive observations in 
the right place, holds good also, without any alteration, of the graphical normal places. 

The method of the graphical adjustment enables us to execute the drawing with 
absolute correctness, and it leaves us full liberty to put the normal places where we like, 
consequently ‘also in the places required for absolute correctness; but in both these respects 
it leaves everything to our tact and practice, and gives no formal help to it. 

As to the criticism, the graphical adjustment gives po information about the mean 
errors of its results. But, if we can state the mean error of each observation, we are able, 
nevertheless, to subject the graphical adjustments to a summary criticism, according to 
the rule V" 1 

2L~TT"~ n ~ m ' 

And with respect to the more special criticism on systematical delations, the graphical 
method even takes a very high rank. Through graphical representations of the finally 
remaining deviations, o—w, particularly if we can also lay down the mean errors on the 
lame drawing, we get the sharpest check on the objective correctness of any adjustment, 

15 * 
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From this reason, and owing to the proportionally blight diltii uities attached to it, 
the graphical adjustment becomes particularly suitable where we are to lay down new 
empirical laws. In such cases we have to work through, to check, and to reject series 
of hypotheses as to the functional interdependency of observations and their essential 
circumstances. We save much labour, and illustrate our results, if we work by graphical 
adjustment. 

Of course, we are not obliged to subject observations to adjustment. In the pre¬ 
liminary stages, or as long as it is doubtful whether a greater number of essential circum¬ 
stances ought not to be taken into consideration, it may even be the best thing to give 
the observations just as they are. 

But if we use the graphical form in order to illustrate such statements by the 
drawing of a line which connects the several observed points, then we ought to give this 
line the form of a continuous curve and not, according to a fashion which unfortunately 
is widely spread, the form of a rectilinear polygon which is broken in every observed 
point. Discontinuity in the curve is such a marked geometrical peculiarity that it ought, 
even more than cusps, double-points, and asymptotes, to be reserved for those cases in 
which the author expressly wants to give his opinion on its occurrence in reality. 


XIV. THE THEORY OF PROBABILITY. 

§ 65. We have already, in § 9, defined “probability" as the limit to which — the 
law of the large numbers taken for granted — the relative frequency of an event approaches, 
when the number of repetitions is increasing indefinitely; or in other words, as the limit 
of the ratio of the number of favourable events to the total number of trials. 

The theory of probabilities treats especially of such observations whose events 
cannot be naturally or immediately expressed in numbers. But there is uo compulsion in 
this limitation. When an observation can result in different numerical values, then for 
each of these events we may very well speak of its probability, imagining as the opposite 
event all the other possible ones. In this way the theory of probabilities has served as 
the constant foundation of the theory of observation as a whole. 

But, on the other hand, it is important to notice that the determination of the 
law of errors by symmetrical functions may also be employed in the non-numerical cases 
without the intervention of the notion of probability. For as we can always indicate the 
mutually complementary opposite events as the “fortunate” or “unfortunate” one, or as 
“Yes 11 and “No”, we may also uso the numbers 0 and 1 as such a formal indication. If 



then we identify 1 with the favourable “Yes"-e\ ent, 0 with the unfavourable “No”, the 
sums of the numbers got in a series of repetitions will give the frequency of affirmative 
events. This relation, which has been used already in some of the foregoing examples, we 
must here consider more explicitly. 

If repetitions of the same observation, which admits of only two alternatives, give 
the result “Yes” « 1 m times, against n times “No” — 0, then the relative frequency 
for the favourable event is But if we employ the form of the symmetrical functions 
for the same law of actual errors, then the sums of the powers are 

S Q « Ttt + ft , 8 l «= $ 2 .... *s r «»i. (121) 

In order to determine the half-invariants by means of this, we solve the equations 


m «■» (m+n)^ 

+ (»+*)/*, 

* — (w + »)^ 8 

«* — m-fi x + • ^e 2 -1- B«7i 8 + (m-l-«)/44, 

and find then 


P 1 


H = 


m 


w+n 

♦nn 

FR 5 


wn(w—w) 


(132) 


i “* kR* • 

Compare § 23, example 2, and § 24, example 3. 

All the half-invariants are integral functions of the relative frequency, which is 

itself equal to p v The relative frequency of the opposite result is — 1—/i x ; by 

interchanging m and n, none of the half-invariants of even degree are changed, and those 

of odd degree (from upwards) only change their signs. 

In order to represent the connection between the laws of presumptive errors, we 

need only asspme, in (122), that m and n increase indefinitely, while the probability of the 

event becomes jp = ~~, and the probability of the opposite event is represented by 

« l-p » a, The half invariants are then: 
m+» r x 


h — pq 
h ” i>s( q-p) 

4^+p*). 


(123) 


Our mean values are therefore, respectively, the relative frequency and the probability itself. 



We must now first notice here that every half-invariant is its own fixed and 

simple function of the probability (the frequency). When a result of observation can be 

stated in the form of one single probability, property so called, we have thereby given as 
complete a determination .of the law of t»us as by the whole series of half-invariants. 
In such cases it is simpler to employ the theory of probability instead of the symmetrical 
functions and the method of the least squares. 

The theory of probability thereby gets its province determined in a much more 
natural and suitable way than that employed in the beginning of this paragraph. 

But at the same time we see that the form of the half-invariants is not only the 

general means which must be employed where the conditions for the use of the probability 
are not fulfilled, but also that, -within the theory of probability itself, we shall require, 
particularly, the notion of the mean error. 

Even where the probability can replace all the half-invariants, we shall require all 
the various sides of the notions which are distinctly expressed in the half-invariants. Now 
we ha\e particularly to consider the probability as the definite mean valne, now the point 
is to elicit the definite degree of uncertainty which is implied in the probability, and 
which is particularly emphasised in the mean error. Otherwise, we should constantly be 
tempted to rely on the predictions of the theory of probability to an extent far beyond 
what is justly due to them. Finally, we shall see immediately that the laws of error of 
the probabilities are far from typical, but that they have rather a type of their own, which 
must sometimes be especially emphasised. 

All this we shall be able to do here, where we have the half-invariants in reserve 
as a means of representing the theory of probability. 

§ 66. In particular, we can now, though only in the form of the half-invariants, 
solve one of the principal problems of the theory of probability, and determine the law of 
presumptive errors for the frequency m of one of the events of a trial, which can have 
only two events and which is repeated N times, upon the supposition that the trial follows 
the law of the large numbers, and that the probability p for a single trial is known. 

The equations (123) give us already the corresponding law of error for each trial, 
and as the total absolute frequency is the sum of the partial ones, we need only use the 
equations (35) to find; 

M*) - Np 

ij(w) - % - tyP-p) 

- Npqiq-p) — Np(l~p) (l-2p) 
i 4 («) — Npqtf-ipq+p 1 ) 

■= A 7 p (1 -j>) (1 - (3+ V$)p) (1 - <3_y3>p). 


( 124 ) 
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The ratio of the mean frequency to the number of trials is therefore the probability itself. 

When p is small the mean error differs little from the square root ]/Wp of the mean 

frequency; and if p is nearly = 1, the mean error of the opposite event is nearly equal to 

. YNq. When the probability, p, is nearly equal to the mean error will be about J |/5 T . 

The law of error is not strictly typical, although the rational function of the r th 

degree in Mm) vanishes for r different values of p between 0 and 1, the limits included, 
/ 

so that the deviation from the typical form must, on the whole, be small. If, however, we 
consider the relative magnitude of the higher half-invariants as compared with the powers 
of the mean error 


VNpq 

and 


(125) 


the occurence of Npq in the denominators of the abridged fractions shows, not only that 
great numbers of repetitions, here as always, cause an approximation to the typical form, 
but also that, m contrast to this, the law of error in the cases of certainty and impossi¬ 
bility, when q -* 0 and p — 0, becomes skew and deviates from the typical in an infinitely 
high degree, while at the same time the square of the mean errors becomes 0. This 
remarkable property is still traceable in the cases in which the probability is either very 
small or very nearly equal to 1. In a hundred trials with the probability ** 99£ per ct. 
the mean error will be about = ]/£. Errors beyond the mean frequency 99J cannot 
exceed and are therefore less than the mean error. The great diminishing errors must 

therefore be more frequent than in typical cases, and frequencies of 97 or 96 will not be 
rare in the case under consideration, though hey must be fully counter-balanced by 
numerous cases of 100 per ct. The law of error is consequently skew in a perceptible 
degree. In, applications of adjustment to problems of probability, it is, from this reason, 
frequently necessary to reject extreme probabilities. 


XV. THE FORMAL THEORY OF PROBABILITY. 

§ 67. The formal theory of probability teaches us how to determine probabilities 
that depend upon other probabilities, which are supposed to be given. Of course, there 
are no mathematical rules specially applicable to computations that deal with probabilities, 
and there are many computations with probabilities which do not fall under the theory of 
probability, for instance, adjustments of probabilities. But in view of the direct application 
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of probabilities, not only to games, insurances, and statistics, but to all conditions of 
life, it will be understood that special importance attaches to the marks which show 
that a computation will lead us to a probability as its result, as this implies in part or 
in the whole a determination of a law of errors. The formal theory of probabilities rests 
on two theorems, one concerning the addition of probabilities, the other concerning their 
multiplication. 

I. The theorem concerning the addition of probabilities can, as all probabilities 
are positive numbers, be deduced from the usual definition of addition as a putting together: 
if a sum of probabilities is to be a probability itself, we must be allowed to look upon 
each of the probabilities that we are to add together as corresponding to its particular 
events. These events must mutually exclude one another, but must at the same time have 
a quality in common, to which, after the addition, our whole attention must be given. If 
the sura is to be the correct probability of events with this quality, the same quality must 
be found in no other event of the trial. An “either—or’ 1 is, therefore, the simple gramma¬ 
tical mark of the addition of probabilities. The event E ti whose probability is p l ‘\-p v 
must occur, if either the result E v whose probability is p v or the quite different event E v 
whose probability is p v occurs, and not in any other case. If we require no other resem¬ 
blance between the events whose probabilities are added together, than that they belong 
to the same trial, their sum must be the probability 1, certainty, because % then all events 
of the trial are favourable. Jf p be the probability for a certain event, g the probability 
against the same, then we have p4-^ = 1, q = l—p. If n events of the same trial be 
equally probable, the probability of each being = p t then the aggregate probability of 
these events is «■ np> 

II. The theorem concerning the multiplication of probabilities can, as all proba¬ 
bilities are proper fractions, be deduced from the definition of the multiplication of frac¬ 
tions, according to which the product is the same proportional of the multiplicand as the 
multiplier is of unity. Only as probabilities presuppose infinite nurabeis of trials, we shall 
commence by proving the corresponding proposition for relative frequencies. 

If, va p p l p v p x is & relative frequency, it must relate to a trial T l which, 
repeated N times, has given favourable events in Np t cases; and if p 2 , being also a relative 
frequency, takes the place of multiplier, then the corresponding trial T 2 , if repeated Np x 
times, must have given (Npi)p t favourable events. Now in the multiplication p*~Pip v 
p must be the relative frequency of the compound trials which out of the total number of 
N repetitions have given ftp# t favourable events. The trials T l and must both have 
succeeded as conditional for the final event As the number N can be taken as large as 
we please, the same proposition must hold good for probabilities. 
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The probability p p x p v as the product of the probabilities p x and p 2 , relates to 
the event of a compound trial, which is favourable only if both conditional trials, T, and 
T v have given favourable events; first the trial T x must have had the event whose pro¬ 
bability is p,, aud then the other trial T 9 must have succeeded in the event, whose 
probability, on condition of success in T v is p 2 . However indifferent the order of 
the factors may be in the numerical computation it is nevertheless, if a probability is 
correctly to be found as the product of the probabilities of conditional events, necessary 
to imagine the conditional trials arranged in a definite order. To prove this very important 
proposition we shall suppose that both conditional trials are carried out in every case of 
the compound trial. Let both T x and T 2 have succeeded in a cases, while only T x has 
succeeded in b cases, only T 2 in c cases, and neither in d cases. Considering each of the 
two trials without any regard to the other, we therefore get A and 

u frequencies or probabilities of their favourable events. But in 
the multiplication for computation of the compound probability, P x and P 2 are applicable 
only as multiplicands; the correct result p =* a j r ^\ c ^2 k found by p —< 
or by p i according to the order in which the trials are executed, but not 

as p — P X P 2 , unless a:b c:d. Jut this proportion expresses that the frequency or 
probability of the trial T 2 is not affected by the event of the trial T r This proportionality 
is the mark cf freedom, if we consider the multiplication of probabilities as the determination 
of the law of errors for a function of two observed values whose laws of errors are given. 

Since impossibility is indicated by probability « 0, we see that the compound 
trial is impossible, if there is any of the conditional trials that cannot possibly succeed, 
i. e. if p t — 0 or p 2 ~ 0 in p=*f x p v The condition of certainty (probability — 1) in 
a compound trial is certainty for the favourable events of all conditional trials; for as p x 
and p 2 as probabilities must be proper fractions, p^—p = 1 will be possible only when 
both p x — 1 and p 2 — 1. 

Example 1. When the favourable events of all the conditional trials, n in 
number, have the same probability p, the compound event, which depends on the success 
of all these, has the probability p n . If by every single drawing there is the probability of 
J for “red” and \ for “black”, the probability of 10 drawings all giving red will be ~- 2 v 

Example 2. Suppose a pack of 52 cards to be so well shuffled that the probabi¬ 
lities of red and black may constantly be proportional to the remainder in the stock, then 
the probability of the 10 uppermost cards being red will be 

26 25 24 23 22 21 20 19 18 17 |26 [42 ]10 & 0 (10) _ 19 _ 1 

- 52*5l'50'49‘48’47‘46‘45’?4'43 ~ |52[1G|10 &i(10) “ 5GS>88 ” 2978 ’ 

the being binomial functions. 
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Example 3. Compute the probabi ity that a man whose age is a will be still alive 
after n years, and that he will die in one of the succeeding m years. 

If we suppose that q { is the probability that a man whose age is i will die before 
his next birthday, the probability that the man whose age is a will be alive at the end 
of n years will be 

P# “ (1— go) (1— 2<M-i) • • • • (1— 

The probability Q m of his then dying in either one or the other of the succeeding 
m years will be 

Qn Ja-H* “b (I ?«+*) {$«+»+! 4" (1—2[2°+"4-2 • • • 4~ (l~*2«fn+»-2) 2 a +*+W'-*]}» 

or 

1 — Qn **■ (1—2«+») (1—2«+*+i) • • • (1—2«+«+»~l)* 

The required probability of death after n years, but before the elapse of n-J-w years, is 
consequently P n Q M «= P n -~P n + m . 

The most convenient form for statements of mortality is not, as we here supposed, 
a table of the probabilities q 4 for all integral ages i , but of the absolute frequencies U of 
the men from a large (properly infinitely large) population who will reach the age of t. 
After this 2, = - -^ +1 , ^1 —g, = will only be a special case of the general 
answer: 

D n _ W» — h+9+m 

- £ • 

Example 4. We imagine a game of cards arranged in such a way that each 
player, in a certain order, gets two cards of the well-shuffled pack, and wins or loses 
according as the sum of the points on his two cards is eleven or not. For 5 players we 
nse, for instance, only the cards 1, 2, 3, 4, 5, 6 , 7, 8 , 9, and 10 of the same colour. 

What then is the probability of h players (named beforehand) getting 11 and not 
any of the 5— h others? 

Secondly, what probability, r*, is there that the player in succession will be 
the first who gets 11 ? 

Lastly, what is the probability, 9 , that none of the players will get 11 ? 

It will be found perhaps that it is not quite easy to compute these probabilities 
directly. In such cases it is a good plan to reconnoitre the problem by first bringing out 
such results as present themselves quite easily and simnly, without considering whether 
they are just those we require. In this case, for instarn *, we take the probabilities, p (% that 
each of the first i players will get 11 . 

We then attack the problem more seriously, and examine if there are not any 
simple functions of the probabilities we have found, p t% which may be interpreted as. pro¬ 
babilities of the same or similar sort as those inquired after. 
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? =* W ~ 10(p, — i> s ) + 5CP« —1»») + P 0 —i»s- 

§ 68. Eepetitions of the same trial occur very frequently in problems solvable by 
the theory of probabilities, and should always by treated by means of a very simple and 
important law, the polynomial formula. 

Let us suppose that the various events of the single trial may be indicated by colours, 
and that, in the single trial, the probability of white is «?, of black b, and of red r. 

The probability that we shall get in -f ,z trials x white, y black, and z red 

results, in a given order, is then 

w *. ^ • r\ 


The number of the events of this kind that diher only in order, is the trinomial 
coefficient 


t z) 


1,2*3... (x+y+z) 

1 *2 . *2 ... y *1 *2 ... 2 ’ 


which is the coefficient of the term w x ‘by*t a in the development of 
And this same term 

r(s, y, (126) 


is the required probability of getting white x times, black y times, and red z times by 
(x^y+z) repetitions. 

When the probabilities of all possible single results are known and employed, so 
that ttJ+^+ r + ... li and when the number of repetitions is «, we must consequently 
imagine (w+&+>’+ • ••)" developed by the polynomial theorem, and the single terms of 
ihe development will then give us the probabilities of the different possible events of the 
repetitions without regard to the order of succession. 

Example 1. If tho question is of the probability of getting, in 10 trials in which 
there are the three possible e\enis of white, black, and red, even numbers x t y, and z of 
each colour, and if the probabilities of the single events are w y b, and r, respectively, then 
we must retain tho terms of (w+6 + r) 10 which have even indices, and we thus find: 


#°+45# + 210# (M+ObV-f r *) + 210# (b*-\ 15&V+i5b*f<>+r a )+ 

_|_45 w ,s(j8 + 286 fl rH 706V‘-+-286 a r®+;- 8 ) 4- 45Z> 8 r*+2106 6 #+ 2KW& 4 r 6 +45^*r«+r 10 

- | a. (_ ic -} A-f r )‘«+(«—6-4 r) 1 *+(w+ft—r) 10 > - 

- \ {l+(l—2u>) l °+(l—24)'°+(l—2>') u '}- 

The probability, consequently, is always greater than £, but only a little greater, unless 
the probability of getting some of the events in a single trial, is very small. 

Example 2. Peter and Paul play at heads-or-tails (i. e. probability \ for and 

against)! But Peter throws with 3 coins, Paul only with 2, and the one wins who gets 

16 * 
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the greatest number of “heads". If both get the same number of heads they throw again, 
as often as may be necessary. What is the probability that Peter will win? 

If we write for Peter’s probability for and against throwing heads p x «* { and 
gj £, for Paul’s p 4 «= $ and g„«then we should develop (Pi+Ji) 8, (Pj+2s)*i a &d 
the terms in which the index of p l is greater than that of j? 2 , are in favour of Peter; 
those in which the indices are equal, give a drawn game; and those in which the index 
of p t is greater than that of p v are in favour of Paul. For the single game there is the 
probability 

for Peter of -1, 

* o 

for a drawn game of 

for Paul of 

As the probabilities are distributed in the same way, when they play the games over 
again, we need not consider the possibilities of drawn games at all, and we find ~ as 
Peter’s final probability. 

Example B. A game which is won once out of four times, is repeated 10 times. 
What is the probability of winning at most 2 of these? 

551124 
1048576 * 

§ 69. It often occurs that we inquire in a general way concerning a probability, 
which is a function of one or more numbers. Often it is also easier to transform a special 
problem into such a one of a more general character, where the unknown is a whole table 
Pv Pv Pa> ••• P* probabilities, the suffixes being the arguments of the table. And 
then we must generally work with implicit equations, f(p v .. p») 0, particularly such 

as hold good for an arbitrary value of n, i. e. with difference-equations. Integration of 
finite difference-equations is indeed of so great importance in the art of solving problems 
of the theory of probabilities, that we can almost understand that Laplace has treated 
this method almost as the one to be used in all cases, in fact as the scientific quintessence 
of the theory of probabilities. 

Since finite difference-equations like differential equations cannot as a rule be inte¬ 
grated by known functions, we can in an elementary treatise deal only with the simplest 
cases, especially such as can be solved by exponential functions, namely the linear difference- 
equations with constant coefficients. As to these, it is only necessary to mention here 
that, when 

Cmp*+m + ... + c 0 p n - 0 (n being arbitrary), 
the solution is given by 

P* es * “b 4 • • H" kmfn ♦ 


m 
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where r u .. r n are the roots m the equation 


Cmr m + . . 4-ro 0, 


while h i% kn are integration-constants whenever the coiresponding roots oeun singly; 
hut rational integral functions with arbitrary constants, and of the degree £—1, if the 
corresponding root occurs i times. 


I shall mention one other means, however, not only because it can really lead 
to the integration of many of the difference-equations which the theory of probabilities 
leads to, particularly those in which the exponential functions occur in connection with 
binomial functions and factorials, but also because it has played an important part in the 
conception of this book. 

The late Professor L. Oppermann, in April 1871, communicated io me a method 
of transformation, which I shall here state with an unessential alteration. 

A finite or infinite series of numbers 

«0, . , «n 

can univocally he expressed by another; 

Wq « W 0 + tti+ W 2+ Wj+ W 4 t • • ) 


— 2m 2 — 3u 5 — 4u i — 

*** w -f 3 w 3 + 3w 4 -f 

u> s - u 3 - 4 w 4 - ... 


(128) 


w, - 


W 4 + • * 


«?, «. (—1 )'2flp(z)Uj, , 


where the sum 2' may be taken from — oo to + oo, provided that ty,™ 0 when p>n. 
In order, vice versa, to compute the u’s by means of the w’s, we have equations of just 
the same form: 


W 0 ^Wo + «’i+ W 2 + *03+ »!+•• 
u x -r* w x — 2w 3 — 3w s — 4^ 4 — .. 
u 2 =® ip 2 + 3tfl a + 6io t 4 * • • 

if 3 « - ip, — 4w 4 — .. 

- w 4 4-.. 

Ug m. (-^1 )*2p f (x)w f ' 


(129) 


Here, as in (17) and (18), the general dependency between the m, and v> } can be 
' expressed in a single equation, be means of an independent variable z. From (129) we 
get identically 

+ «|«*+w,e**+ ... — w 0 + (1—e*) w i + (l-~e*) l Wj + • • • 

If we here put 1-^e* ^ e*, then 1 —0 « will reduce (128) to an equation of 
the same form. 






m 

If u t is the frequency or probability of i taken as an observed value, then also 
i , , M , sa* , 

+ *•« * 5 oT^- + -jt2 ^ 

■* s 0 e 1 *- 2 ** 0 o + (l-^ + (l-*)X + - 

illustrate the relations of the values in Oppermann’s transformation to the half-invariants 
and sums of powers. In particular we have 

W Q «’<? 

6 «* 0 + b “7 - 5 ? • 

If now ... w* are a seiies of probabilities or other quantities which depend 
on their suffix according to a fixed law, and if we know this law only through a difference- 
equation, then Oppermann’s transformation of course leads only to a difference-equation 
for tf 0 , wj, w n as function of their suffix. But it turns out that, in problems of 
probabilities, this equation pretty often is easier to deal with than the original one (foi 
instance the more difficult ones in Laplace’s collection of problems). If we can look upon 
a probability «,a 3 the functional law of errors for i as the observed value, then to expresses 
the same law of errors by symmetrical functions, and frequently we want nothing more. 
If we have to reverse the process to find % itself, the series are pretty simple if w is 
simple; but they are often less favourable for numerical computation, as they frequently 
give the unknown as a difference between much larger quantities. There exists a means 
of remedying this, but it would carry us too far to enter into a closer examination of the 
question here. 

Example 1. I throw a die, and go on throwing till I either win by getting “one” 
twice, or lose by throwing “two” or “three”. If the game is to be over at latest by the 
aft throw, what is my probability of winning? If the number of throws is unlimited, 
what is the probability of another “one” appearing before any “two” or “three”? 

Pour results are to be distinguished from one another. At any throw, say the i l \ 
the game can in general be won, lost, half won (by only one “one”), or drawn. Let the 
probability of the » >tb throw resulting in a win be p {> of the same resulting in a loss be q., 
in half win s,, and in a drawn game be r„ then p x — 0, q x — i, s x — J, and r x = J. 
Thus the probability of a second throw is {, and, generally, the probability of an i & throw 
It is easy to eipress p %% q t , r,, and s, in terms of r tmmi and a M , and also 


i - - 

H *" 

H * - 
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Pi„i' SLi’ r i„ii an( * 5 ,»i' n * erms °^ r i-a an< l Vr e ^ c * e ^ m ^nation then the difference* 
equations can be found. 

When we replace p or q or $ or r by x the difference-equation can he written in 
the common form 

— Xtm.\ 4* * =s 0, 

which is integrated as 

for r we have the simpler form 

>*« - Jfwi. 


we get 


When, by the probabilities of the first throws, we have determined the 


Pi 
it' 
Si < 


i7 

A 2«< 

B ’ 


and 


We then have the formulae P tt «* p l -f . . + p 9 and Q n ... + for the 
probabilities of making the winning or losing throw, and we get 

_ 1. P-D-* attd *» , _ I 

Pn+<?» 3 3(2"—1)—n Pv + Q* 9* 

Example 2. In a game the probability of winning is tzf. The same game is 
repeated a great many, times. If it then happens at least once in this series that m 
successive games are won, you get a prize. What is the probability p„ of this? In a 
game of dice, where © «■ J, what is the probability of getting a series of 5 “sixes” in 
10000 throws? 

It will be simplest to find the probability, q r *» l—p f1 that the prize will not be 
got in the first r repetitions. The difference-equation for this is 

« f+ , + i-? r+ , + ( 1 -®)o"i r -0 (») 

or 

-a-®)...+0*-%,+®"-'?,}-o, (b) 

where (b) is the first integral of (a), (As well as (a) we can directly demonstrate (b). 
How?). Hence 

ir ” v>;+ 

where c t ,.. c m are constanis, which as well as c 0 »0 must be determined by means of 
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$o■* h “ - • • =** — 1» 2 m — 1 —t3 m , and />i to /?m are the roots of an irreducible 

equation of the degree, which is got from 

|O m+1 ~/? m « — ©* (C) 

by dividing out p—vs. The largest of these roots (for small 0's or large ms) will be 
only a little less than 1; a small negative root occurs when m is even; the others are 
always imaginary, and they are also small. 

In the actual computation it is highly desirable to avoid the complete solution of (c). 
This can be done, and this problem will illustrate a most important artifice. We may 
use the difference-equation to compute a single value of the unknown function by means 
of those which are known to us from the conditions of the problem, and then successive 
values of the unknown function by means of those already obtained; here, for instance, 
(b) enables us to get q mJri in terms of g,, ... q m . Then we get either by again ap¬ 
plying (b) to ... q m+i or by applying (a) to q t and q m+i (or best in both ways for the 
sake of the check), etc. 

it is evident that the table of the numerical values of the function which we can 
form in this way, cannot easily become of any great‘extent or give us exact information 
as to the form of the function. But we are able to interpolate, and, when the general 
form of the function is known (as here), we may be justified in using extrapolation also. 
In our example we need only continue the computations above described until the 
term in q r — • • •» corresponding to the greatest root p v dominates the others to 

such a degree that the first difference of Log q r becomes constant, and the computation of 
q r for higher indices can then be made as by a simple geometrical progression. In the 
numerical case q r « 1*004078 x (0*9998928) r ; 1 — q im — 0*6577. 

Example 3. A bag contains n balls, a white and a—n black ones. A ball is 
drawn out of • the bag and a black ball then placed in it, and this process is repeated y 
times. After the operation the white and black balls in the bag are counted. Find 
the probability u?(y) that the numbers of white balls will then be x and the black 
ones »— x. 

We have . 

My) - 

and 

«r(0) « 0, except w fl (Q) «= 1. 

By Oppermann’s transformation we find 

My) « (-l)^/9*(s) •«,(#), 


2 taken from x 

My) - 


« —oo to 2=» -foo, or 


a?+l"-g 


&+)(*)•«.+iCv-l)- 


11 



The limit? of x under 2 being infinite, x +1 can be replaced by x , consequently 

My) - — u?#(y-l). 

This difference-equation, in which y is the variable, may easily be integrated. As we have, further, 

•MO) - (-1W4 

we get 

<My) -(-})'• AW-•("}• 

By Oppermann’s inverse transformation we find now: 

*« ” (~ 1 ) x -A(a) • {-1) ! ■ ft a (z) • (’~J> 

2 taken from — co toa;»4 ,oc - This expression 

has the above mentioned practical short-comings, which are sensible particularly if n, a— 
or y are large numbers; in these cases an artifice like that used by Laplace (problem 11) 
becomes necessary. But our exact solution has a simple interpretation. The sum that mul¬ 
tiplies^ (a?) in u x (y), is the (a-a) th difference of the function j—) K , and is found by a table 
of the values ) K , (——)*, as the final difference formed by 

all these consecutive values. We learn from this interpretation that it is possible, if not 
easy, to solve this problem without the integration of any difference-equation, in a way 
analogous to that used in § 67, example 4. 

If we make use of w t (y) to give us the half-invariants fi t , ^ for the same law 
of errors ns is expressed by u x {y)> then we find for the mean value of x after y drawings 



and for the square of the mean error 


XVI. THE DETERMINATION OF PROBABILITIES A PRIORI 
AND A POSTERIORI. 

$ TO. The computations of probabilities with which we hare been dealing in the 
foregoing chapters hare this point in common that we always assume one or several pro¬ 
babilities to be given, and then deduce from them the required ones. If new we ask, how 

IT 
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we obtain those “given” probabilities, it is evident "that other means are necessary than 
those which we have hitherto been able to mention, and provisionally it must be clear 
that both theory and experience must cooperate in these original determinations of proba¬ 
bilities. Without experience it is impossible to insure agreement with reality, and without 
theory in these as well as in other determinations we cannot get any firmness or exactness. 
In determining probabilities, however, there is special reason to distinguish between two 
methods, one of which, the a priori method seems at first sight to be purely theoretical, 
while the other, the a posteriori methfid, is as purely empirical. 

§ 71. The a priori determination of probabilities is based on estimate of equality, 
inequality, or ratio of the probabilities ol the several events, and in this process we always 
assume the operative causes, or at any rate their mode of operation, to be more or less 
known. 

On the one hand we have the typical cases in which we know nothing else with 
respect to the events but that each of them is possible, and in the absence of any reason 
for preferring any one of them to any other, we estimate them to be equally probable — 
though certainly with the utmost uncertainty. For instance: What is the probability of 
seeing, in the course of time, the back of the moon? Shall we say J or $? 

On the other hand we have the cases — equally typical, but far more important — 
in which, by virtue of a good theory, we know so much of the causes or combinations of 
causes at work that, for ea v ii of those which will produce one event, we can point out 
another (or n others) which will produce the opposite event, and which according to the 
theory must occur as frequently. In this case we must estimate the'probability of the 
result at j and ~ respectively, and if the conditions stated be strictly fulfilled, such a 
determination of probability will be exact. 

But even if such a theory is not absolutely unimpeachable, we can often in this 
way obtain probabilities, which are so nearly exact and have such infinitely small mean 
errors, that we may very well make use of them, and compute from them values which 
may be used as our theoretically given probabilities* We are not more strict in other 
kinds of computations. In astronomical adjustment, for instance, it is almost an established 
practice to consider all times of observation as theoretically given. Their real errors, how¬ 
ever, will often give occasion to sensible bonds between the observed co-ordinates; but the 
fact is that it would require great labour to avoid the drawback. 

Such an a priori determination of probabilities is particularly applicable in games. 
For it is essential to the idea of a game that the rules must be laid down in such a 
way that, on the one hand they exclude all computation beforehand of the result in a 
particular case, while on the other hand they make a pretty exact computation of the pro¬ 
babilities possible. The procedure employed in a game, e. g. throwing of dice or shuffling 
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of cards, ought therefore to exclude all circumstances that might permit the players to set 
causes in train, which could bring about or further a certain event (corriger la fortune). 
But also those circumstances ought to be eliminated, which not only by their incalculability 
make a judgment of the probabilities very insecure, but, above all, make it depend on the 
theoretical insight of the parties. Otherwise the game will cease to be a fair game and 
will become a struggle* The so-called stock-jobbing is rather a war than a game. 

When the estimate of the probabilities depends essentially upon personal knowledge, 
we speak of a subjective probability . This too plays a great part, especially in daily life. 
The fear which ignorant people have of all that is new and unknown, proves that they 
understand that there is a great uncertainty in the estimate, and that it is greater for 

those who know but a little, than for those who know more and are therefore better able 

to judge. 

Boulette may be taken as an example of the objective probability which arises in 
a well arranged game. A pointer turns on an almost frictionless pivot and pointy to the 
scale of a circle whose center is in the pivot. The pointer is made to revolve quickly, 

and the result of the game depends on where it stops. If the pointer stops opposite a space 

— suppose a red one — previously selected as favourable, the game is won. 

There we have as essential circumstances: 1) the length of the arc which is tra¬ 
versed, this being determined by the initial velocity and the friction, 2) the initial position, 
and 3) the manner in which the circle is divided. 

The length of the arc is unknown, especially when we take care to exclude very 
small velocities, and when the friction, as already mentioned, is very slight. So much 
only may be regarded as given, that the frequency of a given length of the arc must, as 
function of this length, be expressed by a functional law of errors of a nearly typical form. 
For the frequency must go down, asymptotically, as far as 0, both below and above limits 
of the arc which will be separated by many full revolutions of the pointer, and with at 
least one maximum between these limits. If now, for instance, it depended on, whether 
the arc traversed was greater or smaller than a certain^ value, the apparatus would be in¬ 
expedient, it would not allow any tolerably trustworthy a priori estimate. But if the 
winning space (or spaces) is small in proportion to the total circumference and, moreover, 
repeated regularly for each of the numerous revolutions, then the a priori determination 
of the probabilities will be even very exact. For an area ABab, bounded by any finite, 


continuous curve whatever (in the present case the curve of 
errors of the different possible events), by the axis of abscissae, 
and two ordinates, can always as a first approximation be 
expressed as the sum of numerous equidistant small areas 
with a constant base, multiplied by the 
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interval pq «= qr = ... and divided by the base pp'^q^^ ... And if we speak of 
the total area of a curve of errors , then the series of which the first term is this approx¬ 
imation, is even very convergent, in such a degree as Q{x) = 1 +&+s 4 + 0 9 4 -* 16 -{--** 
for small x % and the said approximation is sufficient for all practical purposes. 

That the initial position of the roulette is unknown, does not essentially change 
the result of the foregoing, viz. that the probability of winning is This uncertainty 
can only cause an improvement of the accuracy of this approximation. If we may assume 
that the pointer will as probably start from any point in the circle as from any other, this 
determination will even be exact, without any regard to the special kind of the un¬ 
known function of frequency. 

The ratio of the winning space on the circle pp’ to the whole circumference pq, 
the third essential circumstance, cannot be determined wholly a priori, but demands a 
measurement or a counting whose mean error it is essential te know. 

The a priori determination of probability can thus, according to circumstances, 
give results of the most different values, from the very poorest through gradual transition 
up to such exact probabilities as agree with the suppositions in § 65 seqq., and permit the 
probability to replace the whole law of errors for our predictions. But what the a priori 
method cannot give, is a quantitative statement of the uncertainty which affects the 
numerical value of the probability itself. Only when it is evident, as in the example of 
the roulette, that this uncertainty is infinitely small, can we make use of a priori proba¬ 
bilities in computations that are to be relied on. If in the work and struggles of our life, 
we cannot entirely avoid building on altogeth r uncertain and subjective a priori estimates,' 
great caution is necessary, and in order not to overdo this caution for want of a proper 
measure, we must try, by tact or experience, without any real method, to get an estimate 
of the uncertainty. 

Even by the best a priori determinations of probability caution is not superfluous; 
the dice may be false, the pivot of the roulette may‘be worn out or bent, and so on. 

§ 72. By the a posteriori determination of probability we build on the law of the 
large numbers, inferring from a law of actual errors in the form of frequency to the law 
of presumptive errors in that of the probability. We repeat the trial or the observation, 
and count the numbers m for the favourable and n for the unfavourable events. 

Owing to the signification of a probability as mean value, the single values being 
0 for every unfavourable event, 1 for every favourable event, the probability p for the fa¬ 
vourable event must be transferred unchanged from the law of actual errors to that of 
presumptive errors; consequently 

m 

* *"* m-f»’ 


(130) 
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Since, according to the same consideration, the square of the mean delation tor 
a single trial is —- 2 — «= and the number 6 0 of the repetitions is — w+n, 

the square of the mean errors must, according to (47), be 


Xi (w+#H»»+»-l)’ (131) 

which is, therefore, the square of the mean error for a single trial, whether this is one of 
those which we have made, or is a repetition which we are still to make, and for which 
we are to oompute the uncertainty. 

If we then ask for the mean error of the probability p «=• got from the 
m + n repetitions, we have 

) {9) _ ... m _ liir P) (m 

* (m 4 - #)* (» 4 “ n — 1 ) m 4 ^ n — 1 
as the square of this mean error. 

The identity 


mn __ mi mn 

(?/i4-«) s ' (m + w) 2 (m -f- n — 1) “ (m 4" n) (m 4- a — 1) 
or 

pq + h{p) - L ( 133 ) 

shows that the mean error at a single trial, when the probability p is determined a poste¬ 
riori by m -)- n repetitions, can be computed by (34), as originating in two mutually free 
sources of errors, one of which is the normal uncertainty belonging to the probability, for 
which X t «* pq ( 123 ), while the other is the inaccurai) of the a posteriori determination, 
for which >i 2 (jp) is the square of the mean error. 

The a posteriori determination therefore never gives an exact result, but only an 
approximation to the probability. Only when the number o f repetitions we employ is so 
large that their reduction by a unit may be regarded as insignificant, we can immediately 
employ the probabilities found by means of them as complete expressions for the law of 
errors. But even by the very smallest number of repetitions of the trial,, we not only obtain 
some knowledge of the probability, but also a determination of the mean error, which may 
be useful in predictions, and may serve as a measure of the caution that is neces.*ary. It 
must be admitted that it is not such a simple thing to employ these mean errors as those 
in the ideal theory of probability, but it is not at all difficult. 

As above mentioned, the a posteriori determination of probability seems to be purely 
empiric; theory, however, takes part in it, but is concealed in the demand, that all the 
trials we make use of must be repetitions, in the same way as the future trials whose 
results and uncertainty are predicted by the a posteriori probabilities. Transgressions of 
this rule, which reveal themselves by unsuccessful predictions, are by no means rare, and 
compel statistics and the other sciences which work with probabilities, to many alterations 
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of their theories and hypotheses, and to the division of the materials obtained by trial into 
more and more homogeneous subdivisions. 

Example. A die is inaccurate and suspected of being false. On trial, however, 
we have on throwing it 126 times got “six” exactly 21 times, and so far, all is right. 
The probability of “six” is found, consequently, to be p — ~ i; the square of the 

15 11 1«0 o 

mean error is i*(p) — the limits indicated by the mean errors are 

consequently or A Mid j. 

If now we seek the probability that we shall not get “six" in 6 throws, the 
probability is still as by an accurate die (l-p) fi .~^ B ».I + .. M wliat is now the 
mean error? Ideally, its square should be (1 —j ?) e (1 — (1 —jp) e ) i + ... But if jp 
can have a small error dp, the consequent error in ( 1 —p) e will be — 6 (1 — p ) 5 ; if 
then the square of the mean error of p is — — p (1 — p)~^ f the total square of 

the mean error of the probability of not getting “six” in 6 throws will be 

i. - (1 - ?)" (1 - (1 -*)•) + 36 (1 - j>) l# .J> (1 -p) ~[ 

_!+ + _L + _1 + 

9+---+3H + - 35 +' 

In every single game of this sort the mean error is therefore only slightly larger than with 
an accurate die, but its actual value is so! large (nearly J) as to call for so much caution 
on the part both of the player and of his opponent, that there is not much chance of 
their laying a wager. This may be remedied by stipulating for a large number of repeti¬ 
tions of the game. Let us examine the conditions if we are to play this game of making 
6 throws without “six” 72 times. With the above approximate fractions there will be 
expectation of winning 72 • i ** 24 games. In the computation of the square of the 
mean error of this result, the first term in the above must be multiplied by 72, but 
the second by 72*; hence 

= 16 + 33 - 49. 

The mean error will be about 7, while it would only have been 4, if the die had been 
quite trustworthy. 

§ 73. We have mentioned already, in § 66, the skewness of the laws of errors 
which is peculiar to all probability. It does not disappear, of course, in passing from the 
law of actual errors to that of presumptive errors, and in the a posteriori determination of 
probability it produces what we may call the paradox of unanimity : if all the repetitions 
ve have made agree in giving the same event, the probability deduced from this, a poste¬ 
riori, must not only be 1 or 0, but the square of the mean error l,(p) of these determi- 
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nations (as well as the higher half-invariants) becomes *0. Must we infer then, respectively, 
to certainty or to impossibility, only because a smaller or greater number of repetitions 
mutually agree? must we consider a unanimous agreement as a proof of the absolute 
correctness of that which is thus agreed upon? Of course not; nor can this inference be 
maintained, if we look more closely at the law of errors y* 0. /i s *** 0, ... y K ■=» 0. 
Such a law of errors, to be sure, may signify certainty, but not when, as here, the ratio 
yn'y] *= co, A law of errors which is skew in an infinitely high degree, must indicate 
something peculiar, even though the mean error be ever so small. Add to this that it is 
not a strict consequence in practical calculations that, because the square of a number, 
here that of the mean error, is 0, the number itself must be *= 0, but only that it 
must be so small that it may be treated as a differential, which otherwise is indeterminate. 
The paradox being thus explained, it follows that no objections against the use of a 
posteriori probabilities in general can be based on it. But it must warn us to be cautious 
in computations with such probabilities as observed values, where the computation, as the 
method of the least squares, presupposes typical laws of errors. For this reason, we must 
for such computations reject all unanimously or nearly unanimously determined probabilities 
as unsuitable material of observation. Another thing is that we* must also reject the 
hypothesis or theory of the computation, if it does not explain the unanimity. As an 
example we may take an examination of the probability of marriage at different ages. The 
a posteriori statistics before the c. 20 th year and after the c. 60 th must not be used in the 
computation of the sought constants of the formula, but the formula can be employed only 
when it has the quality of a functional law of errors so that it approaches asymptotically 
towards 0, both for low and high ages. 

The paradox of unanimity has played rather a considerable part in the history of 
the theory of probabilities. It has even been thought that we ought to compute a poste¬ 
riori probabilities by another formula 

P “ Me > 

fcnd not, as above, by the formula of the mean number 

m 

^ m -f »’ 

The proofs some authors have tried to give of Bayes’s rule are open to serious objections. 
In the “Tidsskrift for Mathematik" (Copenhagen, 1879), Mr. Bing has given a crushing 
criticism of these proofs and their traditional basis, to which I shall refer those of my 
readers who take an interest in the attempts that have been made to deduce the theory 
of probabilities mathematically from certain definitions. 
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Bayes’s rule has not been employed in practice to any greater extent, particularly 
not in statistics, though this science 'works entirely with a posteiiori probability. But as 
it makes the paradox of unanimity disappear in a convenient way, and as, after all, we 
can neither prove nor disprove the exact validity of a formula for the determination of 
an a posteriori probability, any more than we can do so for any transition whatever from 
the law of actual errors to that of presumptive errors, the rule certainly deserves to be 
tested by its consequences in practice before we give it up altogether. The result of such 
a test will be that the hypothesis that Bayes’s rule will give the true probability, can 
never deviate more than at most the amount of the mean error from the result of the 
series of repetition, viz. that m events out of m + n have proved favourable. In order to 
demonstrate this proposition we shall consider a somewhat more general problem. 

If wo assume that trials have been previously made which have given p favourable, 
v unfavourable events, and that we have now in continuing the trials found m favourable 
and n unfavourable events, then the probability, being looked upon as the mean value, is 
determined by 


P-—;r5±£_, (135) 

M + ll+p + V 

of which Bayes’s formula is the special case corresponding to p ** v «** 1. Bayes’s rule 
would therefore agree with the general rule, if we knew before the a posteriori determination 
so much of the probability of both cases, as a report of one earlier favourable event and 
one unfav arable event. 

In the more general case the square of the mean error at the single trial is now 


, __ (w-M (» + *) _ 

* (wi-f + + + 1 )’ 

and for the m + n trials is 

^2 4" n ) **■ (#* 4' n ) ^2* 


If we now compare with this the square of the deviation between the new ob¬ 
servation and its computed value, that is, between m and (?»-)-«)# we find 


(m — (?w -f n) p)* (pn — yrnf _ ffl-ffl-f p-\- v — 1 

jl* (*» + ») = + m-f n + p-\-v 




ffl -J -)% -j- p -{- v — 1 
m + + v 


m-\-n)\m-{-p * 1 -l «-L •* • (^) 

It appears at once from the latter formula that the greatest imaginable value of the ratio is 
the greatest of the two numbers p and v. In Bayes’s rule p^v— 1. Here, therefore, 1 is 
the absolute maximum of the ratio of the square of deviation to that of the mean error. 
With respect to Bayes’s rule the postulated proposition is hereby demonstrated. But at 
the same time it will be seen that we can replace Bayes’s rule by a better one, if there is 
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only an a priori determination, however uncertain, of the probability we are seeking. If 
we take the a priori probabilities ts for, and (i - ®) against, instead of p and v, so that 


JP 


m + n + V 


(137) 


then We are certain to avoid the paradox of unanimity where it might do harm, without 
deviating so much as the mean error from the observation in the a posteriori 
determination. 

Neither Bayes's rule nor this latter one can be of any great use; but we can always 
employ them, when the found probabilities can be looked upon as definitive results. On 
the other hand, the formula of the mean value may be used in all cases, if we interpret 
the paradox of unanimity correctly. Where the found probabilities are to be subjected to 
adjustment, the latter formula, as I have said, must be employed; nor can the other rules 
be of any help in the cases where observed probabilities have to be rejected on account 
of the skewness of the law of errors. 


XVII. MATHEMATICAL EXPECTATION AND ITS MEAN ERROR. 

§ 74. Whether the theory of probability is employed in games, in insurances, or 
elsewhere, in all cases nearly in which we can speak of a favourable event, the prediction 
of the practical result is won through a computation of the mathematical expectation. 
The gain which a favourable event entails, has a value, and the chance of winning 
it must as a rule be bought by a stake. The question is: How are we to compare 
the value of the latter with that of which the game gives us expectation? Imagine the 
game to be repeated, and the number of repetitions N to become indefinitely large, then 
it is clear, according to the definition of probability, that the sum of the prizes won, if 
each of them is F, must be pNV, when p indicates the probability. The gain to be 
expected from every single game is consequently pV , and this product of the probability 
and the value of the prize is what we call mathematical expectation. 

The adjective “mathematical” warns us not to consider pV as the real value which 
the possible gain has for a single player. This value, certainly, depends, not only objectively 
on the quantity of good things which form the prize, but also on purely subjective circum¬ 
stances, among others on how much the player previously possesses and requires of the same 
sort of good things. An attempt which has been made to determine by means of what is 
called the “moral expectation”, whether a game is advantageous or not, must certainly be 
regarded as a failure. For it takes into account the probable change in the logarithm of 

18 
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the player’s property, but it does not take into consideration his requirements and other 
subordinate circumstances. We shall not hfcfe try to solve this difficulty. 

It is evident, with respect to the mathematical expectation, that if we play several 
unbound games at the same time, the total mathematical expectation is equal to the sum 
of that of the several games. The same is' the case, if we play a game in which each 
event entitles the player to a special (positive or negative) prize. In this latter case we 
speak of the total mathematical expectation as made up of partial ones. 

Example 1. We play with a die in such a way that a throw of 1 or 2 or 3 wins 
nothing; a throw of 4 or 5 wins 2 s., and one of 6 wins 8 s. The total mathematical 
expectation is then 5xO-f$x2 + Jx8 = 2s. A stake of 2 s. will consequently 
correspond to an even game. We might also deduce the 2 s. throughout, so that a throw 
of 1, or 2, or 3, causes a loss of 2 s. and a throw of 6 a gain of 6 s.; the total mathe¬ 
matical expectation then becomes 0. 

Example 2. In computations of the various kinds of life-insurances the basis is 
1) the table of the number of persons 1(a) living at a given age a. The probability of 
such a person living x years is =* * of his dying within x years «* , 

of his dying at the exact age of a + x years *= - and from these all 

other necessary probabilities may be found; 2) the rate of interest p, which serves for the 
valuation of future payments of capital, (1 +pJr*V i or annuities certain (1-(1 +p)-*)y 

The value of an endowment of capital, V, payable in x years, if the person who 
is now a years old is then alive, is thus equal to the mathematical expectation 


p *(*+*) 

m 


v _ a&±!i v (m 

^ p) /(a)(l+/>)~* l>(a) ' 


which, as we see, is most easily computed by means of a table of the function 


m - im+pr- 

Such a table is of great use for other purposes also. 

The value of an annuity, «, due at the end oi every year through which a 
person now a years old shall live, can be computed as a sum of such payments, or by 


the formula 


2—00 

•I 


l{a+x) 

~l(a) 


(!+/>)- 


IWH 

9 y 
D(a)Z ■ 


•£>(<*+*)-■ 


(139) 


where l(co) — 0 and D(co) — 0. 

But it deserves to be mentioned that this same mathematical expectation is most 
safely looked upon as a total mathematical expectation in a game whose events are the various 
posable years of death; the probability of death in the first year bang , fo 
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the second —, and so on; while the corresponding values are annuities certain 
of v for varying duration. In this way we find for the value of the life-annuity the 
expression 

* — to 

JW)^ {l(a+X) ~ 1 ( a +*+ 1 » t 1 —(!+/»)■*)• (140) 

Since the sum 2(l(a-\-x) — l(a~\-x*\-l)) «* 1(a), we find by solution of the last paren- 
o 

thesis that the expression may be written 

Xjmoo 

and this shows that the value of the life-annuity is the difference between the capital sum 
of which the yearly interest is v and the value of a life-insurance of j payable at the 
beginning of the year of death. 

In life-insurance computations integrals are often employed with great advantage, 
instead of the sums we have used here; periodical payments (yearly, half-yearly, or quarterly) 
being reduced to continuous payments, and vice versa. 

§ 75. That mathematical expectation is not a solid value, but an uncertain claim, 
is expressed in the law of errors for the mathematical expectation, and particularly in its 
mean error; for, owing to the frequent repetitions and combinations in games and insurances, 
it does not matter much that the isolated laws of errors, here as for the probabilities, are 
often skew. If the value V is given free of error, the square of the mean error of the 
mathematical expectation, H*=pV, is, according to the general rule, to be computed by 

^ 2 (S) - j>(i-jp)r*. (i4i) 

If there are N repetitions of the same game we get 

U' - pNV 

and 

tf42) 

and for the total expectation of mutually free games, H" ** IpMVi, we have 

(143) 

By free games we may pretty safely understand such as are not settled by the various 
events of the same trial or game. (As to these, see § 76.) 

The mean error is excellently adapted for computing whether we ought to enter 
upon a proposed game, or how highly we are to value uncertain claims or outstanding 
balance of accounts. Such things of course are regulated by the boldness or caution of 
the person concerned; but even the most cautious man may under fairly typical circup- 

18* 
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stances be contented with diminishing the value of his mathematical expectation by 4 
times the amount of the mean error, and it would be sheer foolhardiness, if a passionate 
player would venture a stake which exceeded the mathematical expectation by the quadruple 
of its mean error. On the other hand, a simple subtraction or addition of the mean error 
cannot be counted a very strong proof of caution or boldness respectively. 

Example 1. A game is arranged in such a way that the probability of winning 
from the person who keeps the bank is ^ 0 , the prize is 8 $. In n games the mathematical 
expectation with mean error is then (0*8 w + 2*4 j/w) If the banker has no property, 
but may expect 144 games to be played before the prizes are to be paid, he cannot without 
imprudence estimate his negative mathematical hope, his fear, lower than 0*8 x 144-f 2*4 x 12 
»144 He mpst consequently fix the stake for each game at about one dollar, and will 
thus stand a chance of seeing the bank broken about once m six times. If, however, ho 
has got so much capital or credit, as also so many customers, that he can play about 
2304 games, his business will become very safe; the average gain of 20 cts. per game is 
460 f 80 cts, or exactly 4 times as great as the mean error 2 # 40 cts. x 48. But who 
will enter upon such a game against the banker (a game, after all, which is not worse 
than so many others)? The very stake is already greater than the mathematical expectation; 
every prudent regard to part of the mean error will only augment the disproportion. 
No prudent man will enter upon such a game, unless he can thereby avoid a greater risk: 
in this way we, insure our risks, because it is too dangerous to be “one’s own insurer”. 
If the game is arranged in such an entertaining way that we pay 40 cts. for the excitement 
only of taking part in every game, then even rather a cautious person may also con¬ 
tinue for 144 games, the mean error (-^2*41/144 as above) being only 28 fi 80 cts. or 
144(0*8—(l‘0-0*4)) $. For a poor fellow, who has only one dollar in his pocket, but 
who must for some reason necessarily get 8 such a game may also be the best resource. 
But if a man owns only 2304 and fails if he cannot get 8 times as much, then he 
would be exceedingly foolhardy if he played 2304 times or more in that bank. If we must 
run the risk, we can do no better than venturing everything on one card; if we distribute 
our chances over n repetitions, then we must, beyond the mathematical expectation, hope 
for Vn times that part of the mean error which might help by the one attempt. 

Example 2. Two fire-insurance companies have each insured 10,000 farms for a 
total insurance of f 10,000,000. The yearly probability of damage by fire is and 
both must every year spend £ 5000 on management. Both have sufficient guaranty-fund 
to rest satisfied with one single mean error as security against a deficit in each fiscal year. 
How high must either fix its annual premium, when there is the difterence that the com¬ 
pany A has 10,000 risks of £1,000, while B has insured: 



3o5 


n 

a 

na 

na 1 

100 farms for f 10,000 

£ 1,000,000 

10,000 x(l0}« 

400 • . 

5,000 

» 2,000,000 

10,000 . 

1,500 • n 

2,000 

■ 3,000,000 

6,000 . 

2,500 » » 

1 ,00(1 

. 2,500,000 

2,500 . 

2,000 . » 

500 

• 1,000,000 

500 • 

1,500 . . 

200 

•• 300,000 

60 . 

2,000 *. . , 

■ 100 

» 200,000 

20 . 

10,000 farms 


f 10,000,000 

20,080 x (1ft) 8 


Since p(l-r-p) «=> 0*00099^, the mathematical expectation 4 - its mean error is in the case 
of A " £ 1°°,000 ± f 3,161, in the case of B _ f 10,000 ± £5,590; the premiums 
are therefore £1 16s. 4d. and £2 7s. 10 d. respectively tor £ 1 , 000 ; it . J 3 must reinsure 
part of its rjsks. 

§ 76. The mean error and, in general, the law of error, of the total mathematical 
expectation for mutually bound events which may be considered co-ordinate events of the 
same trials, are computed in half-invariants by means of the sums of powers. If the trial 
can have » various events, of which the one whose probability is p t entails a gain of the 
value a,, and we imagine the same lepeated a sutliciently large number of times (A 7 times), 
the account will show: 

occurring pfi times, 

jl (in occurring p„S times. 

s o *= (ft 4- ... 

*1 - (/V< 1 • • -i M*)S 

ff 2 ~ Ov'iS . -~/W')jN\ 

and the half-invariants for the single trial will be 

^ p^ii -j- , ** the total mathematical expectation — H[ 1 ,... n) i 

.. a)) m* p k a}+ . • rM » 2 - (/V*i + • • • + 2 W»J*. (144) 

By this formula, therefore, we must in such cases compute the square of the mean 
error of the total mathematical expectation for the single trial. For the square of the 
mean erior of the expectation from N trials we have consequently 

L(M(l •. •«)) « A Hpm* + ... +p n a*-H( 1,...«)*). (145) 

By even game we understand a game where the total mathematical expectation 
is 0; the last term of this formula will consequently disappear in such a game. As the 
mean error does not depend on the absolute values of the gains or losses, but only on 
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their differences, we may in the computation of the squares of the mean errors reduce to 
even game by subtracting the mathematical expectation from all the gains, and adding it 
to the losses. Thus we may write; 

2f(N,ff(i,...»)) - («!—Ha,.. *«))*+* * - ...»)) f ). (m 

This rule then differs from the rule of unbound games only in the absence of the iactors 

(l-M ... (1-M 

We can now compute the mean errors in the examples 1 and 2, in § 74. In 
No. 1 we have 

iaW-W+*«• + ! 

-i(-2)Hi(0) 8 + J(6) J -8. 

In the life-annuity example we now see the advantage of using the longer formula 
(140) for the value of the annuity, rather than the formula (139) which gives the value as 
the sum of a number of endowments; for the partial expectations are here not unbound, 
and only the deaths in the several years of age exclude one another and can be considered 
co-ordinate events in the same game. For the square of the mean error of the life-annuity 
we have, from (144): 

y^(K a ~^ x ) — J(a+»+l)) (1—— 

- ^5^8 - ^ ( a+ a5 + 1)) ( 1 - )} 2 - (147) 

§ 77. In the above studies on the mean errors of mathematical expectations we 
have supposed that the probabilities we use are free from error, being either determined 
a priori by good theory or found a posteriori from very large numbers of repetitions. This, 
determination is not complete in the cases in which the probabilities determined a posteriori 
are found only by small numbers of trials, or if probabilities computed a priori presuppose 
values observed with sensibly large mean errors. The same warning must be taken with 
respect to other values which may enter into the computed mathematical expectations; the 
value of the gains, for instance, may depend on the future rate of interest. Whether some 
of the manifold sources of errors are to be omitted in a computation ol the mean error, 
or not, must for each special case depend on the relathe smallness of thei parts of the 
total As to the theory of probability it is characteristic only that the parts of the squares 
of the mean errors, considered in §§ 75 and 76, are, as a rule, very important, while the 
analogous parts in other problems are often insignificant. When the orbit of a planet is 
computed by the method of the least squares, then, in order to restrict the limits of 
research for its next discovery, we have to compute the mean errors of its co-ordinates 



at the nc\t opposition Ordinarily these mean errors are so laige that the ;> for its future 
observations may be wholly omitted, though this /, is analogous to those from 75 and 
7b But when we have computed a table of moitahtv bv the method of the least squares, 
wt can certainly find by that method the mean error \ f ) ( p) of the probability of 
life computed fiom the table, but if we are to predict am thing as to the uncertainty 
with regard to « lives, and with regard to the corresponding mathematical expectation npa t 
then we must not, unless n is veiv great, take the me in enoi as na\l 0>)» but we 
must, as a rule, first take A 2 (H) m (oiisideration, and consequent use the formula 
a^«p(l -ji) k- n ^(p) (Comp examph $72i 






CORRECTION FOR THE MOMENTS OF A 
FREQUENCY DISTRIBUTION IN 
TWO VARIABLES 1 
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In certain statistical problems it is beneficial to divide the 
given data into classes or groups and investigate the distribution 
in this form. The moments determined for the distribution div¬ 
ided into classes differ from the moments determined from the 
original data. It is the object of this article to show how to 
modify the former to secure the latter for a frequency distribu¬ 
tion in two variables. 

After the data, given for a frequency distribution of one 
variable, have been divided into classes the class mark is then 
the represent! ve of the items in a class. This is assuming that 
the mean of the items falling jn a class is equal to the class mark. 
For a large number of items in a class, distributed throughout 
the entire class, the class mark differs very little from the average 
of the items in the class. But the average of the items raised 
to a power is not equal to the class mark raised to the same 
power. Hence corrections should be made to the moments de¬ 
termined from a distribution which is divided into classes. 

For a distribution of two variables x and y the data are 
divided into xy -classes, where the class mark of an jc -class 
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is considered to be the representive of the items falling in this 
class, while the class mark of a y -class is the representive of 
all items in this particular class. The coordinates of the point 
in the jcy -plane, whose abscissa is the class mark of the j c -class 
and whose ordinate is the class mark of the y -class, may be 
considered to be the class mark of the double class or the jcy - 
class. 

Let the frequencies of the distribution be represented by 
the volumes of the volume-compartments as shown in the figure. 
The sum of all such compartments is the total of the frequencies 
and should be equal to the number of items in the distribution. 
The little solid HWQI-SPfdDh the frequency of the items 
falling in the Sth jc -class and in the 3rd y -class. OT and OF 
are the class marks of this x-class and this y -class. (or)” (of )” 7 
multiplied by the frequency of the items falling in this double 
ary-class may differ considerably from the sum (OC^fOK) 777 
+(OA)”{OG) . . , hence corrections must be made to 

the mpments obtained from the distribution divided into classes 
where the double class marks are the representives of the items 
in the class. If the class units are made smaller and are allowed 
to become very near to zero the errors are not so large, for it 
njust be remembered that our results are only approximations. 

By definition the r? *th, 777’th moment of the distribution 
which is divided into classes is 


iT 

w ft; J77 



+h > y J +k')db dk. 


whvre ( OC t 9 y- ) is considered to be the class mark of the 
t , j -class, an</the double summation extends over all the classes. 
It is further assumed that f (JC £ + h,y^ * k ) is such a func¬ 
tion which can be expanded into a Taylor series. The above 
becomes 
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. Now use the Euler-Maclaurin Summation*.formula for two 

ranalfa for finding a* value of this double summation. This 
formula is 


*This formula is developed on pages 317-319, 
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db ,d+lb+l fa/ -fa/ fa/ 

LLukyhJ JU(x,y)dxdy~^J U(x,y)dy\^ JU(*,y)dx 




cl+L 

b+l „ 
tfu&y) 

d+) 

b+t 3 

d 3 Ufcy) 

d+! . 

h+l 

I44dx<iy. 

c J 

a !4iO dx 3 . 

c J 

a !440dy 3 . 

c J 

-f*- 

a 


which is the double summation of the function U (j c t y) from 
a to b on the jr-axis and from c to d along the y-axis. 
Applying this formula to the double summation above 



/ [ d 4 ffa^ . (j)^fU,y) d«f(x,y) 

4 /? 4 L Sdx* 3 - 3 boc z dy* 5 dy* 
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d 6 -f(x,y) 

(%) d 6 f(x,y) + 

(2>d 6 f(xM) ( t> s f(x,y) 

+ -* 

6/2 6 

- ~zr + 

7 da® 

JGdx^dy 2 

Jfd^dy 4 - 7dy* J 

/ 

d s f(x,y) f 

®d s f(x,y) 

(%) d % f(x,y) 

f - 

S!2 s 

. (s+Odz* 

(s-Z+lX2+0Bx s 

-*dy*%-4+0(4+0 dx s ~ 4 dy 4 

($)d S f (x,u) 

a. ^ . 

(i^d & f(x t y) 

(s-t 

>+l)(6+/)dx s - 6 dy 6 

(s-t+J)(t+l) dx S T dy i 


4 


b*f(oc,y) 
(s+l) dy 6 


^jdxdy +0 + 0 + 


t is an even number. In obtaining this result it was assumed 
that ffx.y), f'(x,y), x k y w f(x,y), x k y w f' (x,y) 
vanish or become negligible at the limits on the jc an^ y axes. 
k and w are positive integers. 

Therefore 


\Jn. m K-m + jk, * ^7 ( ^mm-t 



Ai /n 
5 


(*K. 


4:m 




+-L 

6!2 6 




7 { S J ^n.nt-6 


sW 


s.m + (eX£J”)K-S3{m.i 


(S-2+/X2+/) 
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■ , 3 .. n y m \ _ 

(S~4 + J)('5)^ 4 4 ' ^ 77 - 5-4 . 777-4 

] f . 

(s-/) 1 ^n./77-sJ 

If w=0 the formula becomes the formula for obtaining the 
moments about a fixed origin for one variable. This has been 
dope by Sheppard and Carver. 

If n and m take on integral values 



K, 

> 




\>t-r 

§l f + L Mj} 

^/.*2 ~ 

' + JJ.' 

rz /2 ^ /:o 

> 

'4,- 

M 1 

2:2 

+ — JU.' 
tz ~Q:Z 

+ ± juu 9 
/a ' 2 * 

+ X , 

0 144 




+ 1 u' 

4 / ^/-/ ' 

v;,3 =/ 

C-3 + 

/ * 

vi»- 

Kz 

+ Jr JU' + -5 M' 

4 I'Z /2 > a--o 

+ 48 M 'r.o ’ 


Viv 

Ka 

+ ~ /// 

/a 

+ JL //' 
4 ^2- 

/ + 46 '“o-w 

n 


M* 

+ 4'“ , /:S 

+• 2 M' 

4 ^3 1 

+ kK.r 



-M* 


Mju' . 
80 “o?l 3 

* 

oM' 

Z / /.2 


^ + GO^o.-e *24 ^ Ato + 360 ' 
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^:4 M L-4 *k **0>4. *k K* * G0 M 2--0 *24 M o- 2 + Jed * 
^4:3 ^4:3*2^2:3 *4^4:1*60^0.3 *8^2:1 *260^0:1• 

^ 3:4 ^ 3 : 4 * i ^ 3:2 *4 1:4 *§b^ 3 : 0 *Q^m *260^CO 

^4:4^44 *2 M S:4 *2 M 4:Z *80 ^ 0:4 *4^2:2*80^4:0 


1 (_ >1* . J— j/t +. !— . 1 

160^2:0 160 y o-2 6400 


From the above the ’s can be obtained. 


M'rOU ■ 

../ V _./ 


-KrM* ■ -K.. • 


HsA: 3 ~ 4 ^a.-i 4^1:3 + y,:r 


etc. 
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By translating the origin to ( , My) 

7 /; :Z 7 

^z-.i~'^z-e~/g (Us.-z + Vs.o) + ]44 ’ 

M& :/ = V® * / Y ' ^A\3 ~ ^-3 ~ ^Y ’ 

^ 3 :Z~2^Z ; I 12^3 0 ' 

^2:3 - Vs--J "2 \Jy.2 ~ T2 Vo :3 ’ 

^ 3%-3 ~ 4 4 ^ 3-1 + /W.-/ » 

etc. 

In making corrections for the double momenta it rmiot oe 
remembered ta correct the single moments of the cc’s and the (/’s.* 

Euler-Maclaurin Summation for Two Variables 

Suppose it is possible to find a function g ) such 

that g(jc+t, y+l)-g(x+l,y)-g(cc,y+l) +g(x>y) = 
f(*,y)> or g(x > y)=f (x,y) or ffc.y) 

, where /\ represents finite difference and A~ 
represents finite integration. If g (jc, y) is such a function, 
then 

g(a+l ) c+l)~g(ct+l, c)-g(a , c+/)+g{a. , c)mf(a , c), 

g(a+Z 1 c 4 -i)-g(Q.+ 2 , c) - g(a. + l,c + l) + g(<2+/', c) = f(a.+l, c), 
q(a+ljC+Z)-g(a+l,c+l)-g(ct ,c+2)+g(a , C+O = f(a ,c+0, 

g(a+2,c+2)-g(a+2> c+i)-g{cx+l, c+£)+g(a+/> c+!) = f(a+/ t c-t-l). 


♦See Frequency Curves by H. C. Carver in Handbook of Math. Statistics. 
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g(b,d) -y(b ,d-l)-g(b-l, dVgfalfafaffb l /C /} 
g(M. d-H)-g(b+l d) -y( b , dd)>-y( b t a) * t(b, d ). 

Add \g(b*l,d+l)-g(bd f t)-g(a ,d+l)+g(a s c) tfay). 


Or 


ZLffa>y)*gfay) 

c a 


1/4*/ w, b+! 


a 


If it is^p^sible to find the function g \ then the 

double sum £ £ f(jc } y) can be found, Expand g(oc / !>gfi) 
in a Taylor series. 

d. 3 C^ dx dy dy^J 


g(x*-l,y+l) ~g(jc>y) h || || > -gy 


*~3\ 


d 8 0 3b% o J g 

- -y •/- — —f - ~ ^ f % ^ 


dxfity dacdy^ dg 


m (* & 9 fay) ■•(e** 9 ) 9 fa y), 

where B t ® h t ® r $ S represent respeUiveiv 


o / \ O'* 

dx 9fay)> ~d^h &fay), dx' r 'du s ' 9 fay) 


dy ■ 

Hence 

fa y *■>) *9 fa,y) 

’<?/- °-£ 9 *') 9 tey) 

*f(e ~/)(e &-/) jgfjc.y). 

Where the 0*5 are operators operating on the function a (ac u) 
Therefore J ’ 

fee fa 9 ;) ] '(* /> 

where the opeiators are now opu-iing upon tn„ turn turn 

ffay). 
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To develop (e u - /)(e / ) into a ^ a y^ or ser ^ es it 

is necessary to develop ( e ^ j)(' e ^ JJ into a Taylor 

series and then divide by u v t This becomes after B> , §1 replace 
u and v respectively, 

{(/e ®-/Xe f(x >y h lwk>~?& *£169 + E 

*2 £ &3 , @1 r ll 

~24~ 24~720& I44~720® *440 *440 
WQ'6!*2~ Tf*2 V42& j l ‘ yJ > 


0 

^6 >4272 


where , fir represent integration. 

u ™ cL b -|<*W £>*! 

Using these results <£ £ ffay)~ gfay) or 

C a J c a 


d+l t>+t 


d+l 


d b cm-, ut, ~t- f trtl 0+1 "I d+l 

ZL f(x.y)-( J ffcy)dxdy-£ff(x,y)dy\-ijf(x,y)dx\ 

C O i a. c L Cl 

b+l d+J d+l -i b+1 ., , d+L b+1 

+ t ~^l L 


. d+Lb+i 


_ d+l M 


d+l 


, d+L b +/ ~ sb+J *i d+l 




P d+L b+l 9 ,b+l -j 

, d 1 1_$_ Jf( x y)4x 

+/44dxdy J ^ 720dyV a 1 

d 3 f(ac,y) I 6 ** d 3 fCx,y) 

+ 14 40 dx 3 \ c | 1440 by 


C 

cC+f-\ b+l 


If ti Batin, 



THE STANDARD ERROR OF A MULTIPLE 
REGRESSION EQUATION 1 


By 

John Rice Miner 


Since a multiple regression equation is essentially a hyper¬ 
plane, fitted by the method of least squares, its standard error 
may be obtained from Gauss’ standard error of a function recently 
discussed by Schultz (1930). Let the equation be 


oc - b oc + b 

I /2.34--m 2 13.24 


x + • * * + b 

•m3 / > 77 . 23 * 


■*3 


* Cm-/) OC rrt 

’ the in- 
rrt 


where is the dependent variable, 
dependent variables, each measured from its respective mean, and 

b ,£ 34 - • -y • ■ ' yb > 777.23(m-0 the P artial re £ res - 

sion coefficients. Then the determinant of Schultz’s equation 

(10) becomes 


( 1 ) 


n 

0 

O ' 

- • 0 

i 

0 

o 

L*i 

^ X Z X 3 

LX Z X 3 • 

Zx* 

* Zx^x^ 

2 m 

2 x^x 

0 

Zx j> x m 

Z *3 x m 


1 

! 

0 

0 • 

O 


O 

/ 

r 23 

r 2m 


Q 

r ?3 

1 

r 3m 


O 

r 2r# 

1*3 m 

' * / 



= n m cr*Q*- 


■a* 

m 




m 


iFrom the Department of Biology of the School of Hygiene and Public 
Health of the Johns Hopkins University. 
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Let A ij be the cofactor of the element in the i ’th row 
and the j ’th column. Then 

D„/D = i . 

[/^/?]= ° zz /o A , 

[yU/j m D mm /D*& mm A , 

[>/*]« D, a /D*O t 


[**/<]■ D tm/ D = ° , 

[/?7^|= D & JO =L z Jne £ <T 3 A , 

[A“] ■ em/ n<r a **, A - 


df . hi _ df ^ df „ 
dA A d6 £ dC 3 J dM w* 


— <?,*(/-e 2 ) 

n-m ' i' Kr ,( S3 ... m) ' ’ 


Therefore, substituting these values in Schultz’s equation 
(27.1), we have 
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+2 - t cc. oc + 

a e <r s A « 3 




(T O' 

a m 


A***'"* 



For a simple regression equation this reduces to 


(3) 








(/- 



This agrees with the expression given by Pearson (1^13), 
if we remember that jc z is measured from its mean and that 
Pearson does not correct for the number of parameters. 

For a regression equation with two independent variables 


°i' 


(n-3) z 


MU? 


(4) 


f" 


or/ 


2 r aa x a x a 


<?(/-£> 


Hi 


■n!i) 




(!~ r i 


il* 


<r f x s x 3 2r _ x_ x 

= _/-gg n+ -_a„ + _ *2 a 3 

rv7-3)i l 5^3 <rfg 3 0-3.2 

As an example of the application of this formula we may 
calculate the standard error of the mean heart-weight (X,) of 
the array of persons with an age (JQ of 52.92 years and a 




J. R. MINLR 


323 


body-weight (X$) of 49,93 kilograms in a population of 213 
persons characterized by the following biometric constants: 


", - 

348.9 g; 

cr, -79.4 g; 

r lZ -+0.114 


59.65 yrs.; 

cr z * 17.54 yrs.; 

r l3 =+0.652 


56.45 kg; 

cr 3 -14.38 kg; 

r £3 =-0.185 


From these data r fZ = •+• 0.315 and r j3 a = + 0.689 
and the regression equation of heart-weight on age and body- 
weight is 

X t =» 66.09 +UOGX* + 3.848X* 

frpm which the mean heart-weight of persons aged 52.92 years 
and weighing 49.93 kg. is 316.4 g, 

Substituting the appropriate values of the constants in (4) 
and remembering that M t ~6.7e, - x s - m 3 

= - 6 .52 , and 

- 0 -rZ>* 0 -rZ,)* 


79.4 

at 


(0-993) (072SH/* 


{' 


(-6.72.)' 


(-6.52 y 


(/ 7 . 54 )* ( 0 . 966 ) ( 1438 )* ( 0 . 966 ) 


£^aA35)(-6.7£)(-6.^) ~}^ , 4 7 
(17.54) 04.38) (0.966) J * 
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SAMPLING IN THE CASE OF CORRELATED 


OBSERVATIONS 


By 

Cecil C. Chaig 

National Research Fellow „ t 


Dr. E. C. Rhodes, in a paper in the Journal of the Royal 
Statistical Society, 1 has considered the distribution of character¬ 
istics of samples of N when the individual observations are not 
assumed to be independent. As he points out, there are many 
important cases in which the usual assumption of independence 
or randomness in the observations is not justifiable. In the pres¬ 
ent paper will be explained a method based on the semi-invariants 
of Thiele for the calculation of the characteristics of the sought 
distributions in this case which is especially to be preferred to the 
method based ,on moments when it is supposed that the observa¬ 
tions arc normally correlated. In the case it is further assumed 
that only consecutive observations are correlated, in addition to 
Dr. Rhodes’ results, the third semi-invariant (which is the same 
as the third moment about the mean) of the variance and the 

mean and the variance of the third and fourth moments about 
the mean are given. 

Let the N observations composing a sample be given by val¬ 
ues of oc ,, x s ,, • • >C c N respectively and let F N (x„x ■ ■ .,ec ) 
be the n -way probability function of x t ,x e , . . . an( j ^ 


!The Precision of Means and Standard Deviations 
Errors Are Correlated, Vol 90 (1927), pp. 135-143. 


When the Individual 
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Then the semi-invariants, \ rs £ ' * of oc t , oc s , - • , oc N are 
defined by 





which is to be regarded as a formal identity in , t g9 • 

^ is first expanded by the multinomial law and 
then each term A y , A^ , A^ —in the result is replaced by 

^rst 

We shall pass over the characteristics of distributions of 
means, since the method of semi-invariants is equivalent to that 
of moments in this case, and take up the distribution of moments 
about the mean in samples of N . Following the method pre¬ 
viously used by the author in the case of independent observa¬ 
tions, 2 let 


( 2 ) 



nr 


a;: Of; With 

J*l L J J 



Then let V ( 6 # , 6^, - • • -.6^,) be the probability function of 
5; = 0. The semi-invariants ^ r $t 
of 6,, 6^, • • • *, are defined by 

^Following Cramer, I distinguish between probability and frequency func¬ 
tions. F h (*'. x a- **) is the “cumulative” frequency function 

and thus the integral is an 77- way Stieltjes integral. 

2 An Application of Thiele’s Semi-invariants to the Sampling Problem; 
Metron, Vol. 7, No. 4 (1928), pp. 3-75. 
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SAMPLING IN CORRELATED OBSERVATIONS 

e 1 

. ft V ((„■■; 



-■«> * ' ' j ~ oa 


We have at once, 


( 


*-/ » 

Zg 

<*/ j-t 


& 0 



(*?,** fb a j ) = (£ , O 


and as the author has previously remarked, 1 we can also write 


(4) (? f i£/j a o) 


. # 

so long as the relation is only used to find the values of A r «, f -’s 
in which at least one of the subscripts is zero. 

Then 5^ (\) n ) , the k ’th semi-invariant of the n ’th 
moment about the me^n in samples of /V, is given by the formula 


S K 


(rr*.t+ -J-K J J r y ■ J 

&«*.£•■ --- v*y v 

j \b,! bj- • ] [*/*/...] r!s!t! ••• 


Uoc. cit., pp. 18, 19. 
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the notation ^ w ieferring to moments of 5,, • ■ 
the summation ini luding all terms for which 

r(a l -hQ. s + - * )+s(t>, *■ ••)■*■* ( c ,*c e )+ • • - k , 


a, & a m , 


b t zb> 


c, s c 2 » 


(<*,*«* * )>(V^ + )>{c f ,c i + • )> •• 

In particular: 

* 7v ^ ^ n,o » o * ^ 1,0 o ^140 

s. W „) - ^ [z 14 „ (0 * <„, Q - < 0 )*], 


5) 




•sfc<, 0 )te<>.s<20’l , 


On writing out the moments \) ' uy w in terms of the semi- 
invariants A rs f l 2 and then using (4) the sought semi-invariants 
are obtained. 

In the ease that the N observations are normally correlated 
and F n (oc f , jc a> « • • , jc„) is the /V -dimensional normal prob¬ 
ability function, the left-hand member of (4) \anishes for k £ 3. 

If we suppose that the standard deviations of *x /t JC g f ,jc n 
are aU equal (which we shall always do) and take as the simplest 
case that JC, , r,, • - ,oc N au nonmlly correlated auu that 

l See the author's paper cited, p 21, formula (25). 

2 For a detailed explanation of this kind of calculation see the author’s paper 
cited, pp. 23-27. 
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the correlation as measured by the Pearsonian coefficient, r x ^ , 
is the same for each pair, , ccj , of the set of A/ observations, 
vtc get 


^ bo * ^ozo ~ ^0020 


X -X -X «••••« 

no io/o ono 


~ 7 r ^2, ~^n l /-r ^2o* 


if the common value of r„._, be denoted simply by r. But 

l J ( > 

if the observations are independent and the parent population is 
normal we have 


A' = X' = A* 


20 


020 


X = X «X „ 

//O /o/o O/'O 


N 


A 


20 1 



*o * 


Thus it follows that the distributions of the characteristics 
of samples of A/ in this particular case of dependent observa¬ 
tions are the same as if the observations were independent and 
taken from a normal population of variance (/- r) . 

In case F N (oc t ,oc gi * -^^is normal it is convenient to 

express the right hand members of (5) directly in terms of the 

semi-invariants A r s t m m% for n « 2, 3, 4, For that purpose we 

shall adopt the following notation. Let the linear form £ a •• A; 

j. v J 

be denoted by Aj . Then (4) becomes 


( 6 ) 




Thus in a symbolic sense A l ’s and X i ’s are equivalent. But with 
regard to the subsenpts of the A terms in the expansion of the 
left member of (6) we use a different convention than for the 
subscripts of the A’s. We set 


J See the author, loc. cit., p. 19. 
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A 20^^11 » ^OZO~^22* 


20 
, / 


' ^/O/O ~ 


+ZZA Li A jj + 4LAl j (£Ay}Uj, 

the summations, of course, running over all values of * and j 
from I Xo N . But since 

ZA^+ZZA^Ajj-fZAy 

the second relation reduces to 

Similarly 

\W--h GAu +3 ZA u A* +6EA;j A, lk A jk ), 

S*<VJ=^ (ZA* u +4ZA* u At +4ZA U A j} At +2ZA*; 

^ +&£A ti Ay A- k Aj k +4£A i j A ik *6ZAy A lk A^ A k j ), 

S2^ 3 hjT*(5ZA 3 ii +6ZA li A j} Ay.+AZA?; ), 

s,W=°> 
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S' W- ^ («»?, *MA U Ajj Ay *r A*„ ). 


To illustrate the use of these formulas and to give some 
results in a case of practical interest, let us suppose that the set 
of N observations composing a sample may be assigned an order 
in which only consecutive observations are correlated and in a 
constant degree. Thus our observations might be prices or indices 
taken at the ends of consecutive time intervals. We suppose, then, 
that 


^oi/o ^ o QUO 


= r A. 




• • » o . 


The first step in the calculation is to obtain the values of the 
various A \s which enter into the formulas (7). A t/ is found 
from Af, from A f A e and so on. We get 

A „ * U-fj ~ jfe ) \ so , 

a /v A r» (+2C — \ \ 

~ A 33 ~ ~ A N-i, N-/ ( N N* J * 


A -A - l r -!±L - ) \ 


( 8 ) 


20 ’ 

L±a_r 2r 


A 23 =A 34 " • ' = A N-Z,AI-I K ( - r ~ N* ) A so ’ 

■ ■ • m A. 


A =4 


7 , A/-/ * 


* A- *= 

^2, AT ^3,/V 


■ A n-z,n A ao • 




! < l< *-/ 
l<j< N-l 
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Then, on substitution in (7), we have finally 


These two results are given by Dr. Rhodes, loc. cit., though 
there is a slight misprint in the second one as given there. The 
remainder of the results giver} here are believed to be new. 





5 e W> f >- 7 7 V j{ ♦ )* 




££ _ :±o. 

w 4 


)]A 


<4 

20 » 


V^- 0 , 

s ,NJ-a[o-ifo-Tfu 7 ^V^)]aJ o , 


V'i)[('-s>w-S * M'- -%,*$) 

8r 3 /„ I 9 j.< 33 .30 J+ ice x ^ 9.44-§±. 

rj4_ . /s? x* 

~ A / 4 // 5 / V 6 // 7 'J 20 ' 
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It should be observed that the expression» for 5, (\/ n ) for 
N < 3 and for S k (\7 n ), & ? £ for A/< 5 are in general not valid, 
since it can be seen by reference to (8) that all the tyjn » of A *s 
used in the formulas (7) do not exist for values of N so small. 
But for these small values of N , the values of the characteristics 
for which expressions are given above can be readily computed 
directly. 




JZ>C< 
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THE RELATION BETWEEN THE MEANS 
AND VARIANCES, MEANS SQUARED AND 
VARIANCES IN SAMPLES FROM COMBINA¬ 
TIONS OF NORMAL POPULATIONS 


By 

G. A Baker 


The distributions of the means and variances of samples 
from the combinations of normal populations have been discussed 
in a previous paper, 1 It is known that if the sampled population 
is not normal the means and variances of samples are not 
independent. 

The present discussion aims to give some idea of the relation 
between the means and the variances, means squared and vari¬ 
ances of samples from a population that is the combination of 
normal populations. To this end the case of samples of two from 
such populations is rather completely investigated. Also empir¬ 
ical random sampling results for two special populations are pre¬ 
sented. 

Suppose that a population is represented by 


(1) f(ocb 


t+k 


ww~ 


cr{Fn 




^'Random Sampling from Non-Homogeneous Populations,” Metron, Vo!. 
VIII. No. 3 (1930). pp. 1-21. 
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If a method used by Karl Pearson 1 is followed, the prob¬ 
ability of 

x, in da r, is f(x t )dx, , 

JCg in doc a is f(cc £ )dx & 

and the probability of the concurrence of these two events is 


(2) f(x,)f (x z )da - dx z 

which may be written 


/ 


(/+*/<?»• 


iL e -^s[(x,-fnf*(x s ~r^f\ 


( 3 ) 


Now 

Z & -1 [far, --r)** 6r.,-.z\) a ] • 

Whence 

( or, * -Z +oc 
T 

- Z* + oc • 

Also dx t dx a may be replaced 2 by 

^Appendix to Papers by “Student” and R. A. Fisher, Biometrika, Vol. XIX 
(1925), p. 522. 

2 R A. Fisher: “Frequency Distribution of the Values of the Correlation 
Coefficient in Samples from an Indefinitely Large Population,” Biometrika, 
Vol. X (1915), p. 507. 
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( 5 ) c dZ dx 

la virtue of <5) (4) and (3), (6) is obtained. 

/ __ L -la*[2Z**2(x-nf)*] 

(l+kf2Tr L *** 

k r -i [(-z+asA 

( 6 ) [ e 


This is the correlation surface for the means and standard 
deviations oi samples of two drawn from (1). To get the corre¬ 
lation surface of the means and variances write 


*2 _ 


a 


dZ 


du 

2sfu 


Then 




_e_ 

Z'iu 


i [<? ***«:«] , 1 £** I?" ^ 




(O 


k re ~k[ (f “ +zf+ (-fu+*-”) *] 

'a- [iff 


2\fU 


J j] 
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is the desired surface. 

The locus of mean u's for given or's is 


( 8 ) 


a 


*X*1 jeez ' 


-X £ tr 2 
+ -* « 


xm e 

sl<r*+i 


- Z (*zf£ 

<r2+t 


The locus of the mean vX 's for given u *s is 


(9)X 


mke 
cr 




■ a f re - jf £ . 




J _i_ J 

- - ££^Ei ]Ei \ 

~ <r*V/ l 


. ~a&+T J 


The correlation surface for the means squared ( * 2 ) and 
variances is 

-££?*««] ^ m/] 

ik/ ) — At e 

*) y/M&Try.fU /S + <r*4/ufe 
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The locus of the mean u ’s for given z *s is 
-* , a «*■/?* 

e+kfe -wm* 

(11)* 




. . -(&&)* ar . 


The locus of the mean &’s for given a’s is 


( 12 ) 


O - u 

k z e cr* 


e * 


t 


( ,a z * 


+ I<r*■* 


+ 7a*Tt{ & +e -^7- J 

3 *^ 


multiplied by 

e U +~(er g +m*)e c 
4j2k 


<r*+ <r s -* / / e * + / 


(' 




By expanding the denominators of (8), (9), C^)> an< i (12) 
by the multinomial theorem, it can be shown that each of these 
loci is essentially parabolic, £ 0. They are subject to an 
exponential influence at the beginning of the range of the inde¬ 
pendent variable, which influence rapidly diminishes as the inde¬ 
pendent variable takes on higher values. 

The probability relations in general between means and vari¬ 
ances, means squared and variances will be expected to approx¬ 
imate those for the case of samples of two, because of the fol- 
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iowing considerations. Suppose that n (the number in the 
sample) is large. 1 When a large proportion of the sample comes 
from the first component, the first term of (7) with 2 in the 
numerator of the exponent replaced by v and with u * replaced 
by u will be an approximation to the surface of the means 
and variances. Similarly, when a large proportion of the sample 
comes from the second component, the second term of (7) with 2 
in the numerator of the exponent replaced by n and with u * 
replaced by tc will be an approximation to the surface of 
the means and variances. When about equal proportions of the 
sample come from each component, the last term of (7) with ;•£ 
in the numerator^of each exponent replaced by Jr and with UL* 
replaced by a ~*T will be an approximation to the surface of 
the means and variances. Or, all together, (7) with the 
mentioned changes in the exponents of the terms, with proper 
weighting of the terms, and with u * replaced by u "3F is a 
proportionate approximation to the distribution of the means and 
variances of samples drawn from a population represented by 

(I) . Further, increasing 77 will not influence relations (8), (9), 

(II) , and (12) as approximations for the general case except 
the exponential term, if it is assumed that the denominators are 
expanded apd then multiplied by the numerators, for yj occurs to 
the same power in the numerators and denominators. 

*Note: The effect of k and of the binomial coefficients is roughly as fol¬ 
lows. If the 77-/-l terms denoting s from the first component of (1) 
and 77-s from the second component are divided into thirds, then, if 
J. , , Jt. are the exponents of k in the middle terms, 

' 4 *-6-W.4.-V.. t . t 

or approximately, since n is large and since only a proportionate expression 
is desired U‘=0 > > *£ 3 =^? 

or the exponents of k of the middle terms of the three sections above 
are ^ times the exponents of k in (7). The effect of increasing tj be¬ 
cause of the binomial coefficients is to weight the middle section of the 
possible surfaces to a much greater extent than the extreme sections, sc 
that with 77 very large the last term of (7) with 2 replaced by Tt 
becomes an approximation to the desired surface. 
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From (8), (9), (11), and (12) it is clear that the par¬ 
ameters of the sampled population have great influence on the 
regression relations considered. It should be borne in mind in 
this connection that many flattened and skewed, as well as bi- 
modal, distiibutions can be adequately represented by combina¬ 
tions of normal populations. Also, results (8), (9), (11), and 
(12) can t>e extended to the sums and differences of any number 
of normal curves, subject to the condition that the resultant is 
always positive. 

In 1925, Dr. Neyman 1 gave the correlation coefficient be¬ 
tween the deviations of the means of samples from the mean of 
the sampled population and the variances of these samples for 
samples of v drawn at random from an infinite uni-variate popu¬ 
lation in terms of the betas of the sampled population as 


(13) LHL=- * 

Similarly, the correlation coefficient between the deviations 
squared of the means of samples from the mean of the sampled 
population and the variances is 

(14) ■ 

i/f/6 e +Zrr-3) 3 ] 


Under certain very special conditions the statement of ft* 
and may give an adequate idea of the regression relation 
between the means and variances, means squared and variances 
of samples from a population represented by (1). In general 
the mere statement of these coefficients will not give any useful 

*J Splawa-Neyman “Contributions to the Theory of Small Samples 
Drawn from a Finite Population” Biometrika, Vol XVII (1925), pp. 
472479 
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notion of the actual probability relations* This is true because: 
(a) the regression relations between means and variances, means 
squared and variances of samples from a population represented 
by (1) are essentially parabolic, as shown for samples of two 
and as seems probable for larger samples, (b) the frequency 
arrays may vary markedly in dispersion, in skewness, and in 
other characteristics. 

To illustrate these remarks, samples of four were drawn 
from two special populations by throwing dice. 

Suppose that a population is represented by 


:«) fuh 


/ 


r 




The first four moments of f (a:) about its mean are 

“o = ! > 

a = -o 

1 i+k 


u. 


[}+rn?+k(<r*+m/)\ 

l+k 

-Zm.-m?* k(3m z a i +'*>2 i 


v —' ' 


t+k 


_ 3+6Tnf+m*+k(3<j*+6m*cr*+ 
U4 /+k 
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Correlation Table Showing the Relation Between the Means and 
Variances of Samples of Four from Population_I_ 
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Whence 


( 16 ) 


✓>_ k(3Tn z a’ 2 + m^y\ 

' [•/* k (tr * + w 2 *jj 


/7? * i -k('3d'*-+6 m/cr*-* ^ 4 )j 
^ [// m, z +k(o 3 + tv* )] 2 


1'hus, for any special population of the form (IS), and 
/3 ‘ can be easily calculated. 

Samples of four were drawn from a population approx¬ 
imately represented by 


(18) 





1 


The actual sampled population is shown in Chart A and is 
hereinafter called Population I. 

Table I shows the distribution of 1038 samples of four drawn 
from Population I with respect to the observed values of the 
means and the variances. The arrays for constant values of the 
variances are at first distinctly bimodal, gradually becoming uni- 
modal. Chart I shows the means of arrays of Table I with the 
regression lines as calculated without correction for groupings. 
It is apparent that the locus of the mean variances for a given 
value of the means diverges a great deal from a straight line. 
This regression relation looks as though it was a normal curve, 
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which is what would be expected from (8) with <T^~ / ® 0. The 
theoretical and actual correlation coefficients for this and three 
subsequent tables are compared in Table V and the constants of 
the marginal distributions of Tables I to IV are presented in 
Table VI. 

If the deviations of the means of the samples of Table I 
from the mean of Population I are squared, Table II results. 
Chart II shows the means of arrays and regression lines of Table 
II. The regression lines are very poor fits to the means of the 
arrays which are, apparently, exponential loci. 

Table III shows the distribution of 1058 samples of four 
drawn from a population approximately represented by 


(19) f z U)=37< 





rr e 3f?ri e 


-^(x-Z.4-)' 


with respect to the observed values of the means and variances 
of the samples. The actual sampled population is presented in 
Chart B and is hereinafter called Population II. Chart III shows 
the means of arrays and regression lines of Table III.'This chart 
resembles Chart I in that the locus of the mean variances for given 
values of the means is so obviously non-linear. Also, a glance at 
Table III is sufficient to see that the arrays vary markedly in 
skewness. 

Table IV shows the relation between the means squared and 
variances of samples of four from Population II. Chart IV shows 
the means of arrays and regression lines for Table IV. In this 
case the regression relations seem to be fairly near linear, and the 
frequency distributions of the arrays do not change strikingly. 
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CHART I 

The Means of Arrays and Regression Lines of the Means and 
Variances of Samples from Population I 




TABLE II 

Correlation Table Showing the Relation Between the Means 
Squared and Variances of Samples of Four from Population I 
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CHART II 

The Means of Arrays and Regression Lines of the Means 
Squared and Variances of Samples from Population I 



'TOTE The la?t thirteen class intervals of the means squared are grouped 
into one group 
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CHART B 
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TABLE III 

Correlation Table Showing the Relation Between the Means and 
Variances of Samples of Four from Population II 
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CHART III 

The Means of Arrays and Regression Lines of the Means and 
Variances of Samples from Population II 





Correlation Table Showing the Relation Between the Me 
Squared and Variances of Samples of Four from Population 
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CHART IV 

The Means of Arrays and Regression Lines of the Means Squared 
and Variances of Samples from Population II 
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TABLE V 


Correlation Coefficients of Tables I-IV 



Correlation-Coefficient 

Number of Table 

Theoretical 

Actual 1 

i 

.00 

-.05 

ii 

-.34 

-.37 

hi 

.40 

.37 

IV 

-.07 

-.05 


TABLE VI 

Constants of the Marginal Distributions of Tables I-IV 
in Terms of Class Intervals 


Marginal Distribution 

Mean 

Standard 

Deviation 

Means of Samples from Population I 

.252 2 

2.467 

Variances of Samples from Population I 

4.890 s 

2.900 

Means Squared of Samples from Population I 

3.591 s 

3.203 

Means of Samples from Population II 

.07 

2.237 

Variances of Samples from Population II 

3.570 s 

2.854 

Means Squared of Samples from Population II 

1.408 s 

1.744 


1 Calculated without corrections for grouping. 

2 Is so far from zero because of the groupings employed. Many means were 
exactly odd integers. These were all put forward into higher classes, mak¬ 
ing the calculated mean too large 
•^Origin taken at the beginning of the range, 
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From the results for the case of samples of two and from 
*the results of empirical sampling, it seems clear that the simplest 
regression relation that is generally applicable to the means and 
variances, means squared and variances, of samples from popu¬ 
lations which are the combinations of normal populations is para¬ 
bolic. For small samples and for certain values of the parameters 
of the sampled population the regression relations may involve 
exponential terms that are quite important. As the size of the 
samples increases, it is expected that this exponential term will 
decrease in influence. It seems plausible that even with large 
samples the regression relation of means and variances, means 
squared and variances will remain essentially parabolic. It is not 
expected that the determination of a good approximation to the 
regression relations will serve to give an adequate notion of the 
probability relations of the means and variances, means squared 
and variances of samples from a population represented by (1), 
because the arrays may vary in number of modes, in skewness, 
in dispersion, and in other characteristics. For instance, surface 
(7) may be trimodai so that arrays may be bimodal or unimodal, 
and in such a case the arrays -must vary markedly. Surfaces 
(7) and (10) with 2 replaced by V and with the terms suitably 
weighted are valuable approximations to the probability relations 
of the means and variances, means squared and variances of 
samples drawn from a population represented hy (1). 
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A TABLE TO FACILITATE THE FITTING OF 
CERTAIN LOGISTIC CURVES 


By 

Joshua L. Bailey, Jfc. 


Tie most useful generalization of the logistic curve is that 
haiing the form 

( 1 ) bx +cjc* + gx ^. - . . 

In practice it will seldom be found necessary to use higher 
powers of x . This equation may also be written 

(2) Y = a + bx + cx e +gx' 3 
in which Y = log . 

If we can evaluate the constant k with reasonable accuracy, 
the value of Y corresponding to each observed value of y can 
be computed, and then the values of the coefficients <o, ^ c, and 
g , in equation (1) may be obtained by fitting equation (2) as 
a generalized parabola by the method of least squares. 

The normal equations necessary to make this fit will be found 


to be 





aZx° 

+ 

bZ.cc 

+ cZx 8 

+ gZ x 3 = z; y 

a Ex 

+ 

bZx & 

+ c Z x 3 

+ g Z X A - E dC Y 

aZTor* 

+ 

bZ.cc 3 

cZ x A 

* gZ x s - Z x z Y 

a Z x 3 


bZx A 

+ c Zx s 

+ gEx* =ca 3 Y, 
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In the special case where the observations have been made 
at regular intervals (that is, where the successive valpes of jc are 
in arithmetic progression) the solution of these normal equations 
may be greatly simplified. We may then select an arbitrary origin 
in the middle of the range of observations, so that for every 
positive value of jc there will be a corresponding negative value 
of eqtlai -absolute magnitude. Thus the sums of the odd powers 
of jc will all be zero. 

If the number of observations be odd, the middle one will, 
of course, be chosen for the origin, and the unit of the scale will 
be the interval between successive values of oc . If the number 
of observations be even, the origin will be midway between the 
middle pair of observations, and it will be found more convenient 
to take half the interval as scale unit. In the former case, jc 
will take all integral values between + n and - n , while in the 
latter case or may take only the odd integral values. 

If we set the sums of the odd powers of jc in the normal 
equations equal to zero, and solve them simultaneously, we de¬ 
rive the following formulae for the literal coefficients: 

a ~ £y*zx*zx s y-zx* zx*r-£x°-£y-rx* 

ZX a LX°- (ZX*)* ZX a £X 0 -GX*)* ’ 

B . ^xr£x < 5 -£ > xVz’x 4 zx 3 r-£x*-zxr zx * 

i;x‘rx*~a;x 4 ;* ' 

The use of capital letters indicates that the equation has been re¬ 
ferred to the arbitrary origin. 

In these formulae the factors involving Y must be com¬ 
puted from the observations, but those in which X alone occurs 
may be tabulated for all convenient values of v . Since Y does 
not occur in the denominators at all, these may be tabulated in 
the same way. 
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6.622 1.834,294 604.443.862 35,023,758 637,992,775,728 277.0 

7,590 2,302,806 -831,203,670 46,018,170 1.005,920,381,664 303.4 

8,648 2,862,488 1,127,275,448 . 59,749.032 1,554,840,524,160 331.0 

9,800 3,526,040 1,509,481,400 76.735,960 2,359,959,638,400 359.8 

11,050 4,307,290 1,997,762,650 97,569.290 3,522.530,138,400 389.8 
























TABLE TO BE USED WHEN THE NUMBER OF OBSERVATIONS IS EVEN 
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50,887,088 

62,416,690 

% 

w 

co tn co Ch VO to ® 00 co p On o ^ ^ 5 vo 

^ c\f co rC oo o' co ^ od t-T xf oo ^ ^ 

H H ^ ^ ^ N (N1 CO ^ 

ox 

Osl^-vOCOOC<|^-MDCOOrvlrj'^OCOOCMTt-^OC>OQCN^‘^OoOO 

d;^^^ T ^C^CVlC^CXlC^cOrocoCOcO ; ^ : Ti--^-'^t'r^-to 

K 

r^cou^^ON^cotntVsC\’^cotntx k a\»-(fo lr 5tx* < ^i-Hco'Ots fc n\ 

^^H^^H^CNjCNJCNCMCvJcOooCOrOCOTfxt^-^^: 



J. L. BAILEY, JR. 


359 


Finally, the sign of G is determined by the direction in which 
the curve approaches the asymptote and this may readily 

be told by inspection. but it not intrequentiy Happens that a 
slight error in one of the observations may be sufficient to give 
6 the wrong sign. In this case the limits between which the 
observations were taken must be changed, or a new value of k 
must be tried, or the faulty observation must be adjusted by a 
smoothing formula. It is obviously important therefore that some 
means be provided for determining the sign of G before the 

values of the coefficients are determined. , ^ 

EYr LX 

The condition that G shall be negative is ^ — y > 

The second term in this inequality may be tabulated in the same 
way. The accompanying tables show the values of the functions 

LX? LX 2 , LX? LX 6 , LX*LX°-(LXX 
LX* LX*-(LX A f and LX*+LX e 

for all values of 17 from 0 to 25 when the number of observations 
is odd and from 0 to 49 when they are even. 

In the preparation of these tables, my thanks are due to the 
Zoological Society of San Diego for the use of the facilities 
afforded by its research department. 


*• 





THE GENERALIZATION OF 
STUDENT’S RATIO* 


By 

Harold Hotelling 


The accuracy.of an estimate of a normally distributed quan¬ 
tity ,«is judged by s reference to its variance, or rather, to an 
estimate of the variance based on the available sample. In 1908 
“Student” examined the ratio of th$ mean to the standard devia¬ 
tion of a sample, 1 The distribution at which he arrived was 
obtained in a more rigorous manner in 1925 by R, A, Fisher, 2 
who at the same time showed how to extend the application of 
the distribution beyond the problem of the significance of means, 
which had been its original object, and applied it to examine 
regression coefficients and other quantities obtained by least 
squares, testing not only the deviation of a statistic from a hypo¬ 
thetical value but also the difference between two statistics. 

Let £ be any linear function of normally and independently 
distributed observations of equal variance, and let s be the es¬ 
timate of the standard error of E, derived by the method of 
maximum‘likelihood. If we let t be the ratio to $ of the devia¬ 
tion of £ from its mathematical expectation, Fisher's result is 
that the probability that t lies between t, and t a is 


♦Presented at the meeting of the American Mathematical Society at Berk¬ 
eley, April 11, 1931. 
iBiometrika, vol. 6 (1908), p. 1. 

applications of Student’s Distribution, Metron, vol. 5 (1925), p. 90. 
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where n is the number of degrees of freedom involved in the 
estimate s . 

It is easy to see how this result may be extended to cases in 
which the variances of the observations are not equal but have 
known ratios and in which, instead of independence among the 
observations, we have a known system of intercorrelations. In¬ 
deed, we have only to replace the observations by a set of linear 
funptions of them which are independently distributed with equal 
variance. By way of further extension beyond the cases dis¬ 
cussed by Fisher, it may be remarked that the estimate of vari¬ 
ance s z may be based on a body of data not involved in the 
calculation of . Thus the accuracy of a physical measurement 
may be estimated by means of the dispersion among similar 
measurements on a different quantity. 

A generalization of quite a different order is needed to test 
the simultaneous deviations of several quantities. This problem 
was raised by Karl Pearson in connection with the determination 
whether two groups of individuals do or do not belong to the 
same race, measurements of a number of organs or characters 
having been obtained for all the individuals. Several “coefficients 
of racial likeness” have been suggested by Pearson and by 
V. Romanovsky with a view to such biological uses. Romanovsky 
has made a careful study 1 of the sampling distributions, assuming 
in each case that the variates are independently and normally 

*V. Romanovsky, On the criteria that two given samples belong to the same 
normal population (on the different coefficients of racial likeness), Metron, 
vol. 7 (1928), no. 3, pp. 3-46; K. Pearson, On the coefficient of racial 
likeness, Biometrika, vol. 18 (1926), pp. 105-118. 
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distributed. One of Romanovsky’s most important results is 
the exact sampling distribution of JL , a constant multiple of the 
sum of the squares of the values of t for the different variates. 
This distribution function is given by a somewhat complex in¬ 
finite series. For large samples and numerous variates it slowly 
approximates to the normal form; for 500 individuals, Roman- 
ovsky considers that an adequate approach to normality requires 
that no fewer than 62 characters be measured in each individual. 
When it is remembered that all these characters must be entirely 
independent, and that it is usually hard to find as many as three 
independent characters, the difficulties in application will be ap¬ 
parent. To avoid these troubles, Romanervsky proposes a new 
coefficient of racial likeness, H , the average of the ratios of 
variances in the two samples for the several characters. He ob¬ 
tains the exact distribution of H , again as an infinite series, 
though it approaches normality more rapidly than the distribution 
of L . But H does not satisfy the need for a comparison between 
magnitudes of characters, since it concerns only their variabilities. 

Joint comparisons of correlated variates, and variates of un¬ 
known correlations and standard deviations, are required not only 
for biologic purposes, but in a great variety of subjects. The 
eclipse and comparison star plates used in testing the Einstein 
deflection of light show deviations in right ascension and in declin¬ 
ation; an exact calculation of probability combining the two least* 
square solutions is desirable. The comparison of the prices of a 
list of commodities at two times, with a view to discovering 
whether the changes are more than can reasonably be ascribed 
to ordinary fluctuation, is a problem dealt with only very crudely 
by means of index numbers, and is one of many examples of the 
need for such a coefficient as is now proposed. We shall gener¬ 
alize Student’s distribution to take account of such cases 

We consider p variates JC t , X a , . . ., oTp , each of 
which is measured for N individuals, and denote by X loC the 
value of o: L for the oC th individual. Taking first the problem 
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of the significance of the deviations from a hypothetical set of 
mean values m t , m 2 , . . m p , we calculate the means 
JC ) > 3C z , . . zip, of the samples, and put 

Then the mean values of the will all be zero, and the vari¬ 
ances and covariances will be the same as for the corresponding 
OCi , since the individuals are supposed chosen independently from 
an infinite population. 1 In order to estimate them with the help 
of the deviations 

'*c 

from the respective means, we call n - N - 1 the number of 
degrees of freedom and take as the estimates of the variances and 
covariances, 

N 

a ji ~ a ij “nil 

oW 

We next put: 


*// 

' 

a /p 

a zt 


‘ a Zp 

3-fit 

3pZ • • 

' a pp 


1 ‘Mean Value” is used in the sense of mathematical expectation; the 
variance of a qjanlity waose mean value is zero is defined as the expecta¬ 
tion of its squares; the covariance of two such quantities is the expectation 
of *heir product. Thus the correlation of the two in a hypothetical infinite 
population is the ratio of their covariance to the geometric mean of the 
variances. 
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(3) 


A lj = A J l = 


cofactor of d,. tn a 

___ U _ 

d 


The measure of simultaneous deviations which we shall em¬ 
ploy is 


(4) T * E L Aij £>i$j * 

For a single variate it is natural to take A ;/ * )/d tt ; then 
T reduces to t , the ordinary “critical ratio” of a deviation in a 
mean to its estimated standard error, a ratio which has “Student’s 
distribution,” (1). For examining the deviations from zero of 
two variates x and y , 


hf 


= <LTr 5 


r s? is*!, yj 

£ ~ r c + 


Sf 


s , s a 


where 


za-sf 

“ " N-t ’ 


s . ■ ZCi-qf , 

* A/-/ 


- Z(X-a)(Y-u) 

\fZ(X-xf£(Y~gr 


For comparing the means of two samples, one of N f and 
the other of individuals, we distinguish symbols pertaining 
to the second sample by primes, and write 
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77 * A/ ; + N 2 - 2, 

( 6 ) yflZ6Ci.-JiXXj.-Sj) - s j •>] 

• $f * t Jj. ' N ' s ‘ *J * z ^j< ~ h '• $ 

and take as our “coefficients of racial likeness” the value (4) of 
T*, in which the £; are calculated from (5) and the Ay 
from (6) and (3). 

Other situations to which the measure 7* of simultaneous 
deviations can he applied include comparisons of regression co¬ 
efficients and slopes of lines of secular trend, comparisons which 
for single variates have been explained by R. A. Fisher. x In 
each case we deal for each variate with a linear function ^ of 
the observed values, such that the sum of the squares of the co¬ 
efficients is unity, so that the variance is the sam$ as for a single 
observation, and such that the expectation of is, on the hy¬ 
pothesis to be tested, zero. Deviations of the observations 

from means, or from trend lines or other such estimates, are 
used to provide the estimated variances and covariances &ij 
by (2). The number of degrees of freedom n is the difference 
between the number ISf of individuals and the number q of 
independent linear relations which must be satisfied by the quan- 


1 Metron, loc. cit., and Statistical Methods for Research Workers, Oliver 
and Boyd, third edition (1928), 
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tities cc c j , 0 C L 2 » • • •» ^/v on account of their method 
of derivation. For all the variates, these relations and n must 
be the same. 

The general procedure is to set up what may be called normal 
values 3c Lt0 for the respective X/^ , putting 

( 7 ) + - 

The underlying assumption is that is composed of two 

parts, of which one, C lo(/ , is normally and independently dis¬ 
tributed about zero with variance of which is the same for 
all the observations on oc t . The other component is determined 
by the time, place, or other circumstances of the oc’th observation 
in some regular manner, the same for all the variates. Denot¬ 
ing this part by 77 ^ , we have 

mr u+ + * 

Specifically, we take 77 ^ to be a linear function, with known 
coefficients g^ s , of q unknown parameters ^ 

where q < JW : 

( 8 ) V Id, = Z tis • 

S=l 

Thus in dealing with a secular trend representable by a poly¬ 
nomial in the time, we may take the gjs as powers of the time- 
variable, the £’s as the coefficients. For differences of means, 
the g ’s are 0 ’s and Ts, and the C, ’s the true means. 

We estimate the C, ’s by minimizing 
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Substituting from (8), differentiating with respect to , and 

replacing 9 ^ by for the minimizing value, we obtain: 

( 10 ) L 9 MfS C^u- s iJ m °> (s *1,2, ■•■,<?) 

c(,» / 

or by (7), 

(11) £ m0 ( Sx, ’ 2 > 

«/ 

Denoting also the minimizing values of by , we 

have made from (8), 

<? 

Subtracting (8), 

(i2) ^ s ^s-4) 

From (9), 

Ot-s / — 1 




N 






The middle term, by (12), equals 
/v «? 




( 13 ) 
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this, by (10), is zero. Hence, by (7) and (13), 

U i = V i + W i > 

where 

n 

2 V: = Z X* 

4 oc, =/ * + 

2VJ l =Z ( 

ctt = l 


If the q equations (10) be solved for dc^j , OC ^ , , . .. 
<£iff , the values of these quantities will be found to be homo¬ 
geneous linear functions of the observations X^. By (7), 
therefore, the quantities 

X U > * .* X lN 

are homogeneous linear functions of the -Xj^. But they are not 
linearly independent functions, since they are connected by tin 
q relations (11). Hence V is a quadratic form of rank 

n * N- q 

Since V \ , by (9), is of rank N, W is of rank q. 

This shows that Np new quantities ar^ , given by equa¬ 
tions of the form 


VW" 1 *** 


(14) 


*L‘i, WVi/Vt.'V 


can be found such that 
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( 15 ) 


2V 


/v 

‘Z 

at,-! 




N 

-L 

o(,*/ 


vT', 




N 


2W. *Z 

L c$« n+t 


JC 


lot * 


and therefore 


(16) 


N 

2U *Z 
1 «*/ 




Substituting (14) in (15) and equating like coefficients, 
(17) L c, ^ c , ^ = <S . 


n 

£/ c * r 


J /3TT 


where is the Kronecker delta, equal to 1 if /3 m Y , to 

oif /s+r 

The coefficients depend only on the g oCS , which 

have been assumed to be the same for all the p variates. Thub 
(14) may be written 




^r^jr • 


Multiplying by (14), summing with respect to ^ from 1 to /?, 
and using (17), 


n . n n h 

Z* ^id, ^ toe ^ <5, C A C 'T, ja *7t y" 



( 18 ) 
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Just as in (2), we define & LJ in this generalized case by 


N 


(19) 

Then by (18), 

( 20 ) 




& *: * ~ -ZJ ^ , - 

V /? L U J** 


Of the last equation, (6) is a special case. 

The random parts £ . of the observations on ^ have 
by hypothesis the distribution 

-Ut/Zc* 


\N 


dtp d&i z * * ■ * ^<5 


4 A/ 7 


(o-iJZrry 

where V; is given by (9), From what has been shown, it is 
clear that this may be transformed into 


, .2 , 2 . . 2 \ / 2 
-(cc t , + x iz -h ■ ■ • ■ + -x iN )/£<?■ 


(o l JzW) n 


dx' t ■ "dx‘ t 

if iN> 


showing that <. jc!^ are normally and independently 

distributed with equal variance a *. 

The statistic E>i must be independent of the quantities 
ccjj * x* L7J entering into (20), its mean value 

must be zero, and its variance must be er *. These conditions arc 
satisfied in the cases which have been mentioned, and are satis¬ 
fied in general if is a linear homogeneous function of 

ecl ar' v with the sum of the squares of the 

coefficients equal to unity. 

The measure of simultaneous discrepancy is 
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A.; being defined by (3) on the basis of (19). It is evident 

Lj 

that 


(21) T z 


.0 

tr 


4 ■ 

• • t, 
/ 

o 





d /p 


a zt 



a zp 

- - 


• * 

* - 

. . . 


Ip 

v 


S p2 

• * ’ <3 

pp 



a iz 

. . . . 

*<p 






a 2p 



a P< 

* P z ■ ' 

a f*P 



as appears when the numerator is expanded by the first row, and 
the resulting determinants by their first columns. 

A most important property of T is that it is an absolute 
invariant under all homogeneous linear transformations of the 
variates jc^ , , . jc p . This may be seen most simply by 
tensor analysis; for £ 4 * is covariant of the first order and A L j 
is qontravariant of the second order. 

The invariance of T shows that in seeking its sampling 
distribution we may, without loss of generality, assume that the 
variates or. , , . have, in the normal population, zero 

correlations and equal variances for they may always by a linear 
transformation be replaced by such variates. 

Let us now take 

jr * / / 

> * 1 / * * ‘ ' '' < 77 
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as rectangular coordinates of a point P L in space V 7// of n+! 
dimensions. Since these quantities are normally and independently 
distributed with equal variance about zero, the probability density 
for Pi has spherical symmetry about the origin. Indefinite rep¬ 
etition of the sampling would result in a globular cluster of rep¬ 
resentative points for each variate. Actually the sample in hand 
fixes the points P f , , which may be regarded 

as taken independently. 

We shall now show that T is a function of the angle 8 
between the $ -axis and the flat space V p containing the points 
P / , P 2 , . . P p and the origin 0. We shall denote by A. 
the point on the £ -axis of coordinates 1, 0, 0, . . .,0, and by 
V n the flat space containing the remaining axes. Since in 
one equation specifies V n and n + \ - p equations V p , the 
intersection of V n and V p is specified by all these n + 2 - p 
equations, and is therefore of p- 1 dimensions. Call it Vp-/ . 

If Pj , P 2 * . , P be moved about in V p , & will 
not change, and neither will T , since T is invariant under linear 
transformations, equivalent to such motions of the P t . Hence 
T always has the value which it takes if all the lines OP , OP , 

• * •» ®Pp arfe perpendicular, with the last p -1 of these lines 
lying in Vp-/ . In this case the angle AOPj equals Q . 
Applying to the coordinates of A. and of P f the formula for 
the cosine of an angle at the origin of lines to ( oc f , » . . .) 

and ( y, > U 2 > • ■ •). namely, 

(22) cos 0 = Zcc y 

/La*Ey* 


We obtain 



cos 8 
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z z 

Since ac ■' -t ■ • • +JC, t r) = na n 

it follows that 

(23) n cot 2 6 = 

The fact that , I* , . . , ^ lie in , and there¬ 

fore in , shows that in this case 

‘tr- 0 ■ 

Because OP , OP , . . OP' a are mutually perpen- 

$2 | * f ^ 

dicular, (20) and (22) show that a L j * 0 whenever l £ j . 
Hence, by (21) and (23), 

(24) £,/<*„ = y/n~ cote. . 

By this result the problem of the sampling distribution of 
T is reduced to that of the angle 6 between a line 0A in V n*l 
and the flat space Vp containing p other lines drawn inde¬ 
pendently through the origin. The distribution will be unaffected 
if we suppose V p fixed and OA drawn at random, with spher¬ 
ical symmetry for the points A . x Let us then, abandoning the 
coordinates hitherto used, take new axes of rectangular coordin¬ 
ates . . ., y , o-f which the first p lie in Vp . 

A unit hypersphere about 0 is defined in terms of the general- 


x This geometrical interpretation of <T shows its affinity with the multiple 
correlation coefficient, whose interpretation as the cosine of an angle of 
a random line with a V p enabled R. A. Fisher to obtain its exact 
distribution (Phil. Trans., vol. 213B, 1924, p. 91; and Proc, Roy. Soc,, 
vol. 121 A, 1928, p. 654). The omitted steps in Fisher's argument may 
be supplied with the help of generalized polar coordinates as in the text. 
Other examples of the use of these coordinates in statistics have been 
given by the author in The Distribution of Correlation, Ratios Calculated 
from Random Data, Proc. Nat. Acad. Sci., vol. 11 (1925), p. 657, and 
in The Physical State of Protoplasm, Koninklijke Akademie van Weten- 
schappen te Amsterdam, verhandlingen, vol. 25 (1928), no. 5, pp 28-31. 
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ized latitude-longitude parameters <p t ^ if we put 



-sin 0 t sin0 2 sin0 3 ■ 

■■Stn0 p . l cos 0 p 

dz 

=cos <f> t sin <t> 2 sin<f> 3 ■ 

■ - sun 0 p . { cos0 t0 


- cos <f> a sin<l> 3 ■ 

’ ' SLn0p.j c os<t> p 


cosfy- 

- -sin0 p .i cos <f) p 


cosj£ v cos <j> p 

sm<t> p cos 0 pi , 

y n * Sin 4>p Sin<t> p+ l "'COS0 n 

y„+r sm$ p sm $£,+! • • ’Sin 0 n , 

for the sum of the squares is unity. Since 

u%i + ■ ■ ■ ■ * y*« = $Ln ^p 

we have 

(j)p ® & * 

The element of probability is proportional to the element of gen¬ 
eralized area, which is given by 

d <j> 2 . d&„, 

where P is an n -rowed determinant in which the element in 
the i th row and j th column is 


y p 

y P +r 
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For i £j , this is zero. Of the diagonal elements, the first 
p- 1 contain the factor co s 2 0 p ; the p th is unity; and the re¬ 
maining n-p elements contain the factor sin 2 0 p . Since 0 
is not otherwise involved, the element of area is the product of 


cos p "(p p sin n ~ p <Pp d<f) p 

by factors independent of $ p . The distribution function of 
G is obtained by replacing <fi p by G and integrating with 
respect to the other parameters. Since Q lies between 0 and 
V2, we divide by the integral between these limits and obtain 
for the frequency element, 


r(p)r(nzf±l) 


cos p 1 Q sm n d 0 . 


Substituting from (24) we have as the distribution of T : 


m (ftj _ T ^dT 

r{ %) r(dizf±L) n % JJTx^jW 


For p ~ 1 this reduces to the form of Students distribution gi\en 
by Fisher and tabulated in the issue of Metron cited; however, 
as T may be negative as well as positive in this case, Fisher 
omits the factoi 2. 

For p- 2 the distribution becomes 


nzL 

r? 


Td'T 

7T7%n W 


From tins it is easy to calculate as the probability that a given 
value of T will be exceeded by chance 


P- 




(26) 
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a very convenient expression. 

The probability integral for higher values of p may be cal¬ 
culated in various ways, the most direct being successive integra¬ 
tion by parts, giving a series of terms analogous to (26) to 
which, if p is odd, is added an integral which may be evalu¬ 
ated with the help of the tables of Student's distribution. If p 
is large, this process is laborious; but other methods are available. 

The probability integral is reduced to the incomplete beta 
function if we put 

for then the integral of (25) from T to infinity becomes 


P-i*( 2 LJ r l ’ J r)- 

the notation being 


B x (p,q)=f^jc P ' (l-x) 9 ' dx , 


-B (p, q)-f «r P ~'(l-x) , 

0 


4 ( m) 


&(p>q) 


Many methods of calculation have been discussed by H. E. Soper 1 
and by V. Romanovsky. 2 An extensive table of the incomplete 
beta function being prepared under the supervision of Professor 
Karl Pearson has not yet been published. 

Perhaps the most generally useful method now available is 


^Tracts for Computers, no. 7 (1921). 

a On certain expansions in series of polynomials of incomplete B-functions 
(in English), Recueil Math, de la Soc. de Moscou, vol. 33 (1926), pp. 
207-229 
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to make the substitution 

to 9e ( v-p+O ? 2 ~ 5 !og e np, 

n^p 

rig * n-p + /, 


reducing (25) to a form considered by Fisher. Table VI in his 
book, Statistical Methods for Research Workers, gives the values 
of z which will be exceeded by chance in 5 per cent and in 1 per 
cent of cases. If the value of z obtained from the data is greater 
than that in Fisher’s table, the indication is that the deviations 
measured are real. 

If the variances and covariances are known a priori, they are 
to be used instead of the a ij ; the resulting expression T has 
the well known distribution of \ , with p degrees of freedom. 
For very large samples the estimates of the covariances from the 
sample are sufficiently accurate to permit the use of the \ dis¬ 
tribution for T . This is well shown by (25), in which, as n 
increases, the factor involving T approaches 


T 




- T z '/2 

dT , 


which is proportional to the frequency element for ^ when 
is put for T . 

As Pearson pointed out, the labor of calculating \, which 
we replace by T , is prohibitive when forty or fifty characters 
are measured on each individual. With two, three, or four char¬ 
acters, however, the labor is very moderate, and the results far 
more accurate than any attainable with the Pearson coefficient. 
The great advantage of using T is the simplicity of its distribu¬ 
tion, with its complete independence of any correlations among 
the variates which may exist in the population. 

To means of a single variate it is customary to attach a 
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“probable error,” with the assumption that the difference between 
the true and calculated values is almost certainly less than a cer¬ 
tain multiple of the probable error. A more precise way to fol¬ 
low out this assumption would be to adopt some definite level of 
probability, say jP = .05, of a greater discrepancy, and to deter¬ 
mine from a table of Student’s distribution the corresponding 
value of t , which will depend on rj ; adding and subtracting 
the product of this value of t by the estimated standard error 
would give upper and lower limits between which the true values 
may with the given degree of confidence be said to lie. With T 
an exactly analogous procedure may be followed, resulting in the 
determination of an ellipse or ellipsoid centered at the point £ , 
|^ > . . ., Confidence corresponding to the adopted prob¬ 
ability P may then be placed in the proposition that the set of 
true values is represented by a point within this boundary. 



SYSTEMS OF POLYNOMIALS CONNECTED 
WITH THE CHARLIER EXPANSIONS AND 
THE PEARSON DIFFERENTIAL AND 
DIFFERENCE EQUATIONS* 


By 

Emanuel Henry Hildebrandt 


INTRODUCTION 

The problem of fitting mathematical curves to statistical data 
has commanded the attention of statisticians and mathematicians 
for many years. The curves referred to the most by English- 
speaking biometricians and mathematicians are perhaps those de¬ 
veloped by Pearson from 1895-1916. 1 He showed that a series 
of curves could be obtained by assigning various values to the 
parameters in a certain first order differential equation. A few 
years later, Charlier 2 , attacking the same question from a differ- 

*A dissertation submitted in partial fulfillment of the requirements for the 
Degree of Doctor of Philosophy in the University of Michigan—August, 
1931. 

*Karl Pearson, “Mathematical Contributions to the Theory of Evolution,” 
Philosophical Transactions, A, Vol. 186 (1895), pp. 343-414; also “Sup¬ 
plement to a Memoir on Skew Variation,” Phil. Trans., Vol, 197 (1901), 
pp, 443-456; also "Second Supplement to a Memoir on Skew Variation," 
Phil. Trans., A, Vol. 216 (1916), pp. 429-457. 

a C. V. L. Charlier, “Ueber das Fehlergesetz,” Arkiv for Matematilc, As- 
tronomi och Fysik, Vol. 2, No. 8 (1905), pp. 1-9; also “Ueber die Dar- 
stellung willkuerlicher Funktionen," Arkiv for Matematik, Astronomi och 
Fysik, Vol. 2, No. 20 (1905), pp. 1-35. 
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ent angle, showed that any function could probably be approx* 
imated by using a certain function and its derivatives in the terms 
of the series: 

F(x)-A 0 f(x) + A, ffo+A t f"(x )+• • • • 

where the A 4 * are constants. 

Charlier found that the constants A n could be formally de¬ 
termined, the n th constant A n being dependent on the moments 
of F(x) of order not greater than n . He illustrated the method 
of procedure for the case where y - f ( x) was the equation of 
the normal curve of error, i. e. one of the Pearson curves. In 
fact, the successive derivatives of this particular function gave 
rise to a well known system of polynomials, namely the Hermite 
polynomials, and the coefficients are dependent upon these poly¬ 
nomials also. 

In recent years, Romanovsky 1 has succeeded in obtaining 
similar results for the case in which some of the other of the 
Pearson curves are used as the f (x) in the Gram-Charlier 
series. The successive derivatives of these other special Pearson 
type curve functions also result in systems of polynomials which 
bear fundamental relations to each other. 

It is the object of this investigation to show: 

(1) That the constants obtained by Charlier for his Type 
A series can be much more readily obtained by making use of 
certain existing biorthogonality conditions; 

(2) That if the Type A series be generalized to the form: 

Ffx)*C a Q(x) C t £x Q(x)f t (x)+C z jje Q(x)f z (xy- 


1 V. Romanovsky, ‘‘Generalization of some types of the frequency curves 
of Professor Pearson," Biometrika, Vol. 16 (1924), pp. 106-117; also 
“Sur quelques classes nouvelles de Polynomes orthogonaux,” Comptes 
Rendus de L’Academie des Sciences, Vol. 188 (1929), pp. 1023-1025. 
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where f n ( x) is a polynomial of degree n in x, then the C~, 
can also be formally determined and depend upon the moments 
of F ( x) of order at most n ; 

(3) That the form of the polynomials obtained by Charlier 
and Romanovsky for certain solutions of the Pearson differential 
equation can be found for any solution of this equation and that 
the relations existing between polynomials of the same system 
can also be generalized for the general solution and for the most 
part obtained without having the explicit form of the solution; 

(4) That results analogous to those obtained in (1) and 
(3) can be derived for the Charlier Type B series and the analogue 
of Pearson’s differential equation, finite differences replacing the 
derivative. 

The writer wishes to particularly express his appreciation to 
Prof. H. C. Carver for the valuable aid he has given both in the 
stimulating instruction characterized by frankness in indicating 
unsolved problems in his classes and through direct suggestions 
in the preparation of this paper. 
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CHAPTER I 

Polynomials Connected with the Gram-Charlier Series 

1. In the articles entitled “Ueber das Fehlergesetz” and 
“Ueber die Darstellung willkiirlicher Funktionen” 1 Chariier 
proves the following well known theorem: 

Charlier's theorem for series of type a —If /?( x ) is 
any real valued function of %, which has finite moments of all 
orders, then F ( X ) may be formally expressed in terms of an¬ 
other function f ( x ) and its derivatives as follows: 


(A) Fix)-A e f(x)+A t fix) +A t f"(x)+A n f M (x) + ••• 


where f (x ) has the following properties: 

(a) f (x) and its derivatives are continuous for all real 
values of x, 

(b) f ( x) cmd its derivatives vanish for x*+&and 

( c ) x ) 0 for all m and n , 

(d) f f (x)dx/ 0* 

- 00 

The conditions (c) and (d) are not given in Charlier’s ar¬ 
ticles, but an eaxmination of the proof shows that he assumes 
implicitly that they are satisfied, f (x) - J+ x 1 satisfies 
(a) and (b) without satisfying (c) and (d). 

In the first section of the latter paper, Chariier determii » 
the constants A. a , A,, A,, . . ., A„, . . . He takes ' e 
series (A), multiplies it successively by 1 , x, X *, . . ., and 
integrates each result between the limits - <*> to + <*>. The fol- 


1 C. V, L. Chariier, Ioc. tit 
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lowing equations result: 


[Jp(x)dx= A J_ u f(x)dx 


/+** r +<» r + 

x F(x)dx =A 0 ] x f(x)dx +A ± J x f fx) dx 


J_J*-*F(x)dx *A 0 f^ x*fMdz+A ± J x*f'6ddx +A z fx*f *(x)dx 


Each of these equations contain a finite number of terms and 
the constants A oi A i , , . . . may readily be determined by 
solving them. In fact we find that any constant A n may be ex¬ 
pressed as 

r +*> 

A v (x)F(x)dx 


where P v (x) is a polynomial in x of degree not greater than 
77 . An analysis of the underlying facts reveals that what Char- 
lier has actually done is to show that under the conditions listed 
in the theorem there exists a uniquely determined set of poly- 
normals P a (*), Pj ( *)» • . /£(*). • • •> 

at most of degree rt , biorthogonal to the set of derivatives or 
functions of f (x), i. e. satisfy the biorthogonality conditions: 

f+~F} J (x)f 0rr ' ) (x)dx * 0 for mtn 
* 1 for 777*77 


Further a study of the coefficients of these polynomials shows 
that 


dx 


-n,.i 


(*) , 


i. e. we have the following theorem: 
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Theorem: If f (x) satisfy the conditions (a), (b), (c), 
and (d) of Charlier’s theorem for series (A) and if <P(x), 
Pi ( x), . . . P n ( x) . . . is the system of polynomials 
in x, (x) of degree at most 77 , which is biorthogonal to 
fix) and its derivatives, i. e. satisfies the conditions 

f <m) (x)dx - 0 for 77 
- 1 for 777*77 


then 

d -T- - p »<* 

This can readily be shown to be true directly from a use of 
the biorthogonal property. For integrating by parts we obtain: 

l 1 ;;-//>>; 


The first half of the right hand side of this equation 
vanishes due to condition (c) of Charlier’s theorem for series 
(A). For the second half we have 

-f" (x) f <m ~^(x)dz = 0 for 777/77 

« 1 for w-n 


But we know that 

+f\ 1 (x)f frn -%)dx * 0 for 777/77 

^ 1 for 777 = 77 


determines uniquely the polynomials P n . t (z). It follows that 
dP n (x)/dz^-P^( X ) 
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A corollary to this last theorem may be stated as follows: 
Corollary: 

If />„ (x)f^(x)dz- 0 for mtv 

—Off for 777= 77 

a L +0 ( 4 * 0 , 1, 2,.), then 

dP„(x)/dx-^ P„.,M 

The proof is similar to the one just given. Integration by 
parts gives the following result: 


p'fx)dx-0 

- <y> 

for 777/77 

" a n 

for 777=77 

But we know that 


p 7 ,. J (x)dx = 0 

for 777/77 


for 777*77 


Therefore we may conclude that 


or 


1 dP„(x) 
a„ dx 





dx 





An illustration of this corollary is the case of the well known 
Hermite polynomials which are involved in Charlier’s first paper . 1 

These satisfy the conditions 

- 

iQ V. L. Charlier, loc. cit Charlier uses as f (x)“ eJjFJr <2 . In 

this paper we shall use the simpler basic function 
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£j? m (z)H n (x)e~**dx = 0 for m^n 

- 2 n n!/n for m- n 

and 

(-1)” d” U'^/dx”. 

Hence 

J + °H m (x)d Ye ~* Z )/dx 77 dx = 0 for mtn 

=(-2) r ’n!Vn for m-n 

If then f (x)-e~ xZ and a n - (~2) n n!/rr our corollary 
applies, i. e. we have 

d H n (x)/dx = 2 i 7 H n . t (x) 

We might further observe that if a„ - (-1)” 7?/ then the 
polynomials (x) form a system of Appell polynomials 1 satis- 
fying the relation 

df^ (x)/dx~ nP^-x M 

the 77 th polynomial being the coefficient of h n /n! in the 
expansion of a (r?) e where 

H h ^ 

a(h)-4 e +j ! «, t + j- ( *, SL + ‘-- + -fij <*,„+ • • • - 

The fact that differentiation of the 7 ? th pol. nomial results t 
in the negative of the ( 77 - l)th polynomial;shows that the |77 h 
polynomial may be obtained by integrating the ( 77 -1) th c»*e, 

X M. P. Appell, “Sur tme classe de Polynomes,” Annales Scientifiques de 
I/Ecole Normale Superioure, Vol. IX, series 2 (1880), pp. 119-120. 
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which will consequently determine all of the terms of the n th 
polynomial except the constant This constant may be found 
from any of the conditions of biorthogonality. The simplest of 
these conditions is: 

J ^ PnM fM dx. =0 


Setting 

(x) dx + c 

o 

gives f^ [-jf P„.j(x)dx*-c]f(x)dx-0 

. JlZ [ C p n-t M dx. J fM dx 

and so c* ——- 

Xa# f(x)dx 


so that 


P 11 (x)~-f\ 1 Mdx + 

O 


]y^ Mdx ^ ux)dx 

f °f(x)dx 


This gives a very simple and elegant method of writing down 
successively the polynomials associated with any function f ( X) 
satisfying the conditions of the theorem. 

Using the Charlier notation 

i S!ix n f(x)dx 

y/ * n * - ~s - 


and observing that P 0 (x) = 1 /A 0 , we obtain the following 
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polynomials: 

P t (x) = -/ J%(x)dx+ - —s - 

J.^ f(*)dx 


x A, 

X* 


_ t x f.~ \lo % Mdzj f(x)dx 

%(X) = -J %(x)dx + - - 

° L 


X, 


l£ \ 


P 3 (X) = -f X %Cx)dz + 


/\,x A* 

_ o "t ^ o 


f{x)dx 

K 


lZ[f 0 Xp x Md ^\ f (* )dX 
JZTtbddx 


x 3 \x* ^fx \x A* Z?^ z \ 

13 A a *\zK ~ X 


£ 


2. Just as the Hermite polynomials, based as they are on 
(he derivatives of e , are the starting point for expansions 
of the Gram-Charlier type and for the theorem just considered, 
so the Laguerre polynomials defined by d 71 (a+bx^e ~ x /dx 77 
suggest an expansion of the type 


4 U) <p(xh - 


iriiere f n (x) is a polynomial in x . As a natt e r of fact we 
can state the following theorem: 
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Theorem : If <p ( x ) is a function such that 

(1) <P(x) and all its derivatives are continuous for all 
real values of x , 

(2) <p\ x ) and its derivatives are zero at x~ + co and - oo, 

(3) 

(4) fe(*)} is a sequence of polynomials in x such 

tUt f-t. f T7 

then there exists a unique sequence of polynomials P m (x) t 
P m (x) at most of degree m, such that 

f^ n (xJ^nf Y} (x)<pCx)dx * 0 for m/ n 

= 1 for w 

If f n (x) is at most of degree v , then the determination of 
(x) depends at most upon the moments of (f> of order n } 
The method of proof is modelled on Charlier's proof for the 
preceding case. By substituting in the r? th integration by parts 
formula 

Ju[x)v n * 1 (x)dx* UY<”>- u'v 

+ (-l)” 1 Ju ( ” W (x)Y(x)dx . 

we have 


iThe Laguerre polynomials are not a special case of this because there the 
interval of integration is - a/ b to + &. 
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On 4 M <PMdx * [p„ (x)~, f„ & <? (*) 

d* „ w”- a 1 

f * <»*<*> J 

+ -+C- 1 ) 

f n<*>*(*>** 

because of conditions (2) and (3) on (f) (x). As a consequence, 
if 77 > 777 then ^ ( oc ) » 0, so that for 77 > 777 

I_Jm (X) f n (*> fOOctx=O 


tiiat is to say (*) is orthogonal to f„ {x)<p(x) 
provided ~n > m Hence 7^ ( x ) must satisfy only the follow¬ 
ing 77+1 equations: 


r~ d* 

J P m(*>~b 

/Tar 


f„te)4>(x)dz*o 


[*» d r *~dP(x) 

JJnW^'i&WOQdX = (-I)J —- f t (x) <p (x)dx * O 


r*~ af* , r+'*d*P(x) 

0 (x) dP- f *M < f > (*)dx*(-l) J ' ——i f z (x)<fi(x)dx.O 


j„% 1x3 dx” 4 Cx) fW***‘ (~V”f~ ~b 7% (x) f„ (x)<fi(x)dz-l 

Replacing now P„( x ) by a o +a x x + ajc * + . - . +a„x n + - 
gives us the system of algebraic equations to be satisfied by 
a o> a x* ., a n , viz,: 
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/ +oo S'*** 

t MtfMdx+cZjJ- xf a (x)<p[x)dx 
+ a zf x * f <> ( x ) <PMdx + . 4- a f*x 1> f 0 (x) <P(x)dx = O 

tz-ofl ' J-<yi 

f f t fa) <p(x)dx+2a z f <p(x) dx + • - +7ia n [ x v ' 2 f/x)<pCx)dX'~0 

J-00 0-0 -'-OO 

’ 2a, / 1, (x) tf>(x)dv+-- +7>(n-i)aJx’ , '*f l M4>(x)dx= 0 

J-t>0 

(n-z)!a„. 2 Jf^ 2 (x) f>(x)dx+* f„. z M<P(*)dx . 

a »J xZ f n -z (lc) <PC x )dz*0 

((x)0(x)dz4 j- a„j~(' x f n J (x)<pMdx~0 

(-1) V n!a n (x)<p(x)clx=1 

We have here a unique determination of a v if the determinant 
of the coefficients is * 0. This is true since the determinant 
A s H) n (/ f 0 <p )(.ff 1 <p ).. - . (J f n <p) is f 0 because of the 
condition (4) on (p, If ( x) is at most of degree 77, it is 
obvious that the determination of the P n ( x ) resulting from 
the coefficients a n depends at most upon the moments of $ 
of order m . 

The first three polynomials of the type considered in the 
last theorem have the following form, the limits of integration 
being - oo and + in each case. 


p , x y m Jx/p{x)dx _ 

' Jf, d) <fi(x)dxf<pfx)dx 


X _ 

Jf t M0Mdx 


1 

Jf 3 (z)<p(x)dx 


J x <fi fx)dx 
J4>(x)dx 



fx f t (x) cp(x)dxJx <pfr)dx _ ^ Jx z <P fx)dx 

% (x) * ff z Cx)<pfx)dxff I fx)j>fx)dxf<p(x)dx Zijf z (x)<p(x)dxf?(x)dz 
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xfx f x (x) (p(x)clX _ + _ x^_ _ 

/4 ex) <fiCx)cLx ff ± Cx) <p(x)ctx >^//4 (x)<p(x)dx 


Jx 4 (*) <p(x)dxfx f x Cx)<Pte)dxfxflfz)d x 
Jf 3 fz)<pfe)dx Jf 3 Cx) cpMdx/f, fr)<?fr)ctxJ<pMdx 

Jz% (x><PCx)dxJz<fiez)dx 

zifc fr)<pfx)dxj C*)<?Cx)dxfafz)dx 

Jxf 9 C£$fc)dxJz*<P<x)dx 

£? ff 3 (x)<f(x)dxff z (x)<p(k)dxj<p(t)dx 


Jx 3 <p{x)dx _ %J#f2,ex)<0fe)dxfzf / fc)<f{x)dx 

zjJfjCx) <?(x)cuf<f>fz)djc Jf 3 fx)0z]dxjf 2 {x)ffr)dzjf x fx)Mx)d* 


+ xfz^MfMdx _ + (*)4>(x)dx _ 

2 'ffstxW&dxffj fx) <?fx)dx z(Jf 3 (x)4>e*)dzJ f 2 fx)<p(x)dx 


X* _ 

3lff 9 (x)<Pfx)dX 
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CHAPTER II 

Polynomials Connected with Pearson's Differential 

Equation 

1. In the work in mathematical statistics a large number 
of the problems that require study involve data properly classified 
into groups and about which further information is sought. This 
data is often classified to form a frequency distribution. The 
frequency distribution when grouped may appear to lie on a cer¬ 
tain curve. If it can be shown that this curve is a mathematical 
curve, i. e. one for which we are able to set up an equation, then 
this frequency distribution can be readily examined and studied. 

There are very few frequency distributions which actually 
conform to known mathematical equations. However, there are 
certain curves which seem to lend themselves much better to 
statistical manipulations than others. Among the most commonly 
used of these are the so-called Pearson type curves. Pearson 1 
showed in a series of three articles how he obtained the equations 
of twelve distinct curves and this was done by considering the 
differential equation 

J-£hL. » .. _ 

y dx iD 0 +t> t x + 

and solving it, after assigning particular values to the parameters 
<2 C , a i 9 9 At 9 an< * ^ * The e< l ua ^ ons °f these curves and 

the differential equations from which they were derived are as 
follows: 


1 Karl Pearson, loc. cit 



Difj ential Equation 
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Ca,+ af )(a z + x) 
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The curves most widely used are the normal curve of error, which 
Pearson calls Type VII, and the Type III curve. 

Suppose a Pearson curve f (x) has been found which 
seems to fit a given distribution fairly well. The question may 
well be asked: Is it possible by means of analytic methods to 
approach even nearer to the given distribution? For e xamp le, 
would it be possible to use this approximate function 
as the f (x ) in the Charlier series (A) and thus obtain a closer 
approximation to the observed frequency function. 

Charlier in his paper “Ueber die Darstellung willktirlicher 
Functioned 1 considered this question for <p (* 
i. e. the normal curve of error. He showed that using this 
<p (%) reduced the series (A) to the form: 


(A*) F(x) * <pfx)+a 3 <p ( *(x) +a+<p ™(x) + 


+cl T 7 <P (7 ? )(x)+ 


the first and second derivative terms vanishing due to the proper 
choice of constants. This series (A') is frequently referred to 
as the Gram-Charlier Type A series. It is worthwhile to note 
that this (p (x) is the same one whose derivatives we found in 
the first chapter resulted in the Hermite polynomials. These poly¬ 
nomials have the following interesting properties 2 : 

( 1 ) dH„(x)/ctX « 277 //^ (x) 

(2) Hv+jM-2 x /4 (x) + Z 77M=0 

( 3 ) //'(x) -ZxHl, tz) + 277/4 M - O 

The first of these relations shows that the derivative of any Her¬ 
mite polynomial corresponds to the preceding polynomial multi- 


1Q V. L. Charlier, loc. cit. 

2R. Courant and D. Hil'bert, Methoden der Mathematischen Physik, 1, 
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plied by 2 77. The second equation is a recurrence relation between 
the ( v+ 1) th, 7?Jh and ( 77 - 1) th polynomials, while the third 
relation is a differential equation of the second order involving 
only the n th polynomial. 

The use of the equations of the other Pearson type curves 
as the f (z) in the original Charlier series has in recent years 
been studied by Romanovsky. In the first 1 of two articles, he 
discusses the Pearson Type I, II and III curves as well as the 
Type VII—the normal curve referred to in the last paragraph. 
Just as the normal curve of error requires the use of the Hermite 
polynomials, he found that the Type I curve and Type II, which 
is a special case of Type I, involved the Jacobi polynomials 


Gn(h,q,x)« 


q(q+l)---(q+n-l) 


d” 

~dx ir 


q+n-I 
X (1-X> 



The -n ’th Jacobi polynomial satisfies the second order differential 
equation* 


x(l-x)GZ(*)+ {q-Cp+l)x\G l „(x) +(p+r?)7?G T7 (7:)-0 


which corresponds to property (3) mentioned for the Hermite 
polynomials above. The Type III curve involves the Laguerre 
polynomials 3 defined by 



and these in turn satisfy the recurrence relation 


1 V. Romanovsky: ‘‘Generalization of some types of the frequency curves 
of Professor Pearson.” op. at pp. 106-117. 

2 R. Courant and D. Hilbert, op. cit, Vol. I, p. 75. 

3R. Courant and D. Hilbert, op. cit., pp. 77-78. 
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L n+i (x)-C27’+l-x)L rt (z)+r> z L 7f _ i (x)-0 

and the differential equation 

L'„ (X) - 77 L v . 1 (X) - - 77 L „_ x (x) 

In the second article 2 , Romanovsky reviews the cases of 
the Type IV, V and VI curves. The generalization of the Type 
IV curve gives the polynomial 

P„ (m,x)-(a a +x*) m e Ue 

where 9 * arc tan %/a . These polynomials possess properties 
similar to the other polynomials mentioned, viz.: 

P mi (v+l, z)= \z( 77+l-m)z- \Za\R,, (77, z) 

\ 

+ 2 . v [77+1-777} (a z +x z )P n _ 1 (n,x) 


and 

(a*+x s )P n (77,x) + \_2(l-m)x - Va\ 

T* (77.x) - n(n+l- 2 m)T^ (r7,x) = 0 


Similarly for the Type V curve he finds the polynomials 

J v/ 

_ , h x d / -fj+z-n „ ~x\ 

P n (h,x)~* e zp,(* e > 


Also the relations 


2 V. Romanovsky, “Sur quelques Classes notrvells de Polynomes othogonaux,” 
loc. dt. 
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P n+t (7H-1)x) - \j2.n*2-p)x+y\f^(77 t x)-i- 77(2rH-Z-p)x z f^ l ^Ti l x) 
and 

P^( Tt.x)+ [x(2-p)+ 'T\Pj, ft\ x)-n(n-bl-p) P„ (71, x) - O 
hold. 

Finally for the Type VI curve Romanovsky gets the polynomials: 

(~h,q, %)• (x-a) ? x h [ ~fx-a) q+ ”x 

and the relations: 

( 77 + 1 , z)* \f-p +l/z-a)+(q+ 1 ) x] P n (77, z)+x(x-a)P 1 n ( 77, z), 
+dfP*(n 4 z)+\j-p+IXx-a)+ (q+l)x J Pj, (77, x)-n(v+lHf-p)J^h, x)= 0 . 


We note, therefore, that if a solution of the Pearson dif¬ 
ferential equation is used as the generating function f ( x ) in 
the Gram-Charlier series, that a distinct set of polynomials re¬ 
sults in each case and that these polynomials satisfy certain re¬ 
currence relations and differential equations. These properties 
are not found in the case of functions such as sech x and 
seeh m x , which were discussed as generating functions by Char- 
lier 1 and by Roa 2 respectively. The successive derivatives of the 

J C. V. L. Charlier, “Ueber die Darstellung willkurlicher Funktionen,’ loc. 
dt., pp. 18-22. 

2 Emeterio Roa, “A Number of new generating Functions with Applica¬ 
tions to Statistics,” Doctor’s Thesis, University- of Michigan, 1923. 
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sech x do not result in polynomials such as the Hermite or Jacobi 
ones. 

Since the generalization of the solutions of the Pearson 
curves leads to distinct sets of polynomials and since these poly¬ 
nomials satisfy certain fundamental relations, we are led to inquire 
whether these polynomials are not special cases of a general poly¬ 
nomial and may be obtained from it by specializing the coefficients 
and further whether such general polynomials, if they do east, 
will satisfy certain recurrence relations and differential equations. 
These problems are among those which we shall consider in this 
chapter. 

2. In order that we may develop the generalized polynomials, 
let us consider the Pearson differential equation where the numer¬ 
ator is of the first and the denominator of the second degree, i. e. 


/ dy a. a + a^x 

y dx £ + b*x+b z x* 


For convenience we shall denote the numerator by N and the 
denominator by D . We then have the following theorem: 
Theorem : If y is a non-identically zero solution of 


( 1 ) 


dy^ N_ 


cLx 


then ly ** a poly* 101 * 1 ™} °f degree at most v . 

The proof will proceed by mathematical induction. It is 
obvious that the theorem holds for 77-1, P ± ( x ) being N . 
Since it is true that 


D 



Ny 


we obtain by differentiation 


d z y 

D ~aP- 


+ D 


& 

dx 


N 


dy 

dx 


+ N y 
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or using (1) and multiplying the equation through by D we get 
= (N*~ ND'+ N'D)y 

Since D* is linear and N* is a constant, it is obvious that 
( N & - /VD * N 'D) is at most of degree 2. 

Assume then that the statement holds for 777 f 77 and we 

have 

( 2 ) D” - P„My ■ 

Differentiation gives 

vd^d'-^ + y - 

Multiplying through by D we get 

-DP n (x)^-vD v D , ^ n 

and using (1) and (2), we have 


P wi M y - NP V My - nD'P„ My +D —*™ y 


. NPfx) - ■nD'FL (x) +D fx * 


y- 


The coefficient of y is obviously a polynomial of degree at most 
77+1. Incidentally we have derived the relation: 

(I) P-T7+1 (x)-P-n M(N~ 71D’) + D - dP J™ 

an equation which gives the ( 77 -hi) th polynomial in terms of 
the 77 th polynomial and its first derivative P^ ( x), 

3. More generally we have: 

Theorem: If y is a non-identically zero solution of (1), 


then 


i77~k 


<77 
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is a polynomial k 7 X) , { K,z) is at most of degree 

v in z . In particular if k- 17 , we have that 


is a polynomial in x of degree at most n. 

This theorem can be proved directly following the lines of 
the preceding theorem, but it is simpler to obtain it as an imme¬ 
diate consequence of this theorem and the following lemma: 

Lemma: If y satisfy the differential equation (1) then 
D k y , where k is any real number, satisfies a differential equa¬ 
tion of the same type, viz.: 


m (D*y) 


N+kD' 

D 


7 ~\ K 

D y 


Let u * D k y 

Then logarithmic differentiation gives at once 

1 da / dy N+kD‘ 

a dx " D y dx ‘ D 


It follows from this lemma that any result which we derive 
concerning the polynomials P v (x )*y D 71 where y sat¬ 

isfies D dy/dx ■ Ny , is immediately extensible to the poly¬ 
nomials P v { k, x) * -L j) 7} ' k Jjpr^yby replacing N by 
N + kD'. In particular relation (I) becomes 


(I*) P 11+l (kn t xh\_N^(k-ml)D 7 \ P n (M t z)*D- 


which for k= v reduces to 


(I„) (W)PJn+l,*)+D dP n (7} £ x > 
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We single out the case k = n because of the fact that this 
case parallels most closely the Charlier or Hermite polynomial 
case. For in this latter case the 77 ’th derivative of the generat¬ 
ing function e is the product of the generating function and 
a polynomial of degree 77 . So in the case of any solution y of 
a Pearson differential equation , the n th derivative of D 77 y 
is the product of the generating function y and a polynomial of 
degree at most 77 . 

By means of relation (I), we can write down the successive 
polynomials P t {x) f P z (x), . . . The first five polynomials 
may be written as follows: 

Psf*)*#, 

P z (z) = (N-DO p, M+d - = si z -nd'+n'd, 

P 3 00 N-zD'J p z (X)+D - 

= N 3 -3N z d'+ 3NN'D+ZND‘ Z -ZN'D'D -NDD", 

P+ 00 ~(N- 3D') P 3 (x) +D 

~N*6N 3 D'+6N z n'd +UN z D‘ z -I 4NN'DD'-4N Z DD U I 
= -6ND' 3 +6N , DD' lt +6NDD'D“+3N' S> ’D Z -3N'D*'D'\ 

P 5 Cx) - (N-4D-)(x) +D —off* 

jg 

- N^ION^D'+IONWd +35N 3 d'-son z n W 
-ION%D"-SON*D' WoNN' dd' - 40N Z DD'o" 

+J5NN‘*b Z -Z5NN'D z D "+Z4ND‘*-Z4N'DD‘ 3 
-36NDD' D"-ZON'Vd + Z4N^d'd^OND*!?'* 
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4. Following the analogy with Hermite polynomials* we ob¬ 
tain next a recurrence relation involving the ( n +1 ) th, 77 *th 
and ( 77-1 ) th polynomials. 

Starting with the original differential equation 

we take the 77 th derivative of both sides, which by Leibnitz’s 
theorem on the derivative of a product gives us, since = 0, 


D 


ax™ 


/ 

V* 77 D 


d n y 
dx 77 


+ 


77(17-1 ) 

2 ! 


D 


i/d^y 

dx™ 



Multiplying this last expression by D 77 and collecting terms, we 
get: 




77 d n y 

Replacing now D n by Pyj (x) y and dividing through 
by y , we get the recurrence relation 


(II) (x)^7iD t N)P rj (x)+ v 


\^-d"-n 7 \d 




We note that the coefficients of (**> and P n (x) are 

the same as in relation (I) which we found to be 

d. P (x) 

Pr,+i (*) * Ht (x)(tjD'-N) *D 


n 

dX 


Hence 




= 77 


(X) 


(III) 
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or replacing 77 by 77 + 1 we write: 


* ('w/y/ZV'-j D") P n Cx)-( rr+lXa,-nb z ) P„M. 


This equation is the generalized form of the one for Hermite 
polynomials, viz.: 

dH (x) = H ( X ) 

cLx 71 ' L 

5. Relations (I) and (III) may now be used to obtain a 
second order differential equation. Differentiating (I), we get: 

P'r,*, (*) + (riD "~N') F> U) +(-nD-N) P/ (x) 
-D'Pl(x)-DP n "(x)-0. 

Substitution of the value ci P n+J (x)/dx from (III) gives 
us: 

DP“(x)+ [N - (ti-1)d]pJ, (x) 

(IV) - 77 [//- (x) = o 

We readily see that the relation found for the Hermite poly¬ 
nomials 

(x) - 2 x (x) + 2. rt (x) - O 


is a special case of (IV). 

Using the lemma previously proved and replacing A/ by 
A/ + kD' we can write (IV) for the polynomials P n (k, x ) 
and P„ ( 77 , x): 


^k) 


DPJ(K, x)+ [N-fn-k-lJD 7 ]Pj(k.x) 

-77 j/v- — P„(k,x)*o, 
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(IVr,) 1 


DP n "M+ (N+D‘) x) 

- 77 [a/V ( ”£Id '] P n (Tl, X )= 6 


We recognize the second order differential equations mentioned 
earlier in this chapter for the polynomials of the Pearson Type 


1 Since D is any expression of the second degree and N is any expression 
of the first degree, it is obvious that P ( x ) satisfies a linear equation 
of the second order of the form: 

(A 0 +A 1 x i- A 2 x z )y"+ (B 0 +3, x)y'+Cy=0 

where C = -~n\j-n -X) A z + B x J . It may be shown that if a differ- 
ential equation of the form considered has as one solution a polynomial of 
degree n then C must be of the form specified. For suppose Q n ( x ) 
satisfies the above differential equation for y. Taking the 77 ’th derivative 
of this equation we get 

^'-f- z A z ( n!a 0 ) + 77 2? (77/*, ) + C(ti ><z a ) -O 
and solving for C that: 

C - -n^(v-0A z + . 

It follows from our work that if a differential equation has the form 

(A„ +A t x + A z x z ) y" + (-&<, + 3, x)y ' 

-n [fn-l)A z + fij y -O 

then one solution of this differential equation is a polynomial of degree at 
most 77 obtained by finding the solution y of the Pearson differential 
equation 

dy B.+B.x- (A, + 
dx A a +A t * + ' 

and determining the polynomial 

P n ([A a +A,x +A Z **\ y} • 
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IV, V and VI as well as the Jacobi and Laguerre polynomials as 
special cases of formula (IV77). Some further illustrations of 
(IV^) are the Tschebycheff 1 and Legendre 2 polynomials. The 
Tschebycheff polynomials are developed from the differential 
equation 



x 

l-x z 


y 


and in this case formula (IV^) becomes: 

(l-xVP^ V n\z)~xPyl frt,x)+ nfax) 


The Legendre polynomials 


P 77 M 


Z, n T7l dx. " 


have as a corresponding differential equation 


dy . o-y 

dx 

and in turn formula (IV^) is written: 


(x 2 (n x)+Zx (n,x) - n(n+l)P v (n t x)-0 

6. Just as in formula (II) we established a recurrence re¬ 
lation for the polynomials P (#), let us now obtain one for 
the polynomials ( 77, X ). 

Consider once more the first derivative of D k y , i. e. 

jL (D - (Kitin'- D y 


-\N+(K+l)D\D k y 


X R. Courant and D. Hilbert, op. cit, pp. 73-74. 
2 Ibid, pp. 66-69. 
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Taking the 77 th derivative of both sides of the equation we get: 
(D M y)= D / 

/ 77 [/V V (K+OD ^r~~! -Dy . 


Multiplying both sides of the equation by ZP^’^and replacing 

J^v/c by P ( k,x )y, we have 

dx 17 

P „ +1 (K+l, z)^\N*fK*l)D i ] p (K t x) 

(V» 

^ 77 [a/ '-/-(k* jj!? 

In case we set k = n , we may write 

P TU-i(’ n - hI t x )^ + (rH-l)D T \P(nx) 

K^n) 

a recurrence relation similar to (II) and involving the poly¬ 
nomials ( 77/ 1 , ^), 7 ^ ( 7 j t x) and P^j ( tj,x ). 

7. Formula (V 77 ) may be written in still another form cor¬ 
responding to formula (I), i. e. a relation consisting of the same 
terms as (V77) except that the ( 77- 1 ) th polynomial P n „i( ^x) 
is replaced by the first derivative of the n th polynomial 

p „ (?»,*)• 

In order to obtain this relation we return to formula (III), 

d ^J x) = 77 [ a 'M 

and substitute for N the value N + kD l and obtain 


W * P ’’J? X} ■ °TpD 3 <».*> 
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or 

D , , _ l dP„(n,z) 

P „-l (*,*)- 7 +( ”**) — dZ - 

Substituting the value for P rl _ 1 ( v,x) we thus obtain: 

(TH-1,*)- (n,xj 

(VI) N'+fn+DD* EnlZL*}. 

N'+C rT * 1 )jy dx 

From symmetry we might expect the fractional coefficient of the 
derivative P^ { r? t x) to be unity, but unfortunately this is not 
the case. 

8. In looking over the relations existing for the Laguerre 
polynomials we find one consisting of the first derivatives of the 
77 th and ( 7 7 - 1) th polynomials, and the ( 77 -l)th poly¬ 
nomial, 1 i. e. 


P'rj (r? t x) - nr£j (n,x) * - tj (7hJ f x) 

This relation is a special case of another form of formula (VI) 
which we obtain in the folldwing manner: 

Differentiation of (VI) gives us: 

- \N+C77*nD ,7 \p v ( n z) 7 +lW y^fiP- 


’TTZsjpD 1 ' 


.rt.dH.fnx), N+fr»J)P‘ 
27 “ 


. d^jd, fax) 

dz* 


Substituting the value for ( n, x ) /dx z found in (V) 

changes this last expression to the form: 


Courant and D. Hilbert, op. dt, pp. 77-79. 
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4 3 ± 1^1A = \N‘+fr+/)I?] P n fa. *> \NHnn)D '] 

, N'+(t 7+1)D" cLRfn.x) . N'+(v+l)D" 

+—+ Tk+pw 1 ~ D —+ a rrjmfjD" 

£ + V(V±L D \ /v )j> (1^ 

which reduces to 

*(rui) \N'+(7Hl)D ,T ] P„ frt,jc) 

(VII) 

The special equation mentioned for the Laguerre polynomials 
will be recognized as a special case of formula (VII) if we recall 
that for the Laguerre polynomials the differential equation is of 
the form 

dy _ p-x 
dz " x ^ 


Substitution of x for D and (p-x ) for A/ reduces (VII) 
to 

P’ vH (n+ 1 , x)=-(v+1) P n fax)*!n +1 ) Pj f 7},z ). 

9. In this chapter we have defined two general types of 
polynomials 

n 71 w 71 

and P n (k,->C)* —y— cET* D * * 

The relationships for these polynomials P^ (z) and ( k, x ) 
were derived without using the form of the solution of the dif¬ 
ferential equation. Two fundamental formulas were derived, 
for P n (x): 

(I) P n+] (x)- (N- 77 D') P„ (x) + D 
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and for P ( n, x) the corresponding formula: 

(VI) P n+t (v+l*)‘ P n (r?^ 

Two successive polynomials were shown to be related by the re¬ 
lations, for Pj? ( x): 

( IH ) - ”\h'- p^j m 

and for P n ( 77 * ): 

(HIw) ° t,\n' 

In addition we found that it was possible to set up recurrence 
relations involving the ( 71+ 1) th, 77 th and ( 77- 1) th poly¬ 
nomials and found these to be, for P rj (x')\ 

(II) P„,, (x)+(rrD'-N)P n M+A^-D'-N^D ■P n . l M*0 
and for P„( 77,*): 

(V„) P nH (n+l,x)~ [T/t- (n+DD^ftfv.x)+n\N‘+(n+J)£?fy) f^Jnx 

We further succeeded in developing a second order differential 
equation for the n 'th polynomial ( x ) : 

(IV) DP^M^-fn-DD 7 ] P‘(X) -nfV- P„ (x) = O 

and for ): 

(I Vr,WP*(»x)*(N+D‘)P^r, lX )-Ttyl'+ ^Vj/> 
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We also showed that we could derive a relation between the 
derivatives of the polynomials P n+] ( 77*1, x), P v ( n,x ) 
and the polynomial P .( n,x)\ 

(VII) (ml ' x) - (t?+1) [A/'+(n+J)D‘]P„ (7?,x)+ 


^N*(v+i)jy\- 



dP„(nx), 

ax 


Finally, we noted that all of these formulas and relations apply 
to the Hermite, Jacobi, Tschebycheff and Legendre polynomials 
as well as the polynomials derived for the Pearson Type IV, V 
and VI curves by Romanovsky. 



412 


SYSTEMS OF POLYNOMIALS 


CHAPTER III 


1 . So far the discussion in this paper has been limited to 
the treatment of the Gram-Charlier series where the constants 
A 0 , A t ,A z y . . . . depend upon polynomials in 

7 C which are independent of the function F ( *), and the gen¬ 
erating function f ( * ) is a solution of the Pearson differential 
equation, the functions F(x) and f ( X ) being defined as con¬ 
tinuous functions. The work in mathematical statistics involves 
not only the use of the continuous variate and the continuous 
function but also the case of the discrete variate and the discon¬ 
tinuous function where this function is defined for equally spaced 
values. 

In dealing with the continuous variate we make use of the 
theory of the differential and integral calculus, or the calculus of 
limits, as it is sometimes called. On the other hand, for the dis¬ 
crete variate we turn to the theory of the calculus of finite differ¬ 
ences. Further, it usually happens that there exists a parallelism 
between results based on the derivative and integral and those 
based on the finite differences and summations. As a consequence, 
it seems natural to attempt to derive results for the finite differ¬ 
ence case paralleling those contained in the first half of this paper. 
The second part of thi9 paper is devoted to this purpose. The 
first of the two following chapters considers matters pertaining 
to Charlier’s Type B series which is the finite difference parallel 
to the Type A series, while the next chapter is devoted to the 
polynomials connected with the finite difference parallel of the 
Pearson differential equation. 

Charlier in the second half of his article 1 “Ueber die Dar- 
♦C. V. L. Charlier, op. cit, pp. 23-35. 
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stellung willkiirlicher Funktionen” considers a real valued func¬ 
tion x) and asserts that it may be formally expanded in 
terms of another function and its successive differences. Stated 
as a theorem, this may be written as follows: 

Charlier's theorem for series b : Any real valued func¬ 
tion P{ x) which vanishes for x - oo and - t may he form¬ 
ally expanded in terms of another function cy ( x ) and its suc¬ 
cessive differences in the form 


(B) F(x) •B 0 g(x)+B t Ag(x)+B Z A *g(x)-b ■■■hB rJ A ■ ■ 


■where g(x) possesses the properties: 

(a) g ( x) and its differences are defined for all real values 
ofx , 

(b) g ( x )and its differences vanish for X-+00 and - oo , 

(c) x m A n g(x) | for all real values of wand n . 

(d) A' 1 g(x) |t:?* 0. 

Par allelin g the theory of the &rst half of his paper, Charlier 
determines the constants B a , , B z , . . .... and 

finds that they may be expressed by the equation 

B n - Z Q„(*) F(x) - A"Q„M Ffx) \+~ 

where Q n ( x-) is a polynomial in * of degree not greater than 
T7. Analy zing the answers that he obtains for x)> we find 
that these polynomials form a uniquely determined set of poly¬ 
nomials Q 0 (.x), Qj (x), ■, O z tx)> • • •> QyjCx), • • •» 
Q ( x ) at most of degree n, biorthogonal in the sum sense to 
the successive differences of the function g ( x ) > i* e - they sat¬ 
isfy the biorthogonality conditions for the inverse of differences: 
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-t 777 | +' ao ** O for 77 / m 

A O n (xJA 1 for 77 * m. 

Charlier does not observe that the polynomials Q rf ( x) bear a 
definite relation to one another, i. e. 

* AQ n (x) *-0^; (x+1), 


a relation similar to the one found for the polynomials ( x) 
in Chapter I. We may state these facts in the following theorem: 

Theorem: If g (x) satisfy the conditions (a), (b), (c), 
and (d) of Charliefs Theorem for series B and if Q o (x), 
Q t (x), • • •» Qtj( x )> • * • is the system of polynomials 
in x , Q n { x) of degree at most n > which is biorthogoml to 
f ( x )and its differences, i. e. satisfies the conditions 


A' J Q„U)A m gM 


=• 0 for 77/777 

« 1 for 77-777 


then 

A (x+1) . 

The proof requires the use of the finite integration by parts 
formula: 


A^u* v x * u x^ * v x 




Applying this formula we get 


A 1 Q n (x.)A T °gM 



Q n M A m ~ J gfx) 


+ «C 
- OO 




The first term on the right hand side vanishes due to condition 
(c) of the theorem of Charlier. Comparing the term which 
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remains, 1. e. 


-A' } [a Q n (X)A J 

for n £ m 

for n ~ m 

with the biorthogonality condition 


1 f +00— 0 

A ~ ]pv-A +l)A7T7 '9^)\_~ sl 

for 77 £ m 

for 77 * 777 


we conclude that 

AQ rt (*)--Q rt _ t (x+1) 

This theorem enables us to find the terms of the rj th poly¬ 
nomial by taking the negative of the integral of the ( 77 - 1 ) th 
polynomial, except for the constant of integration. Following the 
suggestion in our first chapter, we may also determine this con¬ 
stant. We have 


Q „(*)=-A' 1 Q^fx+t) * 

+ C 

and the simple biorthogonality condition 



A ~ 1 Q„(x)g(x) |t“ 

= o. 


It follows that 



jr * -t Hx 



A [A <?„_jfx+ 1 )+CJ 0 

q(x) 

I-O. 


and solving for C we get 


zr ( X+ 1 ) T° It: 

A^gfx.) 11 " 


We may therefore determine the polynomials 0„ (x) from the 
polynomials next preceding by the formula 


Q v (*)= - A - 1 0 ^ (x+l) 


+ ?&) \ Z 

AT’-gMY-t 
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If we adopt the Charlier notation 

A* \Z 

and the common notation x (m >- x(x-lXx-Z) . (%-m+l) 

and observe that Q a M- l/o 0 and that 


A x “ -w Tl 


we may obtain the polynomials Q t ( x), <?*(*)• . . 

without much computation as follows: 

--£ *fk 

Q t (x)~ -A-'Qjx+i) * + Lte .. 

A~*9W\*Z 

(XH) m £.(x+l) , ££* + £,£*-6,^ 





or 13 £?$ 3 (K)- - efx 3 +3 c^x z (£- t £ a ) 

- £<> *(2ef- ecfrseA +6 £*■)+£*£,+3etf*z £, ef 

-ee z £ r £ 0 -6€*£ 0 *G£, 3 
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These results differ slightly from those obtained by Charlier 
in his article. This is due to the definition for differences used 
by Charlier, viz.: 

A g(x) « gfy) -g(x~l) 
while we have used the definition 

Ag(x) « g(x+l)-g(x) . 

Denoting the difference 

gfx) - gfx-1) by 6qCx) 

Charlier determines a set of polynomials T n (x) satisfying the 
conditions, 

4 r w -i = 0 for 777 / 77 

6- 1 \_T-h (X) 6 

= 1 for 777 * 77 

As a consequence by paralleling the reasoning above one proves 
easily that the 7^ (x ) satisfy the recurrence relation 

T„ (x+i) - T„ (x.) = - T 17 . 1 (x.) , 

By using this relation and the fact that 

6 V g(x+T})~ A^gM 

it can be shown without much difficulty that 
T^fx + n-l) - Q n (x) 

The theorem proved in Ch. 1, par. 2, could no doubt be 
paralleled by using finite difference theory. Since the method of 
procedure is obvious there seems to be no need of taking it up 
in detail. 
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We have succeeded in showing in this chapter that the prob¬ 
lem of determining the constants for the Charlier Type B series 
closely parallels the work of the first chapter and that these con¬ 
stants are readily obtained by using the biorthogonality conditions 
for finite differences. 
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CHAPTER IV 


Polynomials Connected with the Pearson Difference 

Equation 

1 . In Chapter II we referred to certain solutions f (%) 
of the Pearson differential equation and noted that graphically, 
these functions represented types of curves used in statistical 
work. Paralleling this work, we would expect to find that a dif¬ 
ference equation similar in composition to the Pearson differential 
equation would have as solutions functions 9 ( x) which could 
be used to represent data consisting of discrete variates. 

Carver, in an article in the “Handbook of Mathematical 
Statistics,”* suggests the use of a difference equation correspond¬ 
ing to the Pearson differential equation, i. e.: 




a difference equation with a numerator of the first and denom¬ 
inator of any desired degree in %. If we confine our work to a 
denominator of degree at most of the second in x , we should be 
able to obtain results comparing very favorably with those ob¬ 
tained in the second chapter. 

An illustration of a solution of this difference equation found 
in Charlier’s article “Ueber die Darstellung willkurlicher Funk- 
tionen,” 1 2 is the well known Poisson exponential function 


1 H. C. Carver, “Frequency Curves,” Handbook of Mathematical Statistics 
(H. L. Rietz, Editor), Chapter VII, pp. 111-114. 

2 C. V. L. Charlier, op. cit. p. 33. 
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This function satisfies the difference equation 




X 1 hi 




and this equation is recognized as a special form of the Pearson 
difference equation. If we take the successive differences of this 
Poisson exponential function, we find that these give rise to a 
unique set of polynomials. These polynomials may be written in 
the following form: 

Qi (x)* (x+D , 

Q & (x) = - 2A(x+z)+(x+2)(x+l'), 

or making use of the usual difference notation for 

x (m) = . (TC-m + l) , we write 


Q z (x) = A z -ZA(x+Z) + (*+ 2 ) 


Q 3 (x)=A 3 ~ 3A Z (x+ 3)+3A(x+ 3 ) (Z) -(x+3) <3) . 


or Q 3 (x-3) = y~ 3 A z x + 3 Ax u) ~x (3 \ 


Qr, (x)=X n - T7 C 1 A 7, - 1 (x + r,') + „C^ 7 } -*(x+t,-) u) +. 
or 0 TJ (x-T > )--?r-^C 1 A 7 ’- 1 x +„C z \”- z x (z \ .. 

These polynomials have the same form as that for the bi¬ 
nomial expansion (A-x ) n , particularly if we use the differ¬ 
ence notation for representing powers of x. In other words, we 
might look upon the n th polynomial as being defined as 
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Qrj [V * a) ] 77 

A careful examination of these polynomials brings out the 
fact that consecutive ones are related to each other, viz., that we 
have, 


This relation is similar to the one found for Hermite polynomials. 

The fact that the Charlier Type A. series in Chapter II 
consisted of successive derivatives and that the derivatives of the 
solutions of the Pearson differential equation led to a system of 
polynomials definitely related to one another, gave rise to the the¬ 
ory developed in that chapter. We found that it was not neces¬ 
sary in this theory to consider the form of the solution of the 
equation, but that a set of general polynomials could be set up 
which satisfied all the properties of the special polynomials. The 

Charlier Type B series consists of successive differences of a func- 
* 

tion g ( % ) and it is quite natural for us to suspect that we can 
develop for the solutions of the Pearson difference equation a cor¬ 
responding theory on polynomials. 

This question of obtaining a system of polynomials from the 
solutions of the Pearson difference equation 


(i) 



a a + at* 

t) + 1) + t> z % ** * 


numerator of the first degree and denominator of the second 
degree, will concern us in this chapter. We shall further show 
that these polynomials are related to one another by means of 
first and second order difference relations and by means of re¬ 
currence relations involving the ( 77*1) th, 77 th and ( 77- 1) th 
polynomials, and shall illustrate these equations with the Poisson 
exponential function. 
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2. For convenience denote the numerator (a 0 + <Xjx) in equa¬ 
tion (1) by N x and the denominator ( b a + b t x +■ b z x z ) 
by D x . We may then define a set of polynomials by the follow¬ 
ing theorem: 

Theorem: If a x is a non-identically zero solution of 



then -D* D x h 'Q+v-i^V s a 1 >ol y nomial °f degree 
at most 77 , i. e. Q n (x). 

The proof will proceed by mathematical induction. If we 
recall the formula for the difference of a product 


A [u x v^ - y x Au^u x+ 1 Av x = v x Au x +(u x +Au x )Av K , 


we obtain by differencing 


D X A u x = Q 1 (x.)u x 


the equation 


D x +l A Z u x -i-A u x AD x (x)+ AQj(x)]Au x + a x -AQ 1 (x). 


Using the value for A u % from the original difference equation 
and multiplying the equation through by D % , we obtain: 


D x A Z u x ~[N X (x)+D x A Q/x)+ N^Q^N^] 
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Since the coefficient of a x is a polynomial of degree at' most 2 
in %, we write 

Let us now assume that the statement holds for m 6 n , i. e. 

- 4 D x+ i D x+2 • ^ 77 “x * 4 ? • 

Differencing both sides of this equation gives us 

44*4* ■ ■ d xw a V^"ya42*4»4J 

" QyjMUx+Cciyr+AUx )AQ 77 (x) % 


Now 


^ ^ 1 ' 77-i * ' Qc+V ~Qc Q+i Q+77-J 

■ D xt ^yD„„-DJ. 


Hence by the definition of Q n M 

Ada, ■ <*,<■*>«*■ 

Substituting these values in the above equation as well as the 
value for A u x from (1) and multiplying by D x , the equation 
reduces to 

w«- •■'u A ™“* -K^ «'■»* « 

The coefficient of u x on the right hand side is a polynomial of 
degree at most 77 in x . We therefore conclude that 
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QcQc+l ^ u x“ Qn+l ( x ) a x • 

We have also succeded in deriving a relation similar to relation 
(I) of Chapter II, i. e. 

^ (x) ^ CN x +D z ' D z+n)%M 

(XI) 


+ (N x +X> x )AQ 7t (x\ 


a relation which shows that the ( 77-/-1) th polynomial is made up 
of the n th polynomial and the difference of the 77 th polynomial. 
This relation differs from relation (I) in the fact that the co¬ 
efficient of A ( x) is N x + D z instead of D x . This 

change seems to be connected with the fact that the original dif¬ 
ference equation 

D x Au^N x u x . 

can also be written 


a 




4 




Formula (XI) may also be written 


(XI ) <p„a; 

sime 

It seems advisable to adopt a notation for the term 
^x. ^x+i -^x.+2. " " ^x+n-i 

since it will continue to be involved in the work that is to follow. 
The difference notation '% (TT1) - x(x-lXx-Z) • ■ • • Cx~m+ J) 
suggests that we use the symbol , i. e. 
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4 


Q-J 


• £> 


Z-tf+1 


Then we will have 


^zQ+1 ^x+z' 


•Z> 


'z+n-1 


fr,) 

U X+7J'l 


and 




■ D V 

-^x+Z ntH 


~ Q+ri-i Qc+ rr-% Q+l Q *On n ~Qc) 'Q 


'z+n-l ■ 


3 . We may also define the general polynomials Q n (-m t z) 
where m is any integer, by means of a theorem as follows: 

Theorem * If u x is a non-identically zero solution of the 
difference equation (1), then 


zT> , 

X-T77+T7-1 




T^k f7T7 ^ 

-^X-i ^Z 


is a polynomial ( m, x) , and ttj i x) is at most 
of degree 77 in x . In particular if m=V , we have 



Cr?) 

x-i 



is a polynomial in x of degree at most 77 . 

This theorem may be proved by using the following lemma: 
Lemma: If u x satisfy the difference equation (1), then 
u x , where m is any positive integer, satisfies a differ¬ 
ence equation of the same type, viz.: 

A[D r ™ } u)‘ D £i )u x\- N * * D * . 

x-rr? 

The proof proceeds easily by mathematical induction. 

For m = 1 we have 
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A \P X -1 U x[ ~ QA Ujc * u x. ^-Qc-i 
‘ N * a x + AD x-i u x 


— D u f + Qc ~^x-j\ 

—J 1 


For 777 = 2 , we get 

^~Qc-Z®X-l U x‘~ Q-l A ^X-l + Qcrl U X A-Qc-i 


-Qt-z D^-i u * 


K 


n 


or 




x-je 

Ny; +0% ' -Z 


As- 


X-2 


Let us assume that it holds for the 777 th case, i. e. 




0*0., T '^X-777 

Z 


D z-m 


Then 


-m~i 


z\P x .„.,d'^u J - d*.„ 4p'7’^dT!^ 


— fm+l) 

* D X-1 U * 


N x +D X -D, 


1 


Making use of this lemma in proving the last theorem, we 
note that 

* 

A z {d x T } u) ■= Dj?u x \ ^kl3d^ zi J 
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and in general that 

a^uj. [ g - 

X.-J ( 77 ) 


or 


D m) 

X- 777 


je-777-^77-/ 
fm) 




In particular, if 777-= 77, we define the polynomials (r?,x) 
as A 77 (v, x) u. x which relation is of in¬ 

terest because the A 77 has no JD X as multiplier. Any result de¬ 
rived for the polynomials fx.) = -- A T u x where u x 

is a solution of the difiference equation ( 1 ) can now be extended 
to the polynomials Q n (irn t x) • — by replacing 

N x h y ( N x + D *- D x-m ) and ^Jby . For ex¬ 

ample, relation (XI) becomes 

0„+/■vnl,x )* (N x +D XTn ^ 7? J )Q r} fTn-t-l), x ) 

(XI^ 

+(M x +D 3C )A Q n crri+l, x) 


and when 777= 77 , this relation reduces to 

(XI*) 

* (N x +AL^)Q n Crt+1, (th-Ix). 

4 . In analogy with the work of chapter II, we next proceed 
to find a recurrence relation involving the ( t?+ 1 ) th, 77 th and 
( 77 - 1 ) th of the polynomials Q (x ). We take the 77 th differ 
ence of both sides of the equation 


^ ~ u x 
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by making use of the formula for the n th difference of a product 


A ” [ u x ‘d* v x A ” u * +” A v x A 

. 77(77-1) j,X ; 


ST 




We then obtain the equation 

- rt+i A . T7 17/77-1) m TS, * **•* 

D X A u x +r,AD x A U X41 * -Lfra D X A ****« 

N X A 17 u x + rtAU x A *** u- , 

A 3 D x and A Z N X being equal to zero. Multiplying through 
by 2 ^% we get 

• *\ - ”*>£’„ 

But u x+J =- u x +Aa x and u x + z « u x -t-ZAu^ + A z u x . 

Substituting these values in the last equation and using the defin¬ 
ition for the polynomials Q n (x) , we obtain: 

Qn+iM u x + *4%* [ D x*n Qr, <*) * <?»+j fi0\“x 


Ti(V-l) D x +J 


a*d k 


'X+t 


E® 


<*) 


9l"tiH 


x* 77 ^ n-i 


x+v 


Q n W+9n 




= TT X n x-tr,Q-n Mu *+ nZ>X * y Z^ L N * Spx+n&lM* 

Dividing through by a x .and collecting like terms, this expression 
reduces to 
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1+ 'n(n-i) A Z D^ 


nDx+yADx -n(rt-l)A^D x 


Qc 


2 X 


IX 


N x£>*4t, nDx+jjAN. 


- 77 77-1 ^X+T> A ^ 

D* 

Now we know that 


u 






-n(n-l) A z 




z+rj 


jt Sfl rt-*S jlmC 

- U x + rjA U x + —J7— A U- x + - 


and so we may write D x+ri and N x + n in this same torm, i. e. 

D„„ -4 * ^4 ' 


AB- AD.vA*D„ 


and A/ k+t7 ~ N x + n A N x 

the third and higher differences of D x and the second and higher 
differences of A4 being equal to zero. The coefficient of 
Qrj+i reduces to — -fy* 1 and the coefficient of 

Q^ M also reduces to a simpler form. Dividing through by 
... J r*+ u we finally get the recurrence relation: 

Q 77 4.1 AD x +ti -1 ~ Qrj^ 

(XII) 

+ -nD* +n -i *D X -AN x \ Q n _ x M -£ 

i. e. the ( 77 * 1) th polynomial may be obtained from the n th and 
( 77 - 1) th polynomials. 

In Chapter II we found that relations (I) and (II) were 
identical for the first two terms, and as a consequence we equated 
the third terms and obtained a relation between the derivative of 
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a polynomial (x ) and the polynomial preceding it. In order 
that we may obtain a similar expression for the difference poly¬ 
nomials, we must change the appearance of formula (XII). 

By lowering the degree in formula (XI ) from n to n-\ 
and solving for t Qn-l we 

D^n-t ( N x*A> (*)■ 

Substitution of this relation in formula XII gives 
Qn+t M-Mvtn-nABwn-JQn & 

* V*5| 

“ <?„« (X). [*„„. * AN,- 

Just as in Chapter IV, paragraph 3, the coefficient of Q (x) re¬ 
duces and becomes the same as the coefficient of Q n (x) in 
formula (XI) and we have 

Q n+1 (*) = ( N x *D X -D„„)<P n (*) 

(XII') 

* mi 

We therefore conclude that 

(XIII) AQ„Cx). n[AN x - ]<?„_, M), 

a relation expressing the difference of a polynomial Q n (x) in 
terms of the next preceding polynomial in ( x * 1), i. e. 
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Qw-J (**!)• For polynomial <2^ (n,x) 9 formula (XII) 
may be written in the form 

(Xllljj) AQ^ (»,*)-*[AN x + ^^-4 ]<Lj 

this relation being obtained by replacing N x by (N x +D X -D X ) 
and D x by 4_„ . 

Formula XIII which was just derived is the general form of 
the relation we found to hold for the Poisson exponential function 
polynomials, i. e. 

AQ n i x.) — - 77 fx+ 1 ). 

We find further that these polynomials satisfy a special form of 
(XI), i. e. 

Qn+t ( x )+( x '+ 71+1 -*)Qn M'*AQ n M = 0 

and for formula (XII) we get the special form 

Q^+lM + Cx+Zrt+t-^Qr, (*)+ rr(x+77)<p 77 j (X')*0 


This recurrence relation is also similar to the one given for La- 
guerre polynomials. 

S. Turning now to the problem of obtaining a second order 
difference relation for the polynomials (x) , we proceed to 
difference formula (XI), i. e. 


M * (N x +D X )A <?„ M 
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and get 

fa)‘(AN x +AD x -AD x +„)Q n fa) 

+ ^X4-J + ^je+l ~ * ru-J ) A Q v fa) 

+(A N^ADJAQt, fa) + CN xtl +J> x+i ) A* <?„(*). 

Substituting for ZJ M the value 

fatl) \AN X - §A*D^ [<?„ fa)*A Q„ fajj 

found in formula (XIII), gives us 
(n+1) [A/V x - jA *Dj \Q„ fa) + A Q n fa)] - 

\AN X *AD x -AD^ Q n fa) + \n x+1 *D xxI -4,„J A<?„ fa) 

+ £ A4 +ADJ A Q n fa) + [/£„ * 4^ A*(? n fa). 

Collecting the coefficients of like terms and simplifying them, we 
finally get 

(" x+1 +D x + i )A*<?„fafa\N x .„ 1 -(n-l)AD^ AQ„M 

(XIV) 

-n[AN x - Q„fa)-O, 

a relation very similar in form to formula (IV) and consisting 
of the first and second differences of the polynomial Q n (x) 

This relation when applied to the Poisson exponential function 
gives 

*A*Q n fa)+(*-*-l)A(? n fa)+ vQ n fa)-0, 

an equation which can be checked by substituting the value of 
the general Poisson polynomial in it. 

The extension of formula (XIV) to the polynomials Q^far^x) 
and <P„ (77 ,x.) by making the proper substitutions for N x 
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and D x results in the following expressions: 

(XIV m ) 

-77 +1 +1 ^x-Tn-rj+l ~ (”- j MD x _^AQ n (mx) 

- ^N x +AD Z -AD,_ m -(^)A*J> x _Qp n ^ z)~ O, 
which may also be written as: 

(N x+1 *^ g O„M 

+ \Mx--n +i + Cm-n*i)AH x - -£gr?~A 2 I>^ AQ n (m^) 

- n \_A/V Z - ( mjX ).0 

In particular if m~ tj we have: 

(XI V v ) +[^^AJ> X -^A*^A<?„^ 

- n\AN x * A*Aj <?„ (v, x). O. 

6. The next set of relations we shall derive are recurrence 
relations for the polynomials (m^) and (n j x) . 
In the lemma proved in this chapter we found that 

a } = |fi.rv| [*» * d x -*>*. ^-3 • 

Taking the rj th difference of both sides of the equation gives: 

tnUN.-AQ' 

the second difference of the trinomial fN x * D x -D xm ^ being 
equal to zero. Multiplying this last expression through by 
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njr't’r.-t “> d 

the value we get 

dTT“o„, C™* J ‘ *)“* = ( N x b”M u x 

'AP.-AD„ „j£r'*’(S^) *■>’) a 

Dividing through by we get a recurrence relation 

involving the polynomials Qn+t (™+t)A Q v (™, x) 
and Q n ^ i (rn, x+l) , i. e. 

<?t 7+J (m* 1 , *)*( N 3c+Q t ‘ J3 x. nt -l)Qr) t™.*) 


(XV W ) 

+ r^AN^ C^+D^) Q„.i (*+l). 

For 777- 77, this expression reduces to: 

Q-n*1 C’”<*) ‘C N x. +I> x :D x ..r 1 .i) Q-n (”, *) 

(XV„) 

+ n\AN K + (»+JJA £ dJ (N lc +D x )Q n l (v, x+1). 

7. Another form of this relation is obtained by substitut¬ 
ing the value found in (XIII^) for Q^ s (w^x+f) , i. e. 


Q-„ 


l _ 

rr\AN x ^A 2 D^ 


AQ n f77,x) t 


in formula (XV» ), which gives 

Qv*i M *)*("» +2x- D *-nJ M 


+(n k +d x ) 


A N x +(n+l)A z D x 
AN X + C ”+U tf£> x 


A Q„ fa*), 


(XVI) 
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a relation very similar to formula (VI). 

8. There remains one more formula in Chapter II for which 
we have not yet found a parallel in this chapter, i. e. formula VII. 
To obtain this parallel expression, we difference formula (XVI), 
thereby obtaining: 

A Q*n-i ( mi ‘ x)s (A n » + a d x -ad x -t, Qn ty*) 

A’Qti ( n ‘ X ) 

AN 3t + tn*J)A*n i r , , ^ 

In formula (XIV^) we found a value for 
(N x+i -D x+1 )A 2 Q„(t,,z) 


which when substituted in this last expression gives us: 

+- C x+l'Q.r,^Q„(v,x) 

, „ AM x HTt+lM Z As n.*, . (-n+i) .2„~\ „ , * 

*”an.* at# 


Collecting coefficients we get 

AQ-n+ifa* 1 . *)*\AN x +nAN x +AD X -AD X . n .j+n(-n+l)A *i?] Q n (n,x) 

wsJr+i)£»X ' L %-N x _ n+1 + nmiii a z d}aq„m 
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and by simplifying the coefficients this expression finally reduces 
to the formula 


(XVII) 


Q ml (n+t, x)~ (t»1)\aN x +( n+l)A <? n (n, x) 


+\Nt +l +(v+l)AD x , - 7 ^t ) A\ 


~AN x +(rn-l)A*-D x 

r 

n - 

AN X + (^)A Z D X _ 

_ * J 

y 


A Qr, (”A 


a relation which is also similar in form to formula VII. 

Before concluding this chapter, we might examine the char¬ 
acter of the polynomials Q' (n t \x) when the original func¬ 

tion is the Poisson exponential function fife)*- , 


c~*A x 


We find these polynomials to have the following form: 


-/i _ ~ 

1 A xe A 


x‘ 

-L-aL 

x (2 >e*?\ 

f(x) 

x.i 

1 A 3 

x M e** x _ 

m A - 

x! 

1 A ” 

x(”V*A X 

+M 

x! 


.(*> 


C2) 


1 * <P n (x-n) , 


Substituting the proper values for N x and D in formula 
(XIV^) we get 

AZ\ Q n (n,Z)+{A~X + 77-1)40^ TJ (T7,JC) = O 
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In the same way we find for formula (XI n ) the relation 
Q-n+l (V+l,x)=(^~X+Tl)Q ri {Tf,x)+*AQ n (T7,*0 


and for formula (XVII), the reduced relation 
AQ-n+1 (TH-l t x)—(7}+l)Q n /7},x), 


which is somewhat like the relation obtained for (XIII n ). 

We might call attention to the fact that these polynomials are 
identical with the polynomials obtained by Charlier 1 satisfying the 
relations 



e-* vy *° 

x! 


* 0 for 77 

* 1 for 777 = 77 


9. Summarizing the results of this chapter, we have found 
that if the general solution g ( as ) of the difference equation 

y| a o + 

Au,~ —----—— u x 

* b a + bi* + 

is used as the generating function g ( x ) in the Charlier Type B 
series, that the successive differences give rise to two general 
types of polynomials which we defined as follows: 

and 

< 3 , A n Z>£St u * • 

With the aid of the properties of the A operator, we derived 
a set of relations and equations for these polynomials of the fol¬ 
lowing form: 


1 C. V. L. Charlier: “Ueber die Darstellung willkurlicher Funktionen,” p. 34. 
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(XI) Q mJ 6 c)-W x *Q-Q+nK (x)+(M x +D x )A O n (*), 


(XI n ) CN^AD^^ (ml,x)+(N x +% )A <?„ fy*) 


(XII) 


Q n +jM*(.N x+n - nA Q+rj.jQr, M 

+ k[aN x - (2 TrA*D^(N x +D x )Q^ (z+l\ 


(XII') 

(XIII) AQM= t?[aN x - ^ A%] fx+lX 


CXm„)AQ,M. r?[AN x + ¥ A*D X ] ^ (nz+1). 


(XIV) 


(XIV„) 


(XV„) 


(K+t*D x+ 1 )A l Q„-h-DAD^AQ^ (z) 

- t>[an x -^a*d x ] <?„ (z)* 0 , 

( N zu * D x^ A * AD z 3 $r*byjd%(’i*) 
-n[*K+ *T^x]Q, M*°, 

Q»+1 < r ”+ 1 ,*X A/ x +1) x -l>^ T} _ t )Q T7 fyx) 

■hv\AN x + (-n+l)A z I)}[ (N x +£> x )Q n _ 1 A ? z+l) t 


/XVI) Q >+1 (w+ljX) - (N x +Qj ) Q n (*,*) 
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(xvii) a <?„« \an x <?„fax) 

+ fN^M)AI> x - ?^A Z D X 

A N x + (71+1)A Z D^ ir v 77/77 ^ )L 

Each of these formulas corresponds and is similar to a for¬ 
mula found in Chapter II. In fact, it seems probable that if we 
developed the formulas in this present chapter from the equation 



and permitted the A^ to approach zero as a limit, the formulas 
of Chapter II would result, the above formulas being the case 
where A x - 1- 




A NEW FORMULA FOR PREDICTING THE 
SHRINKAGE OF THE COEFFICIENT 
OF MULTIPLE CORRELATION 


By' 

Dr. R. J. Writ err y 
Cumberland University, Lebanon , Tennessee 


With the perfection of the Doolittle Method for the solution 
of the constant values necessary for the multiple correlation and 
prediction technique, we may expect a constant increase in the 
use of this method in statistical practice. Theoretical statisticians 
have recognized for some time however that the multiple correla¬ 
tion coefficient, derived from a large number of independent vari¬ 
ables, is apt to be deceptively large due to chance factors. When 
prediction equations derived in this manner are applied to sub¬ 
sequent sets of data, there is apt to be a rather large shrinkage 
in the resulting correlation coefficient obtained, as compared with 
the original observed multiple correlation coefficient. In order 
to avoid over optimism it is necessary to have some equation 
which will predict the most probable value of this shrinkage. The 
development of such a formula is the purpose of this paper. 

The most promising formula of this type so far developed 
is .the B. B. Smith formula, presented by M. J. B. Ezekial at the 
December, 1928, meeting of the American Mathematical Society 
held at Chicago. This formula is 

1-P* NTS^-M 
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where £>= the estimated correlation obtaining in the universe 
£? = the observed multiple correlation coefficient 
M = the number of independent variables 
N~ the number of observations (the statistical popula¬ 
tion). 

This formula was evidently developed by B. B. Smith by an 
application of the method of least squares as follows (the deriva¬ 
tion is that of the author, since he could not find it given else¬ 
where) : 

The customary formula for the coefficient of multiple corre¬ 
lation may be written in the form 

( 2 ) 1-^-j 

&0 


where 

( 3 ) 

where 


Zlt 

N 


( 4 ) 

The method of least squares, however, says that the most 
probable value of the standard error of estimate is not that given 
in equation (3) but 



Now, if we substitute the value of (5) in place of (3) in 
equation (2), we have at once 


*See Merriman, Method of Least Squares, John Wiley & Sons, London, 
8th Edition, pp. 80-82. Also see derivation later in this paper. 
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( 6 ) 


_ z 

& «/- 


So* 


N 

N-M 


and since , by (2) above, we have 
we have 


I 2 


equal to (1 - P* ), 


( 7 ) 


P « /- 


Nfl-B*) 
N~ M 


* 1 - 


Jf-P 


£ 



which is, exactly, the B. B. Smith formula (1). 

This formula has been widely used during the last few years, 
but up until recently had not been subjected to much critical ex¬ 
amination. However, in a recent article in the Journal of Educa¬ 
tional Psychology\ S. C. Larson actually tested the formula em¬ 
pirically on some data obtained from the Mississippi Survey con¬ 
ducted by M. V. O'Shea, obtaining the results indicated in the 
tables and graphs below, and on the basis of which he reached 
the following conclusion : 

“The Smith Shrinkage-Reduction formula parallels all of 
the empirical findings but quite consistently gives values whirh 
are in excess of those obtained under present experimental con¬ 
ditions.” This meant that the Smith formula predicted shrinkages 
consistently greater than those actually obtained. 

It was in view of this reported empirical difference that the 
writer started his attempt to derive the Smith formula and hit on 
the method given above. The question at once arose in the writ¬ 
er's mind as to why, when the standard error of estimate had been 
corrected to correspond to the most probable value by a least 
squares criterion, the standard deviation of the dependent variable 
had not been treated in the same fashion. 


i“The Shrinkage of the Coefficient of Multiple Correlation,” Jan., 1931, 
pp. 45-55. 
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Merriman, whose formula we used above in correcting the 
standard error of estimate (5), likewiie, and by identical reasoning, 
shows that the most probable value of the standard deviation of the 
dependent variable existing in the universe, should really be rep¬ 
resented by the following relationships: 

Where 


( 8 ) 



we find 

(9) 



Z. xj, 


N-l 


a o 



which reduces formula (6) to the form 

a J±- 

(10a) 

N-l 

and 'when the same substitution is made as in step (7) above, we 
have 

( n- 

(10b) 15 = A t-M 

which is, by a more correctly applied criterion of least squares, 
the formula we have been seeking, and is a closer approximation 
than that given by the Smith formula. 

The reasons for the substitutions made above in our formulae 
may not be entirely clear to all readers, so we now present the der¬ 
ivations of the formulae given in (5) and (9) above. The deriva¬ 
tions given here are directly adapted from those of Merriman 
referred to above, but have been translated into the customary 
statistical notation whenever possible. 

First, let us consider the derivation of the value in (9). As 
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stated in (8) the most customary form -of Sigma is 


( 8 ) 



N 


where 


( 11 ) 

Each value has a certain error, however, due to the 
fact that the value of the mean is merely the most probable value, 
not the true value. So for each value there is a small un¬ 
known error Sx o , so that if we take x Q to be the true value 
of a deviation we have 


( 12 ) x 0 - * <5x 0 

and, squaring and summating, disregarding the terms involving 
second power delta terms as small in comparison with the first 
power terms, we have 

( 13 ) Z. S*mJZxf+ ZZ, X 0 <5x a 

Now, by the laws of probability, we know that the probabil¬ 
ity of the occurrence of an error , whose measure of pre¬ 
cision is “h,” is 

~± -x* h z 

( 14 ) Ji-hdxTT *e TX n 

multiplying both sides of this equation by 5?* and summadng 
between the limits plus and minus infinity, we have 
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2 ZJ x** 

and since £112 is the same as 7 ^ — , since in our work we 

assume the weight of each value 2 , for each of the N observa¬ 
tions, to be 4-, > we have 
N 


( 16 ) 


Z2 Z _ 1 

n ah z 


or 

(16a) z:x z =£p 


Likewise, if we let 


(17) 


ZZx 0 6x 0 


the probability of the system of errors, uf', is 

(18) W dun't e'"** 2 

and the mean of all of the possible values of u z is 




(19) 


- f 

rrz- J 


2 -h B U Z , 1_ 

u e das 2h z 


and this must be taken as the best attainable value of u, . But it 

it *" st 

was shown that the quantity is equal to (16). 

Hence 

( 20 ) U 2 z=i £x z +• 

from which 


-Z 

°c 




( 9 ) 
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which was to be proved. 

To derive (5) we proceed in much the same manner. After 
our normal equations have been solved for the most probable 
values of /3 Q1 , • • • ’ Ac m for our set of data, 

we know that these are not the true values,but that they err by 
small unknown corrections <5/3 oij 4* • - m 

the corresponding true values for the universe being (/ 3 cJ + 4^ / ), 

* 4^* )» (&3 +3^09 ), . . . k/^orr? + )• 

Now, if we substitute the most probable values of the Betas 
in our original observation equations, they will not reduce to zero, 
bus will leave small residuals , thus 


** - *Oi m As *tj +4* +A* *3j * • 

* * V 1 

x ° z "Aoi x i z + @oz x z z + A>3 X 3 z ' 

' *^€>717 X rrr fL ~* , o JL v ^ 


• • -h/3 7C - X 4V 

' 0rr > °N N 


while if the corresponding tme values be substituted, we obtain 
+((3 oz • • • • +f/S OTn +6/3 Crn )x m -x 0 * 

(Pol* x lz- h (l 3 oe + < */ 3 og) x gg* ' • ■‘■(fiom £ 


(&ol * S ^J x i n *CPck + 6 Aj*jt N + ' ‘ * *o‘ * 
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Subtracting each of the former equations from the latter, we obtain 

v l + d &oi */, * • • • • * mi = 0 

• • • • +* 0 ,*,**^'%. 


''N + 6 fiolXl N + Woz - + */*on,* m „- *, 

Now the principle of least squares provides that £ v Z shall 
be made a minimum to give the most probable values of /3 ol , 
/(3 CZ , . . . /3 QTrj , and by the solution of the normal 

equations by the Doolittle method its minimum value is found to 
be Tj v z . From the residual equations we may find the re¬ 
lationship existing between the values H v z and 2Z v z . Thus, 
if we square each equation immediately above and then summate 
we have (if we neglect squares and products of the delta values 
as small in comparison with the first powers): 


(21) Z vKz8 / 3 01 Lxs+Z&3 0!i Zx z v+ • 

which we may write as 

(22) L v*+ u?+ u*+ .* u. m z = Z v z 

Now, by analogous reasoning to that in steps (14), (15), and 
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(16), we may set 
(23) 

Further, if 'there be but one independent variable, there will 
be but one 2d/9 cz £ x x v and its value by the same process 
used in steps (18) and (19) can be shown to be 


(24) 



and since that is true whichever unknown quantity be considered, 
the values of each u x z value must be as there 

are M of these values the above equation (22) becomes 


ZV 2 


+ Zh* 


N 

= z7^ 


from which 
(25) 


-A 


N- M 


ZZ v z 


Therefore, from the constant relationship which exists be¬ 
tween the value h and the Probable Error, we have 


(26) 


PE. = 0.6745 


/ N- 


M 


and therefore, by the relatiortship existing between the probable 
error and the standard deviation we have at once 


(S) 



Zv z 

N-M 


which was to be proved. 

The next step was to test out the formula empirically. 
This was done by using Larson’s material, with the results in¬ 
dicated in the tables below, and in the graphs which show the same 



R. J WHERRY 


449 


set of facts, but which make the results much more apparent. 

An inspection of the tables and graphs will show at once 
that the new formula predicts what will actually happen much 
more accurately than the Smith formula did. In graph 1, for 
example, the agreement is so good that the results appear almost 
to have been a regression line fit to the particular set of data. 

It was to have been expected that if the formula actually 
predicted the most probable values of the correlations obtaining 
in the universe that the errors incurred by the use pf the formula 
would be normally distributed around zero as a mean value. Graph 
3 presents a comparison of the error curves obtained by use of 
the Smith and the ‘Wherry prediction formulae, together with an 
approximation to the normal curve. As a further and more sci¬ 
entific check the criteria for a normal curve as set forth by Rietz 1 
were applied to the data. His criteria are 

A-S - 3 * wh ere 
z 2 

The results for the two formulae are given below. 


(Results based on an expectancy of zero) 



Smith Formula 

Wherry Formula 

v-l 

.00138 

.00038 

01 

.223 

.025 

0z 

3.004 

3.703 


1 Rietz, H. L. Mathematical Statistics, Cams Mathematical Monograph 
No. 3, Mathematical Association of America, Chicago 1927, pp. 58-59. 
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It is apparent therefore that the Wherry formula gave much 
better results for both the first criterion (mean error) and the 
second criterion (skewness), but that the excess was greater for 
the Wherry formula than for the Smith formula. However, one 
cannot quarrel too much with getting errors actually smaller than 
would be expected by assuming normality. Even this superiority 
is seen to be fictitious if the distributions are measured from 
their own means rather than from an expected mean of zero. 
When this is done, which is the manner in which the criteria are 
customarily used, we have 


(Results based on means of distributions) 



Smith Formula 

Wherry Formula 

u t 

.000 

.000 

/3s 

1.712 

.025 

/^z 

5.524 

3.753 


Thus,we find that the Smith distribution has, in reality, even 
a greater excess than does the Wherry formula, but has it at a 
point farther removed from the desired value. 


SUMMARY AND CONCLUSIONS 

L Larson has shown that the theoretically expected shrink¬ 
age is an empirical fact. 

2 . Larson has shown that the Smith formula, when tested 
empirically, consistently over-estimates this shrinkage as deter¬ 
mined empirically. 

3. It has been demonstrated that the new Wherry formula, 
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both by a least squares criterion and by actual application, is more 
nearly true than the corresponding Smith formula. 

4. The correct formula for the shrunken coefficient of mul¬ 
tiple correlation is 

_» (N-1)IS Z -(M-J) 

o - - 

N-M 


where 

JS = 

the 


Jp= 

the 


M-- 

the 

and 

N = 

the 


estimated correlation obtaining in the universe 
observed coefficient of multiple correlation 
number of independent variables 
number of observations (statistical population). 
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GRAPH 1. 

Shrinkage as Obtained by Use of the Formulae and Also as 



Number of Variables 



Shrinkage in R 
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GRAPH 2 

Shrinkage as Obtained by Use of the Formulae and Also as 
Obtained Experimentally 

(Data from Table II) 



Number of Vat tables 



Cumulated Frequency 
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GRAPH 3 


Ogive Showing the Distribution of Error in Predicting Shrinkage 



Magnitude of Error 


+ COJS) 





Showing the Actual Shrinkage in Q Found When the Prediction Equation Found on One Group of Sub- 
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♦The article by Larson reported the values for the Smith formula errone¬ 
ously, due to a misconception of the meaning of m . Those in the present 
tables are the correct values. 
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TABLE III 


Showing the Mean Error Attained by the Use of the Smith and 
Wherry Shrinkage Formulae. 


Formula 

Table I 

Table II 

Tables I and 11 

Smith 

.00097 

.00180 

.00138 

Wherry 

.00018 

.00057 

.00038 



















THE USE OF THE RELATIVE RESIDUAL IN 
THE APPLICATION OF THE METHOD 
OF LEAST SQUARES 


By 

Walter A k Hendricks 
Junior Biologist , Bureau of Animal Industry, 
U . S'. Department of Agriculture . 


The method of least squares offers a precise method of fitting 
a curve describing the relation between two or more related, meas¬ 
urable variables, but certain criteria must be fulfilled to justify its 
application. First, the type of equation selected for fitting must 
be the true mathematical expression of the law governing the rela¬ 
tionship of the variables. Secondly, all error* of measurement, 
made in obtaining the observed values of the variables when the 
data were collected, must be distributed according to the well- 
known laws of probability. 1 

This paper is concerned with the latter of these two criteria* 
The fundamental theory upon which the method of least squares 
is based can be found in any text-book on the subject and need 
not be elaborated upon here. However, it may be well to point 
out a very pertinent, if somewhat elementary, aspect of the theory 
which facilitates the ready visualization of the fundamental con¬ 
cepts involved. 


iSteinmetz, G P Engineering Mathematics McGraw-Hill Bode Co, 
New York (1917). 
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The application of the method of least squares to curve fit¬ 
ting, as ordinarily described in works on the subject, is perfectly 
analogous to the calculation of the arithmetic mean of a number 
of measurements made upon a single, constant quantity. This 
may be easily demonstrated as follows: 

Let Y * f (X) describe the relation existing between an 
independent variable, X , and a dependent variable, Y*. If it is 
desired to find the most probable value of the dependent variable 
when X has some definite value, X^, the most direct method of 
procedure would be to make a number of measurements of Y 
at this value of X and calculate their arithmetic mean, provided, 
of course, that the errors of measurement were distributed accord¬ 
ing to the laws of probability in a normal frequency 'distribution. 
According to the elementary theory of statistics, the most prob¬ 
able value of the dependent variable, f (X t ) , would be such 
that the sum of the squares of the deviations of the actual meas¬ 
urements from this value would be a minimum. 

If X is conceived to be varying in value so rapidly that it 
is impossible to make more than one measurement of Y at any 
value of X , this direct method can not be employed. However, 
the most probable value of f fX t ) can still be determined. 
Let Y x , Y z , Y 3 , . . . Yyj each represent a measured value 
of Y at values X x , X z , X 3 , ... . Xjj , respectively, of 
the independent variable. Since the errors of measurement are 
assumed to be distributed according to the law of chance, an 
error of a given magnitude is equally likely to occur at any value 
of X . In other words, exactly the same errors would be made 
in obtaining one measurement of each of the quantities Y t , Y z , 
Y 3 , . . . Y^asif ffXi) were measured 77 times. These 
errors may, therefore, be considered as having been made in meas¬ 
uring a single, constant quantity. Therefore, if f fX) denotes 
the most probable value of Y at any value of X and Y de¬ 
notes the corresponding observed value, the most probable values 
of the dependent variable which can be calculated from any set of 
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data are such that the sum of the squares of the differences, 
f(X.)~ y , is a minimum. 

It is important to bear in mind that this conception of the 
distribution of errors of measurement is justified only when an 
error of a given magnitude is equally likely to occur at any value 
of X . In actual practice it often happens that this ideal condition 
is not realized. The magnitude of the errors of measurement is 
often influenced by the magnitude of the quantity which is being 
measured. In obtaining the live weights of animals at different 
ages, for example, it is common practice to use a less delicate 
balance in making the weighings as the animals become larger, and 
the magnitude of the errors of measurement increases as the 
sensitivity of the balance decreases. Other factors which tend to 
increase the magnitude of the errors may also be in opeiation. 
The error, or rather the unreliability, of the weight of a 1,000 
pound steer would be greater than that of a 100 pound calf, even 
though an equally sensitive balance were used in making both 
weighings, because of a greater content of material in the digestive 
tract and excretory organs and the increased effect of the move¬ 
ments of the animal. 

It is highly probable that in many fields of investigation such 
disturbing influences are encountered more frequently than the 
ideal conditions which justify the application of the method of 
least squares as ordinarily described. 

Pearl and Reed recognized the need for modifying the ap¬ 
plication of the method of least squares to compensate for changes 
in the probability of the occurrence of an error of any given mag¬ 
nitude and suggested, as stated by Pearl, 1 that it would be more 
logical in many instances to employ residuals of the type — 

The use of such residuals was based on the assumption that if 
the errors of measurement were expressed as percentages of the 

iPearl, Raymond. Studies in Human Biology. Williams & Wilkins, Bal¬ 
timore (1924). 
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magnitude of the quantities measured, the percentage errors would 
be distributed at random according to the law of probability. In 
many practical problems this assumption appears to be justifiable. 

The study herein reported was made to determine the extent 
of the error made when the method of least squares as ordinarily 
described is applied to data in which the percentage, rather than 
the absolute errors of measurement are distributed according to 
the law of chance. 

The writer desired a hypothetical set of errors of measure¬ 
ment which, when expressed as percentages of the quantities meas¬ 
ured, would come as near as possible to forming a normal fre¬ 
quency distribution. 


TABLE I 

Ideal Frequency Distribution of 41 Throws of 12 Dice in Which 
a Throw of 4, S, or 6 Points Is Considered a Success. 


SUCCESSES 

FREQUENCY 

2 

l 

3 

2 

4 

5 

5 

8 

6 

9 

7 

8 

8 

5 

9 

2 

10 

1 

Total 

41 
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Mills 1 gives the results of fitting a normal frequency curve 
to Weldon’s distribution of 4096 throws of 12 dice, described by 
Yule, 2 in which a throw of 4, 5, or 6 points was considered a 
success. If each frequency, calculated from the fitted curve, is 
divided by 100 and the results rounded off to whole numbers, 
the frequency distribution given in Table I is obtained. 

If hypothetical errors of measurement are substituted for 


TABLE II 

Ideal Frequency Distribution of 41 Hypothetical Percentage 
Errors of Measurement. 


ERROR 

(Per cent of quan¬ 
tity measured) 

FREQUENCY 

+ 8 

l 

+ 6 

2 

+ 4 

5 

+ 2 

8 

0 

9 

- 2 

8 

- 4 

5 

- 6 

2 

- 8 

1 

Total 

41 


iMills, F. C. Statistical Methods Applied to Economics and Business. 
Henry Holt & Co, New York (1924). 

2 Yule, G. Udny. Introduction to the Theory of Statistics. Charles Griffin 
& Co, Ltd, London (1927). 
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successes in this frequency table, the resulting distribution may be 
considered to represent a distribution of random errors of meas¬ 
urement which might be made in obtaining a series of 41 meas¬ 
urements of a variable. The most probable error should obviously 
be zero. If the total range in magnitude of the errors is assumed 
to be from a 8 per cent to - 8 per cent and the precision of meas¬ 
urement is such that each error differs from the next larger or 
smaller error by 2 per cent, the distribution of these hypothetical 
errors‘of measurement should be as given in Table II. 

From the simple equation, Y=100X 5 , 41 values of Y were 
calculated, using values of X from 1 to 41, inclusive. Each 
calculated value of V was then changed by algebraically sub¬ 
tracting the hypothetical errors of measurement given in Table II. 
All the percentage errors of each magnitude were arbitrarily dis¬ 
tributed as uniformly as possible throughout the data. These altered 
values of Y will hereafter be termed the “observed” values and 
the original values, from which they were calculated, the “true” 
values. The observed values of Y, together with the true values 
and the assumed errors of measurement from which they were 
calculated, are given in Table III. 

In order to be certain that the errors were actually distributed 
in such a manner that the probability of the occurrence of a per¬ 
centage error of any given magnitude was the same at all values 
of -X , the writer employed Pearson's method of square contin¬ 
gency as described by Yule. 1 A 16-cell contingency table was 
constructed in which the percentage errors were classified accord¬ 
ing to the values of X at which they occurred. The chi-square 
test for contingency was applied to this table. 

Table IV shows the actual distribution of the percentage 
errors, together with the corresponding theoretical frequencies. 
Since there are 4 rows and 4 columns of cells in the table, the 
number of algebraically independent differences between theoret- 


iLoc. cit. 
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52900 

59904 

63750 

67600 

74358 

73696 

82418 

86400 

99944 

100352 

108900 

113288 

124950 

129600 

131424 

153064 

155142 

160000 

174824 

ERROR 

Actual 

Units 

+ 3872 

0 

-2304 

- 1250 

0 

- 1458 
+ 4704 
+ 1682 

4 3600 
-3844 
+ 2048 

0 

+ 2312 
-2450 

0 

+ 5476 
-8664 
-3042 

0 

-6724 

Per 

cent 

OCO + NONON + + NONNO + 'ONO ■+ 
+ II I + ++ I+ +1 +ll 1 
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48400 

52900 

57600 

62500 

67600 

72900 

78400 

84100 

90000 

96100 

102400 

108900 

115600 

122500 

129600 

136900 

144400 

152100 

160000 

168100 

x; 
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ical and observed frequencies is (4 - 1) (4 - 1) + 1 or 10. The 
value of JJf* calculated from the data in Table IV, is 1.3171. The 
corresponding value of P , which is the probability that as bad, 
or worse, an agreement between observed and theoretical fre¬ 
quencies could occur from the fluctuations of random sampling 
is, according to Pearson’s Tables,* 1 '0.996911 or almost certainty. 
The percentage errors were, therefore, distributed in such a man¬ 
ner as to be uncorrelated with the values of X. at which they 
were used. 

The equation, Y*AX , was fitted to the hypothetical set 
of data in Table III by the method of least squares as ordinarily 
described. If AX S represents a calculated value of the depen¬ 
dent variable and Y represents the corresponding observed value, 
the difference between these two values is AX Z - Y and the 
square of the difference is A Z 2J\.X Z Y+ Y* . The sum 
of the squares of all the differences is A^Z^X^tAIlX^Y+XY*. 
The value of this expression will be a minimum when its deriva¬ 
tive with respect to A is equal to zero. Differentiating and 
equating to zero yields the following equations for the determina¬ 
tion of A: 

( 1 ) 2AZX+-ZLX z Y- O 

(2) A. = XX. Z Y 

Sip- 

The value of A calculated from the data in Table III by 
means of equation (2) is 100.6250. 

If residuals of the type suggested by Pearl and Reed are 
employed, A is calculated as follows. Let AX* represent 
a calculated value of the dependent variable, as before, and let Y 
represent the corresponding observed value. Then the difference 
between the two values, expressed as a fraction of the observed 

1 Pearson, Karl. Tables for Statisticians and Biometricians. Cambridge 
University Press, London (1924). 
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TABLE IV 


Chi-square test for contingency applied to the distribution of the 
percentage errors of measurement. The theoretical frequencies 
for each compartment are given in parentheses. 



Magnitude of Error (Per cent) 

m 

0.0 to ±19 

i 2.0 to ±3.9 

1 4.0 to + 5.9 

± 6.0 and over 

Total 

1 to 10 

2 

4 

2 

2 

10 


(2.1951) 

(3.9024) 

(2.4390) 

(1.4634) 


11 to 20 

2 

4 

- 3 

1 

10 


(2.1951) 

(3.9024) 

(2.4390) 

(1.4634) 


21 to 30 

2 

4 

2 

2 

10 


(2.1951) 

(3.9024) 

(2.4390) 

(1.4634) 


31 to 41 

3 

4 

3 

1 

11 


(2.4146) 

(4.2926) 

(2.6829) 

(1.6097) 


Total 

9 

16 

10 

6 

41 


X s * 1.3171 
7 ?' - 10 
P - 0.996911 
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value, is ^ - y : ^ or The square of this relative 

deviation is * 1 and the sum of the squares of the 

41 relative deviations is A z L^rs ~2AZ-^~ + 41. This expres- 
sion will likewise have its minimum value when its derivative with 
respect to A is equal to zero. Differentiating and equating tc 
zero, as before, leads to the following equations for the deter¬ 
mination of .A : 

(3) ZAZy^-ZZ’y^O 



Applying equation (4) to the given set of data gives a value 
of 99.7573 for A . This value of A> is closer to the true value 
100 , than the value which was calculated by means of equation 
(2) but the improvement was not as great as might be expected. 

It occurred to the writer that if the deviations of the cal¬ 
culated, from the observed, values of the dependent variable were 


expressed as fractions of the calculated values, a more atcuratt 
value of A could be obtained. 

The relative deviation expressed in this manner^ is AX 1 
or The square of this deviation is 

and the sum of the squares of the 41 relative deviations is 

41 - ZAC 1 E^s. Differentiating this expression with 


respect to A and equating to zero yields the following equations 
for the determination of A : 




( 6 ) 
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The value of -A, calculated from the data by means of equa¬ 
tion ( 6 ), is 100.1210 which is nearer to the true value than either 
of the values calculated by the two preceding methods. However, 
it is evident that equation ( 6 ) failed to give results as precise as 
one would expect, in view of the method by which the observed 
values of Y were obtained. 

The reason for this discrepancy can be made most apparent by 
returning to the analogy existing between the application of the 
method of least squares to curve fitting and the calculation of the 
arithmetic mean of a number of measurements of a single, con¬ 
stant quantity. 

Let 77ij' 7n z , m 3 , . . . rrjjj represent measured values 
of the same constant quantity and let their arithmetic mean be 
represented by M . If each measurement is divided by the arith¬ 
metic mean of all the measurements, the resulting distribution of 
these relative values will be normal if the original measurements 
were distributed normally. The arithmetic mean of these relative 
values will obviously be unity. 

Let jzf , 7 ^, jcf, . . ^'represent the relative values of 
the measurements. The arithmetic mean of these values is unity. 
Therefore, the deviation of any relative value, 77 , from the 
mean is 1 - 77 . 

Let it be assumed that the value of the arithmetic mean of 
the original measurement, M , is unknown and is represented 
by Z . Then any measurement, 777 , expressed as a fraction of 
Z , is * 35 ? . According to the discussion in the two preceding 
paragraphs, it might appear that Z must have such a value that 
the sum of the squares of the deviations, 1 - 2 ? > is a minimum. 
However, this is not the case. It may be demonstrated that the 
value of the expression 2Z (i- ) > i s a minimum when 

Z has some other value than the arithmetic mean of the original 
measurements. The sum of the squares of the residuals may be 
written, 77 *22. £ rrt+Z * Z rr? 2 . Differentiating this expres¬ 
sion with respect to Z and equating to zero yields the following 
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equations for the determination of Z : 

(7) 2Z m-ZZ 3 £rn z =0 


( 8 ) 


Z* 


Em* 

Err? 


The value of Z , calculated by means of equation (8), is 
obviously not the arithmetic mean of the original measurements. 
The fallacy in the deduction of this equation is readily apparent. 

Instead of using residuals of the type, J- ^ , and differ¬ 
entiating the sum of the squares of the residuals with respect to 
Z , one should use residuals of the type, V- -=r , in which V 
represents the arithmetic mean of the relative values, , of the 
measurements. The sum of the squares of the residuals should 
be differentiated with respect to V . The square of the residual, 
V~ , is and the sum of the squares of all 

the residuals may be written w V Z - m + E m Z 

Differentiating with respect to V and equating to zero yields 
the following equations for the determination of V : 

( 9 ) Em*0 

( 10 ) V* {z™ 

77 

Since the value of V is known to be unity, equation (10) 
may be written: 

( 11 ) n^j^Em 

from which Z may be readily calculated as follows: 
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( 12 ) 


-r ?L T 
2= W 


Equation (12) is obviously nothing more than the simple 
formula for the calculation of the arithmetic mean of the orig¬ 
inal measurements, which is sufficient evidence that the reasoning 
involved in its deduction is sound. 

It is now readily apparent why equation (6) did not yield 
results which were consistent with the data in Table III. The 
ratio, A?* _ , is analogous to the ratio, ^, and residuals of the 
type, , should have been used in fitting the equation 

instead of residuals of the type, 1 } The square of the 

residual, , is V z - * Jpr pg . The sum of the 

squares of the 41 residuals is 4t V z ~ ^ £ jfa + £2 £ . 

Differentiating this expression with respect to V and equating 
to zero yields the following equations for the determination of V : 


(13) 3ZV-%Z%z=0 

1 r r_ 

(14) V.ATX* 

4/ 

Substituting the known value, unity, for V in equation (14) 
yields the following equations for the determination of A . 


(15) 41 •- Z Jfz 

(16) A = 

41 


1 Residuals of the type, ^y - 1, are analogous to those of the type, 
7*1 ~ 1» which also lead to incorrect results. 
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Applying equation (16) to the data in Table III gives A a 
value of 100.0000, which coincides exactly with the true value from 
which the data were originally calculated. Equation (16) was, 
therefore, the correct equation to use in interpreting the data given 
in Table III. Although the use of residuals of the types, — 1 
and 1 - , gave better approximations to the true values of 

A than the use of the simple residuals, AX Z ~ Y> neither of 
the two gave results which were entirely in accord with the deriva¬ 
tion of the data. 

Yule 1 suggested that the geometric mean might often prove 
useful in comparing the frequency distributions of different sets 
of data, in which the dispersion of the individual measures about 
their means was influenced by the magnitude of the means. It 
appeared to the writer that the use of residuals of the type, 
\ogAX- log Y, might give a good approximation to the true value 
of A in fitting the given equation. It is evident that the ratio, 
i approaches unity as the residual, log AX -log Y , ap¬ 
proaches zero. 

This logarithmic residual may be written, log A +2 log 
log Y , and its square is (log A )* + 4(log X ) Z + (log Y) Z 
+ HlogA)(logX) - 2 (log ^4 ) (log Y) -4(logX)(log Y ). 
The sum of the squares of the 41 residuals is 41 (log A ) z 
* 4 Z (log X f * Z (log Y f * 4(log A ) E (hgX ) 
- 2(log A ) Z (log Y) - 4 z (log X . log Y )• Differential:- 
ing this expression with respect to log A and equating to zero 
yields the following equations for the determination of A : 


( 17 ) 8Z(\ozA)+4Z(\ogX)-2Z,(\o%Y)=0 


( 18 ) 


. fiogr; -zznogx) 

log 


*Loc. dt. 
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The value of log^A, calculated from the given set of data by 
means of equation (18), is 1.9997369, which gives A. a value 
of 99.9394. This value of A. comes closer to the true value than 
those calculated by means of residuals of the types, l ~AX* 
and ~y~ ~ 1. However, since the use of the geometric mean 
is not rigorously justified when the distribution of the measures 
about the arithmetic mean is symmetrical, the use of logarithmic 
residuals in curve fitting can not give precise results when the 
errors of measurement are distributed as they were in the given 
set of data. 

In any application of the method of least squares to a prac¬ 
tical problem, the procedure of the investigators should be gov¬ 
erned by the nature of the data to which it is being applied. In 
many instances the correct procedure can be deduced by a careful 
consideration and evaluation of the accuracy of the methods of 
measurement used in obtaining the data. Unfortunately, however, 
some sources of error are not always readily apparent at the time 
the data are collected, and occasionally can not be quantitatively 
estimated even though they are known to exist. If the nature of 
the mathematical relationship existing between the dependent and 
independent variables is known, all that remains is to find the 
most probable values of the constants in the equation. 

A statistical study of the deviations of the observed values 
of the dependent variable from the corresponding calculated val¬ 
ues, obtained after fitting the equation by several different meth¬ 
ods, may be of much help in deciding which method of fitting was 
most consistent with the nature of the data. For example, Table 
V gives the results of applying the chi-square test for contingency 
to the distribution of the deviations of the observed values of Y 
from the calculated values obtained when residuals of the type, 
AX*- Y , were used in fitting' the equation, Y*AX* to the 
data in Table III. The value of P is only 0.005061 and a mere 
inspection of the table itself shows that large deviations tend to 
occur more frequently, and small deviations less frequently, as 
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TABLE V 


Chi-square test for contingency applied to the distribution of the 
deviations of the type, A.X Z ~Y. The theoretical frequencies 
for each compartment are given in parentheses. 


Value of 

X 

Magnitude of Deviation 

10 to 

± 1999 

±2000 to 

± 3999 

±4000 to 

± 5999 

±6000 and 

over 

Total 

1 to 10 

10 

0 

0 

0 

10 


(7.3171) 

(1.2197) 

(0.9756) 

(0.4878) 


11 to 20 

10 

0 

0 

O’ 

10 


(7.3171) 

(1.2197) 

(0.9756) 

(0.4878) 


21 to 30 

6 

1 

1 

3 

! 

0 

10 


(7.3171) 

(1.2197) 

(0.9756) 

(0.4878) 


31 to 41 

4 

4 

1 

2 

11 


(8.0488) 

(1.3415) 

(1.0732) 

(0.5366) 


Total 

30 

5 

4 

2 

41 


X z = 23.5969 

77' ■ 10 

P -0.005061 
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the values of JC increase. If the true nature of the values of 
Y in Table III were not knoVn in advance, this distribution of 
the deviations would be sufficient evidence that the method of 
fitting the equation was not consistent with the accuracy of the 
measurements made when the data were collected. 

Tables VI, VII, and VIII give, respectively, the distributions 
of tire deviations of the types, ^ ~ lf 1 “ AX? ' and 
log AX*-log Y , when the corresponding residuals were used 
in fitting the equation. 1 The value of P is high in each case, in¬ 
dicating that, although the use of residuals of these types did not 
give results which were precisely accurate, nevertheless, they 
yielded values of A which were well within the limits of the 
probable error to be expected in any practical investigation. 

As a matter of fact, this is a rather fortunate circumstance, 
since the only method of fitting the equation given above which 
yielded exactly the correct value of A cannot be applied to 
fitting an equation containing more than one undetermined con¬ 
stant. The applicability of residuals of the types, 1 - ffy) smd 
log log Y is also somewhat limited. However, any 

equation which can be fitted by the method of least squares at 

jr /y) 

all can still be fitted when residuals of the type, y -1, are 
employed. 


SUMMARY AND CONCLUSIONS 

The method of least squares can be a more valuable tool in 
statistical work when the fundamental theory upon which the 
method is based is taken into consideration. The use of residuals 
of the type, f(X)~Y, is probably justified in fewer practical 


x The distribution of the deviations obtained when the equation was fitted 
to the data by means of equation (16) is identical with the distribution of 
the errors given in Table IV. 



W A. HENDRICKS 


475 


problems than the use of residuals of some other form. The type 
of residual to be employed should be governed by the nature of 
the data to which the method of least squares is being applied. 

The use of relative residuals of the type suggested by Pearl 
and Reed may be of much value in many instances but will not 
give results which are precisely accurate, even though the dis¬ 
tribution of the percentage errors of measurement is strictly nor¬ 
mal. The results can be improved by expressing the deviations 
of the observed from the calculated values of the dependent vari¬ 
able as fractions of the calculated, rather than the observed, value. 1 

The use of logarithmic residuals may give more accurate 
results than the use of residuals of the type suggested by Pearl 
and Reed, even though the distribution of the percentage errors 
of measurement is normal. 

The chi-square test for contingency may be of much help in 
selecting the type of residual most consistent with the errors of 
measurement made in obtaining the data when sufficient informa¬ 
tion regarding the accuracy of the measurements is not available. 


1 Residuals of this type have been used by Hendricks, Lee, and Titus at the 
U. S. Animal Husbandry Experiment Farm, Beltsville, Maryland, in the 
fitting of growth curves. 

Hendricks, W. A., A. R. Lee, and H. W. Titus. Early growth of White 
Leghorns, Poultry Sci. 8 (6); pp. 315-327 (1929). 

Titus, H. W., and W. A. Hendricks. The Early Growth of Chickens as a 
Function of Feed Consumption Rather Than of Time. Conference Papers 
of the Fourth World’s Poultry Congress, Section B (Nutrition and Rear¬ 
ing) : pp. 285-293 (1930). 

The use of such residuals leads to results which appear to give a better 
description of the data than when simple residuals of the type, f(X) -Y, 
are employed. 
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TABLE VI 


Chi-square test for contingency applied to the distribution of the 
A X ^ 

deviations of the type, y - 1. The theoretical frequencies 
for each compartment are given in parentheses. 


Value of 

X 

Magnitude of Deviation 

0.000 to 

± 0.019 

± 0.020 to 

± 0.039 

±0.040 to 

± 0.0S9 

± 0.060 and 

over 

Total 

1 to 10 

4 ' 

3 

2 

i 

10 


(4.1463) 

(3.1707) 

(1.7073) 

(0.9756) 


11 to 20 

4 

4 

1 

1 

10 


(4.1463) 

(3.1707) 

(1.7073) 

(0.9756) 


21 to 31 

4 

3 

1 

2 

10 


(41463) 

(3.1707) 

(1.7073) 

(0.9756) 


31 to 41 

5 

3 

3 

0 

11 


(4.5610) 

(3.4878) 

(1.8780) 

(1.0732) 


Total 

17 

13 

7 

4 

41 


3.8182 
W » 10 
P = 0.921027 
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TABLE VII 


Chi-square test for contingency applied to the distribution of the 
deviations of the type, 1 theoretical frequencies 

for each compartment are given in parentheses. 


Value of 

Magnitude of Deviation 

X 

0.000 to 
±0.019 

±0.020 to 

1 0.039 

±0.040 to 
±0.059 

±0.060 and 
over 

Total 

1 to 10 

3 

4 

2 

i 

10 


(3.9024) 

(3.4146) 

(1.7073) 

(0.9756) 


11 to 20 

4 

3 

2 

1 

10 


(3.9024) 

(3.4146) 

(1.7073) 

(0.9756) 


21 to 30 

4 

3 

1 

2 

10 


(3.9024) 

(3.4146) 

(1.7073) 

(0.9756) 


31 to 41 

5 

4 

2 

0 

11 


(4.2927) 

(3.7561) 

(1.8780) 

(1.0732) 


Total 

16 

14 

7 

4 

41 


= 3.0984 

ji' = 10 

p = 0.959091 
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TABLE VIII 


Chi-square test for contingency applied to the distribution of the 
deviations of the type, log AX* log Y . The theoretical fre¬ 
quencies for each compartment are given in parentheses. 


Value of 

Magnitude of Deviation 

x 

0.000 to 
±0.009 

±0.010 to 
±0.019 

±0.020 to 
±0.029 

±0.030 and 
over 

Total 

1 to 10 

6 

2 

2 

0 

10 



(2.4390) 


(0.4878) 


11 to 20 

6 

3 

0 

1 

10 

: 




(0.4878) 


21 to 30 

6 

2 

1 

1 

10 


(6.0976) 

(2.4390) 

(0.9756) 

(0.4878) 


31 to 41 

7 

3 

1 

0 

11 


(6.7073) 

(2.6829) 

(1.0732) 

(0.5366) 


Total 

25 

10 

4 

2 

41 


X*= 4.4989 
ri = 10 
P = 0.872945 































EDITOR'S NOTE 


It is with great pleasure that the Annals brings to its readers 
information concerning the Nordic Statistical Journal , edited by 
Dr. Thor Andersson. This publication is of great merit, and the 
work 'of its contributors compares very favorably with that found 
in Biometrika and Metron. Americans will do well to study care¬ 
fully the contributions which Scandinavians are making to statis¬ 
tical methodology. 
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Nordisk Statistisk Tidsbrift started in 1922. It is chiefly written 
m Nordic tongues. There are also published articles in English 
and German. To some articles in Nordic there are summaries 
in English or German. Now the chance is taken to realize the 
original scheme of publishing two editions, one in Nordic tongues 
and the other in English. The edition in non-Nordie tongues 
is published in English also because of the fact that the millions 
of descendants of the Nordic peoples, now living beyond the 
boundaries of the Nordic states, are mainly working in English- 
speaking countries. 


Nordic Statistical Journal has five departments: articles, reviews 
of books, minor communications, bibliographical lists of Nordic 
statistics, and recent periodicals and new books. In general, all 
departments will be represented in every number. 

Nordic Statistical Journal is published quarterley, the four 
numbers making a volume of about 640 pages. The subscription 
rate for a volume — post free — is 30 Swedish crowns. 

Subscriptions may be sent to Nordic Statistical Journal, Stock¬ 
holm, Sweden. 

The subscription rate through booksellers is 35 Swedish crowns. 

Editorial communications and all publications should be adressed 
to THOR ANDERSSON, Dr. Ph., Stockholm, Sweden. 


Aftonbl. tr., Sthto 1929. 
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REPRINT AND TRANSLATION PROM NORDISK FOR- 
SAKRINGSTIDSKRIFT 1930. 

Nordic Statistical Journal, Volume 1. Edited by Thor Andkrs- 
so n. Stockholm 1929. Pp. 639. Reviewed by Dr. phil. Carl 
Bukrau. 

We, the inhabitants of the Nordic countries, are perhaps 
somewhat inclined to take a certain inner pride in our — 
as it seems to us — high civilization and to attach still more 
importance to ourselves in this respect during the later years, 
when the "Ragnarok” of the great war had devastated most 
of the other civilized countries and handicapped them in their 
competition with us. Let us hope that there are some good 
grounds for our selfsatisfied opinion I It is not difficult to 
find some facts indicating that we are right in this self-respect, 
even if we go to the very summits of civilization — let us 
think of the "Acta matematica", for instance. But if we 
are right, it may be very necessary for us to be on our 
guard against the danger of stagnation, of the standstill, 
where we begin to lull ourselves into the pleasant dream that 
our position is unshakeable, and that we may now repose on 
our laurels. Therefore, we must honour the persons who do not 
allow us to go to rest, the persons who spur us on to do o>ur 
very best. 

Thor Andersson is one of those whom we must honour for 
such an influence. In the field of statistics he seeks to be our 
scientific conscience. He swings his whip over our heads 
mercilessly and drives to activity everybody who is able to 
produce something, however small or great, within the field 
of statistics. But he is not oontent with thatl He is not con¬ 
tent with the achievement of having filled a long and im¬ 
posing row of volumes of the "Nordislc Statistisk Tidskrift” 
with valuable essays and treatises written by Scandinavian 
as well as by leading foreign authors — all the non-scandi- 
navian countries are now to see and feel the warmth of the 
light from the North. His journal is now to become an inter- 
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national publication, but still with an indication of its Nordic 
origin in its title. The first volume of the ’’Nordic Statistical 
Journal” — simultaneously forming the 8th volume of the 
original journal — has appeared. And it is not a trifling thing, 
this vol um e of 639 pages in great octavo t It is great in its 
composition, still more soaring in its purposes and ends for the 
future, and promising, when we consider what ’’the man at 
the wheel” has collected in these 639 pages by means of an 
unusual perseverance in unfailing love for the task and in 
spite of many — too many — external adversities. 

The leading thought of the work is the same as, now soon 
a decennium ago, led Thor Andersson to found the Nor dish 
Statidish Tidshrift. It is a child of the Greeks’ idea of 
chaos and cosmos, or rather a consequent, modern continua¬ 
tion of this idea. Statistics is the most important means for 
bringing our existence over from chaos to cosmos. Statistics 
acquaints us with the real circumstances, and the knowledge, 
the real knowledge of the things, will then show how to 
bring things in their right places, so that the entirety becomes 
the arranged cosmos. But there is still much to dot We have 
not yet been able to elevate statistics to the rank of an observ¬ 
ing natural science it should have, to be able to give us 
the real science of the things, alluded to above. In 1922 the 
thought was to be in the front-rank in the work for this pur¬ 
pose. And we have to be obliged to Thor Andersson for the 
strenuous work he has performed for his idea during the past 
years, and now it will be done on a still broader basis, i. e. 
for an international public, yet under Nordic leadership. 

Let us study a little more closely how this new volume 
I seeks to perform its work in the service of the mentioned 
idea. 

With, in a good meaning, a journalistic feeling for actualities 
the volume appears as a sort of jubilee-gift to JBortkiewicz 
on his sixtieth anniversary and it is therefore opened by a 
good full-page picture of this scientist who has given s i 
valuable contributions to the original journal. To the readc., 
the following essays seem to arrange themselves into three 
groups which — just in order to give a name to the special 
groups — could be designated as olden times , present times, and 
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In the group belonging to the olden times, the editor seeks 
to show how deeply rooted the statistical science is in the 
Nordic peoples by introducing a number of great men of 
Nordic origin, each in his way, a pioneer. These men are 
lepresented partly in full page pictures, partly in the text. 
It may not surprise us that none of them is a ’’professional 
statistician”, for the profession is only now being created. 
But they belong, each in his way, to the founders of this 
branch. In the eightteenth century Wargentin, the astronomer, 
founded population statistics which is of fundamental im¬ 
portance to demographics. The essay on him is particularly 
well written by Nordenmarlc. 

The memory of the now nearly forgotten Eilert Sundt, who, 
by his activity as a clergyman, was brought to make scienti- 
fical investigations of the society where he lives, and who 
gradually becomes a social-statistician of high rank, is re¬ 
vived both by a reprint of his peculiar essay of 1858: ”On 
Piperviken and Buselolcbakken (Investigations of the condi¬ 
tions and morals of the working-class in Christiania)” and 
by a scientific estimation of Mm (’’Eilert Sundt’s law”) by 
liygg who also gives an instructive account of how Sundt 
was disfavoured by Ms contemporaries, naturally in the first 
place by the politicians who had to do with the granting of 
money for his investigations! Unfortunately the politicians 
of the present times are not better; about that Thor Andersson 
himself could write a sad chapter! 

Then follows Thiele , whose principal scientific passion, ’’the 
theory of observations”, is simply the foundation of what is 
now more generally called mathematical statistics, and finally 
,/ohannsen , the investigator of heredity, who is commemorated 
by a picture as well as by a reprint and a translation into 
English of his contribution to the first volume of the original 
journal: ’’Biology and statistics”. 

Several other essays like those mentioned, also belong to 
(lie olden times. Thus if. Palmstroms’s essay on the first census 
in Norway in 1769 and that of Thorsteimson on the census of 
Iceland ift 1703. 

The essays which the reader naturally refers to the ’’present 
times" are evidently caused by the editor in order to 
-how the non-Scandinavian world the conditions in the 
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Nordic countries in two respects, both extremely important 
from a statistical point of view: the population registration 
and the industries, thus, firstly, how we gain our knowledge 
about the number and the composition of the population, 
and, secondly, how these people support themselves. 

The editor could not have found any person more fit to 
write the ’’general” article about population registration than 
AmnSus, the director of the Oslo population register, whose 
institution is up to the standard and also has served as a 
model in many places, among others in Denmark. The condi¬ 
tion of these matters in the different countries is further 
treated by the editor as far as Sweden is concerned, and as to 
Denmark by not less than two authors, Bowie and Dalgaard, 
and with regard to Finland by Kovero. These are very 
instructive essays which illustrate the importance of these 
things in the right way. One learns how even the ’’torso” 
(a not unjustified epithet for the arrangement introduced 
in Denmark, which was originally excellently planned, 
but which has been more than half-way broken to pieces by 
smallminded and short-sighted politicians, of course under the 
pretext of economy) of a population register, as that of Den¬ 
mark, thanks to tho fact that it is obligatory, gives an ex¬ 
cellent support in many ways, among others for the 5-year 
censuses. One learns how deplorably far behind matters are in 
Wargentin’s native country, where it was naturally necessary 
to perform registration in the large towns, but how the 
acclomplishment of the work is hazarded by the rather an¬ 
tiquated and burdensome obligatory collaboration with the 
clergy — and by still many other things. A survey like this, 
presented to an international audience is perhaps more than 
anything else suited to advance the population register mo¬ 
vement, which shall, however, once triumph by its inner 
necessity. 

Next the editor has intended to give a picture of the 
industrial statistics of the Nordic states. He has hims elf 
undertaken to treat the most important part: ’’the mother 
industry”, agriculture. 

Aage I. C. Jensen treats fishery, Sicoien shipping, Geijer the 
ore resources of the Nordic countries, Velander the water 
powers of the Nordic countries, and, forestry, finally, is treated 
by Aminoff (Sweden), Sandmo (Norway), and Gajander (Finland) 
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To the "present times” we may also count Storsteen’s, to us, 
the inhabitants of the Nordic capitals very interesting article 
on "The exponscs of living in the Nordic capitals”, a subject 
full of pitfalls for a less experienced statistician, but here 
treated with excellent fineness and with a clear prescience of 
the difficulties. 

To the same group belongs Thorberg: Statistics and trade- 
union movement”, a rather short but extremely interesting 
essay, not least on account of the author’s position as 
president of the national organisation of the Swedish trade- 
unions. Hero fall the weighty words about the social-political 
institution erected by the League of Nations for internatio¬ 
nal labour organisation, that "the work of this organization 
is rendered extremely difficult by the fact that it has hitherto 
been almost impossible to arrive at any comparability between 
tho statistics of the different countries”. 

Finally there is Under’s: "Some remarks on the income 
statistics of the census in 1920”, which, according to its title, 
seems to belong to the present times, but which, according to 
its contents, is in the first place, a scientifical arithmetical 
example for the illustration of the applicability of Pareto’s law, 
concluding in some wishes with regard to the future official 
investigations of income. This essay can therefore be said 
to form the transition to the last group. 


When I have permitted myself to designate the third group 
of essays as "future”, there may thereby, as a matter of fact, 
not bo understood any paradoxical possibility of prophesying 
tho statistics of the future. 1 have only wished to emphasize 
tho editor’s desire that his journal may also be one of the 
laboratories where tho instruments for the treatment of the 
future statistics arc created. This side of the matter has al¬ 
ways had tho editor's supreme interest; you may think only 
of tho contributions to the previous volumes, which Bortkie- 
wicz, Tschuprow and others have brought. We can call this 
side tho theoretical or perhaps the mathematic-statistical one. 
ft has boon an urgent need in this volume I to show, that 
also wo, in the Nordic countries think of this side of the 
matter, and among the authors of the six essays of which 
this group consists (besides the above mentioned contribution 
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by Linders) we also find all Ilio four Nordic countries repre 
sented. 

Although the chief importance of treatises of this kind 
would seem to fall within the realms of theory, still one of 
this essays, namely Ni/hiillc's ’’Lnlerpol.ilion in .statistics" is 
of rather eminent practical importance and use. I inside 
or rather because of — his clear and sharp differentiation bet¬ 
ween the purely mathematical and the statistical meaning of 
the word interpolation and the very near connection of the 
last mentioned notion with that of adjustment, he hero gives 
exclusively practical advice and instructions useful in cir¬ 
cumstances which, so to say, belong to the every day life 
of the statistician. This treatise will be very welcome to 
many colleagues. In some opposition hereto stands Jiaqnor 
Frisch: ’’Correlation and scatter in statistical variables”, in 
size as well as in importance one of the biggest treatises of 
the volume which will prick the conscience of many as it 
will make them clearly feel the obligation to penetrate more 
deeply into its contents — the author himself namely tells us 
that he has come ”to various results, some of which are 
known, and others which are new, so far as I am aware" — 
but will easily feel frightened by the author’s imposing mathe¬ 
matical apparatus, which is nothing less than n-dimensional 
vectors and appertaining matrices and orthogonal transforma¬ 
tions. Bui one ought not to be frightened by these heavy im¬ 
plements. And this so much the less as the author presupposes 
no elementary knowledge in the field of vector calculation. 
On the contrary, he explains his whole apparatus thor¬ 
oughly. There is no need of having heard words as vector or 
orthogonal before, and one will still be aide to study this 
work, which, on this account has naturally become somewhat 
extensive (67 pages). It may be greeted with great satis¬ 
faction that one thus begins to attack the problems of 
theoretical statistics with such weapons. Terms such as 
scatter and correlation are so fundamental to science that wo 
cannot take into use an apparatus precious enough to attr k 
the problems contained in these terms. Here the best is 
not too good. 

Further we meet Jerneman : ”To the method of sampling” 
and Lindeherg: "Some remarks on the mean error of the per- 
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centage of correlation”, essays well suited to waken respect 
for Nordic science abroad. 

The contact with the kindred science, social economics, is 
in the volume attended to by Gjermoe: "The amplitude of 
industrial fluctuations”, an essay covering 63 pages, which 
struggles with the difficult and not yet very well defined 
notions: times of ascent and descent, crises, fluctuations, and 
so on. The notion of ’’trend”, so prominent in all the ultra 
modern investigations, belongs to the here used apparatus, 
and in a quotation — this essay is very abundant in quota¬ 
tions, which will be praiseworthy — we learn that it was 
already found by Hooker in 1901 and was defined by him as 
’’the direction in which the variable is really moving when 
the oscillations are disregarded”. 

As rather specially belonging to the ’’future” we meet fi¬ 
nally Angstrom's brilliant essay on meteorology and statistics 
and have a presentiment that the latter is destined to play 
once the principal role before the former. 

Wo will not end this review without another congratulation 
to Thor Andersson for having brought forth this volume I, 
followed by the wish and hope that his ideal struggle for the 
highest aims will meet with the wished for success before he 
grows too tired to fight against adversity. It is sadly known 
that the Swedish Riksdag has not granted him the necessary 
subsidy in spite of the fact that such recommendations as the 
following one could be appended to the petition: 

”By the way in which Dr. Thor Andersson has edited Nor- 
disk Statistisk Tidskrift, he has, according to our opinion, 
rendered great services towards the advancement of scienti- 
l*ical statistics and towards the spread of the knowledge of 
its extraordinary importance, not only for other sciences, 
but also, and not least, for the obtaining of a real know¬ 
ledge of the social and economical structure of society, a 
knowledge that is necessary if the public measures of correct¬ 
ing social evils and of furthering industry will have the 
wished for effect. His name guarantees that the journal 
will, also in the future, hold the same prominent position as 
it now holds among publications of this kind. 

Stockholm January 17th, 1929. 

F PhragmSn P. Gr. Laurin .” 
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When not even this was of any use, one does not know what 
to do. Judging by former experience, it would be of still 
less use to refer to the fact that this journal is an honour for 
its country (and for the Nordic states in general) as there 
is not like it in any of the foreign countries. For from such 
an argument, presented by a favourer of Eilert Sundt in the 
Norwegian Storting, the short-sighted politician Jaabaek drew 
the conclusion that it was surely so because such things 
were superfluous! The grant to Sundt was denied and he 
withdrew to a clergyship. Will the present politicians really 
dishonour themselves still more in connection with this en¬ 
terprise? Let us hope that the means will be found for 
carrying on this great work. 


Sthlm, Aftonbladets tr, 1930 
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